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Foreword

ISO (the International Organization for Standardization) and IEC (the International Electrotech-
nical Commission) form the specialised system for world-wide standardization. National bodies
that are members of ISO or IEC participate in the development of International Standards through
technical committees established by the respective organization to deal with particular fields of
technical activity. ISO and IEC technical committees collaborate in fields of mutual interest.
Other international organisations, governmental and non-governmental, in liaison with ISO and
IEC, also take part in the work.

International Standards are drafted in accordance with the rules in the ISO/IEC Directives,
part 3.

In the field of information technology, ISO and IEC have established a joint technical committee,
ISO/TEC JTC 1. Draft International Standards adopted by the joint technical committee are
circulated to national bodies for voting. Publication as an International Standard requires approval
by at least 75 % of the national bodies casting a vote.

Attention is drawn to the possibility that some of the elements of this part of ISO/TEC 10967
may be the subject of patent rights. ISO and IEC shall not be held responsible for identifying
any or all such patent rights.

International Standard ISO/IEC 10967-3 was prepared by Joint Technical Committee ISO/TEC
JTC 1, Information technology, Subcommittee SC 22, Programming languages, their environments
and system software interfaces.

ISO/TEC 10967 consists of the following parts, under the general title Information technology
— Language independent arithmetic:
— Part 1: Integer and floating point arithmetic
— Part 2: Elementary numerical functions
— Part 3: Complex integer and floating point arithmetic and complex elementary numerical
functions

Additional parts will specify other arithmetic datatypes or arithmetic operations.

Annex A forms a normative part of this part of ISO/TEC 10967. Annexes B to E are for
information only.

vi
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Introduction

The aims

Portability is a key issue for scientific and numerical software in today’s heterogeneous computing
environment. Such software may be required to run on systems ranging from personal computers
to high performance pipelined vector processors and massively parallel systems, and the source
code may be ported between several programming languages.

Part 1 of ISO/TEC 10967 specifies the basic properties of integer and floating point types that
can be relied upon in writing portable software.

Part 2 of ISO/IEC 10967 specifies a number of additional operations for integer and floating
point types, in particular specifications for numerical approximations to elementary functions on
reals.

The content

The content of this part is based on part 1 and part 2, and extends part 1’s and part 2’s spec-
ifications to specifications for operations approximating imaginary-integer and complex-integer
arithmetic, imaginary-real and complex-real arithmetic, as well as imaginary-real and complex-
real elementary functions.

The numerical functions covered by this part are computer approximations to mathematical
functions of one or more imaginary or complex arguments. Accuracy versus performance re-
quirements often vary with the application at hand. This is recognised by recommending that
implementors support more than one library of these numerical functions. Various documenta-
tion and (program available) parameters requirements are specified to assist programmers in the
selection of the library best suited to the application at hand.

The benefits

Adoption and proper use of this part can lead to the following benefits.

For programming language standards it will be possible to define their arithmetic semantics
more precisely without preventing the efficient implementation of the language on a wide range
of machine architectures.

Programmers of numeric software will be able to assess the portability of their programs in
advance. Programmers will be able to trade off program design requirements for portability in
the resulting program. Programs will be able to determine (at run time) the crucial numeric
properties of the implementation. They will be able to reject unsuitable implementations, and
(possibly) to correctly characterize the accuracy of their own results. Programs will be able to
detect (and possibly correct for) exceptions in arithmetic processing.

Procurers of numerical programs will find it easier to determine whether a (properly docu-
mented) application program is likely to execute satisfactorily on the platform used. This can
be done by comparing the documented requirements of the program against the documented
properties of the platform.

vii
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Information technology —
Language independent arithmetic —

Part 3: Complex integer and floating point arithmetic and complex
elementary numerical functions

1 Scope

This part of ISO/IEC 10967 defines the properties of numerical approximations for complex arith-
metic operations and many of the complex elementary numerical functions available in standard
libraries for a variety of programming languages in common use for mathematical and numerical
applications.

An implementor may choose any combination of hardware and software support to meet the
specifications of this part. It is the computing environment, as seen by the programmer /user, that
does or does not conform to the specifications.

The term implementation of this part denotes the total computing environment pertinent to this
part, including hardware, language processors, subroutine libraries, exception handling facilities,
other software, and documentation.

1.1 Inclusions

The specifications of part 1 and part 2 are included by reference in this part.

This part provides specifications for numerical functions for which operand or result values are
of complex integer or complex floating point datatypes constructed from integer and floating point
datatypes satisfying the requirements of part 1. Boundaries for the occurrence of exceptions and
the maximum error allowed are prescribed for each specified operation. Also the result produced
by giving a special value operand, such as an infinity, or a NaN, is prescribed for each specified
floating point operation.

This part provides specifications for:

a) Basic imaginary integer and complex integer operations.

b) Non-transcendental imaginary floating point and Cartesian complex floating point opera-
tions.

c) Exponentiations, logarithms, and hyperbolics for imaginary floating point and Cartesian
complex floating point.

1. Scope 1
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d)

Radian trigonometric operations for imaginary floating point and Cartesian complex floating
point.

This part also provides specifications for:

)
f)

1.2

The results produced by an included floating point operation when one or more operand
values include IEC 60559 special values.

Program-visible parameters that characterise certain aspects of the operations.

Exclusions

This part provides no specifications for:

a)

b)

Datatypes and operations for polar complex floating point. This part neither requires nor
excludes the presence of such polar complex datatypes and operations.

Numerical functions whose operands are of more than one datatype, except certain imag-
inary /complex combinations. This part neither requires nor excludes the presence of such
“mixed operand” operations.

A complex interval datatype, or the operations on such data. This part neither requires nor
excludes such data or operations.

A complex fixed point datatype, or the operations on such data. This part neither requires
nor excludes such data or operations.

A complex rational datatype, or the operations on such data. This part neither requires nor
excludes such data or operations.

Matrix, statistical, or symbolic operations. This part neither requires nor excludes such data
or operations.

The properties of complex arithmetic datatypes that are not related to the numerical process,
such as the representation of values on physical media.

The properties of integer and floating point datatypes that properly belong in programming
language standards or other specifications. Examples include

1) the syntax of numerals and expressions in the programming language,

2) the syntax used for parsed (input) or generated (output) character string forms for
numerals by any specific programming language or library,

the precedence of operators in the programming language,

)
4) the rules for assignment, parameter passing, and returning value,
) the presence or absence of automatic datatype coercions,

)

the consequences of applying an operation to values of improper datatype, or to unini-
tialised data.

Furthermore, this part does not provide specifications for how the operations should be imple-
mented or which algorithms are to be used for the various operations.

Scope
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2 Conformity

It is expected that the provisions of this part of ISO/IEC 10967 will be incorporated by refer-
ence and further defined in other International Standards; specifically in programming language
standards and in binding standards.

A binding standard specifies the correspondence between one or more of the abstract datatypes,
parameters, and operations specified in this part and the concrete language syntax of some pro-
gramming language. More generally, a binding standard specifies the correspondence between
certain datatypes, parameters, and operations and the elements of some arbitrary computing en-
tity. A language standard that explicitly provides such binding information can serve as a binding
standard.

When a binding standard for a language exists, an implementation shall be said to conform to
this part if and only if it conforms to the binding standard. In case of conflict between a binding
standard and this part, the specifications of the binding standard takes precedence.

When a binding standard covers only a subset of the imaginary or complex integer or imaginary
or complex floating point datatypes provided, an implementation remains free to conform to this
part with respect to other datatypes independently of that binding standard.

When a binding standard requires only a subset of the operations specified in this part, an im-
plementation remains free to conform to this part with respect to other operations, independently
of that binding standard.

When no binding standard for a language and some datatypes or operations specified in this
part exists, an implementation conforms to this part if and only if it provides one or more datatypes
and one or more operations that together satisfy all the requirements of clauses 5 through 8 that
are relevant to those datatypes and operations. The implementation shall then document the
binding.

Conformity to this part is always with respect to a specified set of datatypes and set of opera-

tions. Conformity to this part implies conformity to part 1 and part 2 for the integer and floating
point datatypes and operations used.

An implementation is free to provide datatypes or operations that do not conform to this part,
or that are beyond the scope of this part. The implementation shall not claim or imply conformity
to this part with respect to such datatypes or operations.

An implementation is permitted to have modes of operation that do not conform to this part.
A conforming implementation shall specify how to select the modes of operation that ensure
conformity.
NOTES
1 Language bindings are essential. Clause 8 requires an implementation to supply a binding
if no binding standard exists. See annex C for suggested language bindings.

2 A complete binding for this part will include (explicitly or by reference) a binding for
part 2 and part 1 as well, which in turn may include (explicitly or by reference) a binding
for IEC 60559 as well.

3 This part does not require a particular set of operations to be provided. It is not possible
to conform to this part without specifying to which datatypes and set of operations (and
modes of operation) conformity is claimed.

2. Conformity 3
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3 Normative references

The following normative documents contain provisions which, through reference in this text,
constitute provisions of this part of ISO/IEC 10967. For dated references, subsequent amendments
to, or revisions of, any of these publications do not apply. However, parties to agreements based
on this part of ISO/IEC 10967 are encouraged to investigate the possibility of applying the most
recent editions of the normative documents indicated below. For undated references, the latest
edition of the normative document referred to applies. Members of ISO and IEC maintain registers
of currently valid International Standards.

IEC 60559:1989, Binary floating-point arithmetic for microprocessor systems.

ISO/IEC 10967-1:1994, Information technology — Language independent arithmetic —
Part 1: Integer and floating point arithmetic.

NOTE 1 — See also Annex E of ISO/IEC 10967-2:2001.

ISO/IEC 10967-2:2001, Information technology — Language independent arithmetic —
Part 2: Elementary numerical functions.

NOTE 2 — See also Annex E of this part.

4 Symbols and definitions

4.1 Symbols
4.1.1 Sets and intervals

In this part, Z denotes the set of mathematical integers, G denotes the set of complex integers.
R denotes the set of classical real numbers, and C denotes the set of complex numbers over R.
Note that Z C R CC,and Z C G C C.

The conventional notation for set definition and manipulation is used.
In this part, the following notation for intervals is used

[x, z] designates the interval {y € R | z < y < z},
|z, 2] designates the interval {y € R | z <y < z},
[z, 2| designates the interval {y € R | z <y < z}, and
|z, z] designates the interval {y e R | z <y < z}.

NOTE - The notation using a round bracket for an open end of an interval is not used, for
the risk of confusion with the notation for pairs.

4.1.2 Operators and relations

All prefix and infix operators have their conventional (exact) mathematical meaning. The con-
ventional notation for set definition and manipulation is also used. In particular this part uses

4 Symbols and definitions
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= and < for logical implication and equivalence
+, —, /, |z|, and conj on complex values

- for multiplication on complex values

<, <, 2, and > between reals

= and # between complex as well as special values
U, N, x, €, ¢ C, C, €, #, and = with sets

x for the Cartesian product of sets

— for a mapping between sets

1 as the imaginary unit

PRe to extract the real part of a complex value

Jm to extract the imaginary part of a complex value

4.1.3 Mathematical functions

This part specifies properties for a number of operations numerically approximating some of the
elementary functions. The following ideal mathematical functions are defined in chapter 4 of the
Handbook of Mathematical Functions with Formulas, Graphs, and Mathematical Tables [43] (e is
the Napierian base):

X
e®, ¥, vz, |z|, In, log,
sin, cos, tan, cot, sec, csc, arcsin, arccos, arctan, arccot, arcsec, arccsc,
sinh, cosh, tanh, coth, sech, csch, arcsinh, arccosh, arctanh, arccoth, arcsech, arccsch.

Many of the inverses above are multi-valued. The selection of which value to return, the
principal value, so as to make the inverses into functions, is done in the conventional way. E.g.,
Vv € [0,00] when z € [0, 00

4.1.4 Datatypes and exceptional values

The datatype Boolean consists of the two values true and false.

NOTE 1 — Mathematical relations are true or false (or undefined, if an operand is undefined).
In contrast, true and false are values in Boolean.

Square brackets are used to write finite sequences of values. [] is the sequence containing no
values. [s], is the sequence of one value, s. [s1, s2], is the sequence of two values, s; and then s,
etc. The colon operator is used to prepend a value to a sequence: x : [x1,...,2y| = [T, 21, ..., Ty].
[S], where S is a set, denotes the set of finite sequences, where each value in a sequence is in S.

NOTE 2 — It is always clear from context, in the text of this part, if [X] is a sequence of one

element, or the set of sequences with values from X. It is also clear from context if [x7, 2] is
a sequence of two values or an interval.

Integer datatypes and floating point datatypes are defined in part 1.

Let I be the non-special value set for an integer datatype conforming to part 1. Let F' be the
non-special value set for a floating point datatype conforming to part 1. The following symbols
used in this part are defined in part 1 or part 2:

Exceptional values:

underflow, overflow, infinitary, invalid, and absolute_precision_underflow.
Integer helper function:

resulty.
Integer operations:

4.1.8 Mathematical functions 5
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negy, addy, suby, muly, eqr, neqy, lssy, leqr, gtry, and geqy.
Floating point parameters:

TE, PF, eming, emax g, denormp, and iec_559p.
Derived floating point constants:

fmazp, fming, fminNg, fminDr, and epsilong.
Floating point helper functions:

upp, downp, nearestp, resultp, resulty, no_resultr, and no_result2r.
Floating point operations from part 1:

negr, addg, subp, mulp, divp, eqr, neqr, lssg, leqr, gtrr, and geqp.
Floating point operations from part 2:

sqrtr, hypotr, powerg, expr, powerr, Ing, logbaser,

radp, sing, cosg, tang, cotp, secp, cscr,

arcsing, arccosg, arctang, arccotp, arcsecy, arccscry, arcg, arcug,

sinhp, coshp, tanhg, cothp, sechp, cschp,

arcsinhp, arccoshp, arctanhp, arccothg, arcsechr, arccschp.
Approximation helper functions from part 2:

expy, powery., Iny, logbaser.,

8in}, cosp, tany, coty, secp, cscr,

arcsing, arccosy, arctany., arccoty, arcsecr, arccscy,

sinhy, cosh},, tanhy,, coth},, sechy,, cschy,,

arcsinh}., arccoshy., arctanhy., arccothy., arcsech¥,, arccschi..

Floating point datatypes that conform to part 1 shall, for use with this part, have a value for

the parameter pr such that pp > 2 - max{1,log, (2 - 7)}, and have a value for the parameter
eming such that eming < —pp — 1.

NOTES
3 This implies that fminNgp < 0.5 - epsilong /rp in this part, rather than just fminNp <
epsilong.

4 These extra requirements, which do not limit the use of any existing floating point datatype,
are made so that angles in radians are not too degenerate within the first two cycles, plus
and minus, when represented in F'.

5 Fshould also be such that pr > 2+log,., (1000), to allow for a not too coarse angle resolution
anywhere in the interval [—big_angle_rp, big_angle_rg]. See clause 5.3.9 of part 2.

The following symbols represent special values defined in IEC 60559 and used in this part:
—0, 400, —00, qNalN, and sNalN.

These floating point values are not part of the set F, but if iec_559r has the value true, these
values are included in the floating point datatype corresponding to F'.
NOTE 6 — This part uses the above five special values for compatibility with IEC 60559. In

particular, the symbol —0 (in bold) is not the application of (mathematical) unary — to the
value 0, and is a value logically distinct from O.

The specifications cover the results to be returned by an operation if given one or more of the
TEC 60559 special values —0, 400, —00, or NaNs as input values. These specifications apply only
to systems which provide and support these special values. If an implementation is not capable of
representing a —0 result or continuation value, 0 shall be used as the actual result or continuation
value.If an implementation is not capable of representing a prescribed result or continuation value
of the IEC 60559 special values +00, —o00, or gINalN, the actual result or continuation value is
binding or implementation defined.

6 Symbols and definitions
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If and only if an implementation is not capable of representing —O0:

a) a 0 as the imaginary part of a complex argument (in c(F'), see 4.1.5) shall be interpreted as
if it was —0 if and only if the real part of that complex argument is greater than or equal
to zero, and

b) a 0 as the real part of a complex argument (in c¢(F'), see 4.1.5) shall be interpreted as if it
was —0 if and only if the imaginary part of the complex argument is less than zero.

NOTES

7 Reinterpreting 0 as —0 as required above is needed to follow the sign rules for inverse
trigonometric and inverse hyperbolic operations, as well as the exact relations between
trigonometric and hyperbolic operations also for signed zeroes.

8 The rule above is sometimes referred to as continuous when approaching an axis in a
counterclockwise path. This fits both with Common Lisp and C99 requirements when zeroes
don’t have a distinguishable sign.

9 For consistency, this rule also has implications for the operations that implicitly or explicitly
take out an implicit real or implicit imaginary part (see for example the specifications for
the 7ejpy and imp operations in clause 5.2.5).

4.1.5 Complex value constructors and complex datatype constructors

Let X be a set containing values in R, and possibly also containing special values (such as
IEC 60559 special values).

i(X) is a subset of values in a imaginary datatype, constructed from the datatype corresponding
to X. 1- is a constructor that takes one parameter.

i(X)={iy | ye X}
c(X) is a subset of values in a complex datatype, constructed from the datatype corresponding
to X. +1i. is an infix constructor that takes two parameters.

oX)={z+i-y | z,yecX}

NOTE - While i+ and +i- (note that they are written in bold) have an appearance of
being the imaginary unit together with the plus and times operators, that is not the case. For
instance, 1- 2 is an element of i(X) (if 2 € X)), but not of G or C. 1-2, on the other hand, is an
expression that denotes an element of G (and C), but neither of i(X) nor ¢(X). Further, e.g.,
441-0=4, but 441- 0 # 4.

Some of the helper function signatures use Cr, where
Cr={x+1-y | z,y€ F}
where FF C R.

4.2 Definitions of terms

For the purposes of this part, the following definitions apply:

accuracy: The closeness between the true mathematical result and a computed result.

arithmetic datatype: A datatype whose non-special values are members of Z, i(Z), ¢(2), R,
i(R), or c(R).

4.1.5 Complex value constructors and complex datatype constructors 7
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NOTE 1 - i(Z) corresponds to imaginary integer values in G. c¢(Z) corresponds to
complex integer values in G. i(R) corresponds to imaginary values in C. ¢(R) corresponds
to complex values in C.

continuation value: A computational value used as the result of an arithmetic operation when
an exception occurs. Continuation values are intended to be used in subsequent arithmetic
processing. A continuation value can be a (in the datatype representable) value in R or an
IEC 60559 special value. (Contrast with exceptional value. See 6.1.2 of part 1.)

denormalisation loss: A larger than normal rounding error caused by the fact that subnormal
values have less than full precision. (See 5.2.5 of part 1 for a full definition.)

error: (1) The difference between a computed value and the correct value. (Used in phrases like
“rounding error” or “error bound”.)

(2) A synonym for exception in phrases like “error message” or “error output”. Error and
exception are not synonyms in any other context.

exception: The inability of an operation to return a suitable finite numeric result from finite
arguments. This might arise because no such finite result exists mathematically, or because
the mathematical result cannot be represented with sufficient accuracy.

exceptional value: A non-numeric value produced by an arithmetic operation to indicate the
occurrence of an exception. Exceptional values are not used in subsequent arithmetic pro-
cessing. (See clause 5 of part 1.)

NOTES

2 Exceptional values are used as part of the defining formalism only. With respect to
this part, they do not represent values of any of the datatypes described. There is no
requirement that they be represented or stored in the computing system.

3 Exceptional values are not to be confused with the NaNs and infinities defined in
IEC 60559. Contrast this definition with that of continuation value above.

helper function: A function used solely to aid in the expression of a requirement. Helper func-
tions are not visible to the programmer, and are not required to be part of an implementation.

implementation (of this part): The total arithmetic environment presented to a programmer,
including hardware, language processors, exception handling facilities, subroutine libraries,
other software, and all pertinent documentation.

literal: A syntactic entity denoting a constant value without having proper sub-entities that are
expressions.

monotonic approximation: An approximation helper function h : ... X § X ... — R, where the
other arguments are kept constant, and where S C R, is a monotonic approximation of a
predetermined mathematical function f : R — R if, for every a € S and b € S, where a < b,

a) f is monotonic non-decreasing on [a, b] implies A(...,a,...) < h(...,b,...),
b) f is monotonic non-increasing on [a, b] implies h(...,a,...) = h(...,b,...).

monotonic non-decreasing: A function f : R — R is monotonic non-decreasing on a real
interval [a, b] if for every z and y such that a < x <y < b, f(x) and f(y) are well-defined

and f(z) < f(y)-

8 Symbols and definitions
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monotonic non-increasing: A function f : R — R is monotonic non-increasing on a real
interval [a, b] if for every z and y such that a < x <y < b, f(x) and f(y) are well-defined

and f(z) = f(y)-

normalised: The non-zero values of a floating point type F' that provide the full precision allowed
by that type. (See Fy in 5.2 of part 1 for a full definition.)

notification: The process by which a program (or that program’s end user) is informed that an
arithmetic exception has occurred. For example, dividing 2 by 0 results in a notification.
(See clause 6 of part 1 for details.)

numeral: A numeric literal. It may denote a value in Z, i(Z), ¢(Z), R, i(R), or ¢(R), a value
which is —0, an infinity, or a NaN.

numerical function: A computer routine or other mechanism for the approximate evaluation of
a mathematical function.

operation: A function directly available to the programmer, as opposed to helper functions or
theoretical mathematical functions.

pole: A mathematical function f has a pole at xq if zq is finite, f is defined, finite, monotone,
and continuous in at least one side of the neighbourhood of xg, and lim f(z) is infinite.
T—xQ

precision: The number of digits in the fraction of a floating point number. (See clause 5.2 of
part 1.)

rounding: The act of computing a representable final result for an operation that is close to the
exact (but unrepresentable in the result datatype) result for that operation. Note that a
suitable representable result may not exist (see 5.2.6 of part 1). (See also A.5.2.6 of part 1
for some examples.)

rounding function: Any function rnd : R — X (where X is a given discrete and unlimited sub-
set of R) that maps each element of X to itself, and is monotonic non-decreasing. Formally,
if x and y are in R,

reX=>rndx)=c
x <y = rnd(r) < rndy)

Note that if u € R is between two adjacent values in X, rnd(u) selects one of those adjacent
values.

round to nearest: The property of a rounding function rnd that when u € R is between two
adjacent values in X, rnd(u) selects the one nearest u. If the adjacent values are equidistant
from u, either may be chosen deterministically.

round toward minus infinity: The property of a rounding function rnd that when u € R is
between two adjacent values in X, rnd(u) selects the one less than u.

round toward plus infinity: The property of a rounding function rnd that when v € R is
between two adjacent values in X, rnd(u) selects the one greater than w.

shall: A verbal form used to indicate requirements strictly to be followed in order to conform to
the standard and from which no deviation is permitted. (Quoted from the directives [1].)

4.2 Definitions of terms 9
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should: A verbal form used to indicate that among several possibilities one is recommended as
particularly suitable, without mentioning or excluding others; or that (in the negative form)
a certain possibility is deprecated but not prohibited. (Quoted from the directives [1].)

signature (of a function or operation): A summary of information about an operation or func-
tion. A signature includes the function or operation name; a subset of allowed argument
values to the operation; and a superset of results from the function or operation (including
exceptional values if any), if the argument is in the subset of argument values given in the
signature.

The signature
addr : I x I — I'U{overflow}

states that the operation named add; shall accept any pair of I values as input, and (when
given such input) shall return either a single I value as its output or the exceptional value
overflow.

A signature for an operation or function does not forbid the operation from accepting a
wider range of arguments, nor does it guarantee that every value in the result range will
actually be returned for some input. An operation given an argument outside the stipulated
argument domain may produce a result outside the stipulated result range.

subnormal: The non-zero values of a floating point type F' that provide less than the full precision
allowed by that type. (See Fp in 5.2 of part 1 for a full definition.)

ulp: The value of one “unit in the last place” of a floating point number. This value depends on
the exponent, the radix, and the precision used in representing the number. Thus, the ulp
of a normalised value x (in F'), with exponent ¢, precision p, and radix r, is r*"?, and the
ulp of a subnormal value is fminDr. (See 5.2 of part 1.)

5 Specifications for imaginary and complex datatypes and oper-
ations

This clause specifies imaginary and complex integer datatypes, imaginary and complex floating
point datatypes and a number of helper functions and operations for imaginary and complex
integer as well as imaginary and complex floating point datatypes.

Fach operation is given a signature and is further specified by a number of cases. These cases
may refer to other operations (specified in this part, in part 1, or in part 2), to mathematical
functions, and to helper functions (specified in this part, in part 1, or in part 2). They also use
special abstract values (—oo, +00, —0, gNaN, sNalN). For each datatype, two of these abstract
values may represent several actual values each: qINalN and sNalN. Finally, the specifications
may refer to exceptional values.

The signatures in the specifications in this clause specify only all non-special values as input
values, and indicate as output values a superset of all non-special, special, and exceptional values
that may result from these (non-special) input values. Exceptional and special values that can
never result from non-special input values are not included in the signatures given. Also, signatures
that, for example, include IEC 60559 special values as arguments are not given in the specifications
below. This does not exclude such signatures from being valid for these operations.

10 Specifications for imaginary and compler datatypes and operations
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NOTE - For instance, the realpart operation on complex floating point is given with the
following signature:

reqry : ¢(F) — F

But the following signature is also valid, and takes some special values into account
req(ry : ¢(FU{—00,—-0,+00}) — F U{—00,—0,+00}

The following signature is also valid

req(ry : ¢(F'U{—00,—-0,+00,qNaN,sNaN}) — F U {—00,—0,+00,qNaN, invalid }

5.1 Imaginary and complex integer datatypes and operations

Clause 5.1 of part 1 and clause 5.1 of part 2 specify integer datatypes and a number of operations
on values of an integer datatype. In this clause imaginary and complex integer datatypes and
operations on values of an imaginary or complex integer datatype are specified.

A complex integer datatype is constructed from an integer datatype. There should be at least
one imaginary integer datatype and at least one complex integer datatype for each provided integer
datatype.

I is the set of non-special values, I C Z, for an integer datatype conforming to part 1. Integer
datatypes conforming to part 1 often do not contain any NaN or infinity values, even though they
may do so. Therefore this clause has no specifications for such values as arguments or results.

i(I) (see clause 4.1.5) is the set of non-special values in an imaginary integer datatype, con-
structed from the integer datatype corresponding to non-special value set I.

c(I) (see clause 4.1.5) is the set of non-special values in a complex integer datatype, constructed
from the integer datatype corresponding to the non-special value set I.

NOTE - The operations that return zero for certain cases, according to the specifications
below, may in a subset of those cases return negative zero instead, if negative zero can be
represented. Compare the specifications for corresponding complex floating point operations
in clause 5.2.

5.1.1 The complex integer result helper function

The result.r) helper function:
resulte ) : G — c(I) U {overflow}
resultq(ry(2) = result;(Re(z)) +1- result;(Im(z))

NOTE - If one or both of the result; function (defined in part 2) applications on the right side
returns overflow, then the result. ;) application returns overflow. The continuation values
used when overflow occurs are to be specified by the binding or implementation. Similarly
below (also for other exceptional values) for the specifications that do not use result. ) but
specify the result parts directly.

5.1 Imaginary and complex integer datatypes and operations 11
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5.1.2 Imaginary and complex integer operations

itimeslﬂi(l) I — I(I
x) =

L d

itimesy_i(p)( -

itimesiny— : i(I) — I U {overflow}

itimes;ny—r(1- y)
= negr(y)

itimesy gy : ¢(I) — c(I) U {overflow}
itimesq(ry (v +i- y)

= negr(y) +1-

rej: I — 1

rer(x) =z ifeel

reyry s i(I) — {0}

reiry (i y) =0 ifyel
reqry c(l) — 1

reqn(r+i-y) == ifeel
imy : I — {0}

imp(x) =0 ifexel
imi(r) (1 y) =y ifyel
imery s c(l) — I

imery(z+1y) =y ifyel

plusitimesepy : I x I — c(I)

plusitimes.(r)(z, 2)
=x+1-2

negiry : i(I) — i() U {overflow}
negir) (i y) = 1- negr(y)

nege(ry : ¢(I) — c¢(I) U {overflow}
nege(ry(z +i-y) = negr(z) +1- negs(y)

12 Specifications for imaginary and compler datatypes and operations
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conjy : I — 1

conjr(x) =z

conjy(ry : i(I) — i(I) U {overflow}
conjyp(ly) =Tt

conjry : ¢(I) — c(I) U {overflow}
conje(ry(z +1- y)

=z 41 negr(y)
addy(ry - i(I) x i(I) — i(/) U {overflow}
addy( (i y,1- w) = 1- add; (y, w)

add“m I x I(I) — C(I)

addy sry(z,1-w) =z +1-w

addi(I),I : 1(_[) x I — C(I)
addypy (i y,2) =z+i-y

addy ory : I x ¢(I) — c(I) U {overflow}

addy o(ry(z, 2 +1- w)
= add(z,z) +i-w

addepy,r = ¢(I) x I — c(I) U {overflow}
addC(I)J(w +i-y,2)

= addr(x,z) +i- y
addi(py,cry : 1(I) x ¢(I) — ¢(I) U {overflow}
addi([)&([) (i- Y, 2 +1- ’LU)

=z +i- add;(y, w)
add(ryiry : ¢(I) x i(I) — c(I) U {overflow}
addc(])7i([) ($ +i. Y, i w)

=z 41 add;(y, w)
add gy : ¢(I) x c(I) — c(I) U {overflow}
addypy(z +i- y, 2 +i- w)

= addi(x, z) +1- add;(y, w)

suby(ry - 1(I) x i(I) — i(1) U {overflow}

5.1.2 Imaginary and complex integer operations 13
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suby( (i y, - w) =1 subs(y, w)

suby iy : I x i(I) — ¢(I) U {overflow}

suby i1y (2,1 w) = x +1- negr(w)

subyy,r :i(I) x I — ¢(I) U {overflow}
subypy (1 y,2) = negr(z) +i-y

suby o1y : I x ¢(I) — c(I) U {overflow}

suby o1y (T, 2 +1- w)
= subr(x, z) +1- negr(w)

sube(r),r : ¢(I) x I — c(I) U {overflow}

sube(r),1(z +1- y, 2)
= suby(x,z) +i-y

suby(py (1) 1 1(1) x ¢(I) — ¢(I) U {overflow}

suby(py,e(r) (i ¥, 2 +1- w)
= negr(z) +i- subs(y, w)

Sch(I),i(I) cc(I) x i(I) — ¢(I) U {overflow}

sube(ryi(r)(z +1y,1- w)
=z +1- subs(y, w)

sube(ry = ¢(I) x c(I) — ¢(I) U {overflow}

sube(ry(z +i- y, 2 +1- w)
= suby(z, z) +1- subr(y, w)

mulypy () X i(I) — I U {overflow}

mul ) (3 .3+ w)
= result;(—(y - w)) ity,wel

mulp sy I xi(I) — i(I) U {overflow}

mulIJ(I) (1‘7 i- w) = i- mull(i’ w)

mulypy 7+ i(I) x I —i(I) U{overflow}
i

X
muzi([),[(i' y,Z) = I mUlI(y, Z)

muly oy : I X ¢(I) — c¢(I) U {overflow}

muly oy (7, 2 +i- w)
= mulr(x, z) +i- mul;(z, w)

14 Specifications for imaginary and complex datatypes and operations
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mulepy,r = ¢(I) x I — c(I) U {overflow}

mulC(I)J(:r +i-y, 2)
= muly(x, z) +i- mul;(y, 2)

mulyy o(ry 1 1(I) X ¢(I) = ¢(I) U {overflow}

mulypy o(ry (I y, 2 +i- w)
= result;(—(y - w)) +i- result;(y - 2)
ify,zwel

mulC(I),i([) cc(l) xi(I) — ¢(I) U {overflow}

mulC(I),i(I) (.T +1- Y, i w)
= result;(—(y - w)) +1- result;(z - w)
if x,y,wel

mulry : ¢(I) x c(I) — ¢(I) U {overflow}

mulery(z +i- y, 2 +1- w)
= resultyy((x +1-y) - (2 +1-w))
if T,Y, 2, W € I

eqi(ry : i(I) x i(I) — Boolean
eqiny (i y, 1 w) = eqr(y, w)

€qri(I) * I x i([) — Boolean

eqrin (1 w) = eqp(z+1- 0,0+ w)

eqi(ry,r - i(I) x I — Boolean

eqin, (1 y,2) = eqe (041 y,z+1-0)

eqrery - I x ¢(I) — Boolean

eqro(r)(z, 2 +1- w)
= eqe(1) (x +1- 0, z +1- w)

€qe(I),1 - c(I) x I — Boolean
eqe(n),1(x +i-y, 2)

= eqe(n) (T +1-y, 2 +1-0)
eqi(r)o(1) * i(I) x ¢(I) — Boolean
eqi(1),e(1) (1 Y, 2 +1- w)

= eqe(r) (0 +i- y, 2 +i- w)

eqe(ny,i(r) * ¢(I) x i(I) — Boolean

5.1.2 Imaginary and complex integer operations
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eqe(r),i(r) (T +1 y,1- w)
= eqe(ry(z +i-y, 0 +1- w)

eqe(r) : (1) x ¢(I) — Boolean
eqe(r) (v +i-y, 2 +1- w)

= true if eqr(x, z) = true and eq;(y,w) = true

= false if eqr(x, z) = false and eq;(y, w) € Boolean
= false if eqr(x, z) € Boolean and eq;(y,w) = false
= invalid(false) otherwise

negyr : i(I) x i(I) — Boolean
neqi(r) (i' Yy, 1 ?,U) = nGQI(y7 w)

neqr ) : I x i(I) — Boolean

neqr i (v, i-w) = neqc(l)(:c +i- 0,0 4+1- w)

negipy,r : i(I) x I — Boolean

negip),r(1+y,2) = neger)(0+i-y, 2z +1-0)

neqrer : I x c(I) — Boolean

neqron (v, z +i- w)
= neqe(p) (@ +i- 0, 2 +1- w)

neqe(r),r : ¢(I) x I — Boolean

neqe(ry,r(r +i-y, 2)
= neqqry(z +i- y, 2 +i- 0)

neqi(ry,er) - i(I) x ¢(I) — Boolean

negi(r e(r) I+ y, 2 +1- w)
= neqe(r) (O +1-y, 2z +1- ’LU)

neqe(n),iry - ¢(I) x i(I) — Boolean

neqe(n),ir) ( +i+ y, 1+ w)
= neqe(r)(z +i- y,0 +1- w)

neqe(r) : ¢(I) x ¢(I) — Boolean

neqe(r)( +1- y, 2z +1- w)

= true if neqr(x, z) = true and neq;(y,w) € Boolean
= true if neqr(x, z) € Boolean and neg;(y, w) = true
= false if neqy(x, z) = false and neg;(y, w) = false

= invalid(true) otherwise

16 Specifications for imaginary and complex datatypes and operations
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Issypy :i(I) x i(I) — Boolean
Issi(r)(i+ y, 1+ w) = Issi(y, w)

legy(ry (1) x i(/) — Boolean
legir) (i y,1- w) = leqr(y, w)

gtripy +i(I) x i(/) — Boolean
gtrin (- y, 1 w) = gtri(y, w)

geqy(r) : i(I) x i(/) — Boolean
geqir) (i y,1- w) = geqr(y, w)

absypy (1) — 1
absir)(1- y) = absy(y)

signumy : I — {—1,1}

signumy(x) =1 if (x €l and z>0)orz=+400
=-1 if (xe I and z <0) or z = —00
= invalid otherwise

signumypy :i() — {1- (=1),1- 1}

signumyp)(i-y) = 1- signum;(y)

divides;ry : i(I) x

i(I) — Boolean
divides;y (” 1 w)
=di

videsy(y, w)

dividesy(py : I x i(I) — Boolean

dividesy () (7,1 w)
= divides(x,w)

divides;ryr : i(I) x I — Boolean
divides; ) r(i- y, )
= dividesy(y, z)

maxipy 2 1(1) < i(f) — i(1)
max; (i y, i w)
=1 (max;(y,w))

minpy 2 i(1) x i(I) — i(I)

5.1.2 Imaginary and complex integer operations 17
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s (i 9, B )
=1 (mins(y,w))

maz_seqyry : [i()] — i(I) U {infinitary}

maz_seqir)([* Y1, -+, 1 Yn))
=1 (max_seqr([y1, ..., Yn]))

min_seqyp) : [i(I)] — i(I) U {infinitary}

min_seqi(j)([i' Y1y oeey 10 yn])
=1 (min_seqr([y1, .-, Yn]))

5.2 Imaginary and complex floating point datatypes and operations

Clause 5.2 of part 1 and clause 5.2 of part 2 specify floating point datatypes and a number of
operations on values of a floating point datatype. In this clause imaginary and complex floating
point datatypes and operations on values of an imaginary or complex floating point datatype are
specified.

NOTE - Further operations on values of an imaginary or complex floating point datatype,
for elementary complex floating point numerical functions, are specified in clause 5.3.

A complex floating point datatype is constructed from a floating point datatype. There should
be at least one imaginary floating point datatype and at least one complex floating point datatype
for each provided floating point datatype.

F' is the non-special value set, F© C R, for a floating point datatype conforming to part 1.
Floating point datatypes conforming to part 1 often do contain —O0, infinity, and NaN values.
Therefore, in this clause there are specifications for such values as arguments.

i(F) (see clause 4.1.5) is the set of non-special values in an imaginary floating point datatype,
constructed from the floating point datatype corresponding to the non-special value set F'.

c(F) (see clause 4.1.5) is the set of non-special values in a complex floating point datatype,
constructed from the floating point datatype corresponding to the non-special value set F'.

5.2.1 Maximum error requirements

Some of the operations are exact, such as taking the imaginary part. Some operations are ap-
proximate, with maximum error requirements implied by their exact relationships with operations
defined in part 1 or part 2 (or, for the complex hyperbolic operations, this part) of this Interna-
tional Standard. Some other approximate operations have new error parameters associated with
them as detailed in the specifications.

The approximation helper functions for the individual operations in these subclauses have max-
imum error parameters that describe the maximum relative error, in ulps, of the helper function
composed with nearestp, for non-subnormal and non-zero results. The maximum error parame-
ters also describe the maximum absolute error, in ulps, for —fminNg, fminNg, subnormal, or zero
results and underflow continuation values if denormp = true. All maximum error parameters
shall have a value that is > 0.5. For the maximum value of the maximum error parameters, see the
specification of each of the maximum error parameters. See also annex A, on partial conformity.
The relevant maximum error parameters shall be made available to programs.

18 Specifications for imaginary and complex datatypes and operations
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When the maximum error for an approximation helper function hry, approximating f, is
mazx_error_op.r), then for all arguments z, ... € Cp X ... the following equations shall hold:

ep(Re(f(z,-)))—pr

|Re(f(z,...)) — nearestp(Re(hepy(Re(z) +1- Tm(2), ...)))| < maz_error_opp) - 1

<
|Im(f(2,...)) — nearestp(Im(hepy(Re(2) +i- Im(2),...)))| < maz_error_ope(r) - r;F(jm(f(Z"")))_pF

Some operations have a Boolean parameter box_error_mode_op.r). If such a parameter is
present for an operation and that parameter has the value true, then the sign requirements need
not be fulfilled (see below) and the maximum error requirements are modified to the following:

er(|f(z--))—pr

|Re(f(z,...)) — nearestp(Re(hepy(Re(z) +1- Tm(2), ...)))| < maz_error_op.p) - 1

<
|Im(f(2,...)) — nearestp(Im(hepy(Re(z) +i- Im(2),...)))| < maz_error_ope(r) - r;F(‘f(z"")‘)_pF

NOTES

1 Partially conforming implementations may have greater values for maximum error param-
eters than stipulated below. See annex A.

2 Multiplication and division of complex values have the box error mode parameter. See
5.2.6.

3 The relative error requirement results in an ‘rectangular’ error bound, that can only span
over a zero (in either dimension) very close to 0. The box error requirement results in a
‘square-formed’ error bound, that for cancellation cases can span over 0 in either or both
dimensions. Relative error requirements in each axis can be fulfilled also for multiplication
and division, but that is often considered too inefficient, and an implementation that may
suffer from cancellation is often used instead.

5.2.2 Sign requirements

The following sign requirement shall hold:

a) The approximation helper functions shall be zero exactly at the points where the approxi-
mated mathematical function is exactly zero.

b) At points where the approximation helper functions are not zero, they shall have the same
sign as the approximated mathematical function at that point.

However, the following exceptions are made:

a) For the trigonometric helper functions, these zero and sign requirements are imposed only for
arguments, x +1-y, such that |z| < big_angle_rr (see clause 5.3.2; big_angle_rp is specified
in part 2).

b) If there is a box_error_mode_op.r) parameter for an operation and that parameter has the
value true, then the sign requirements are not imposed for that operation.

NOTES

1 For the operations, the continuation value after an underflow may be zero (including
negative zero) as given by result} (see part 2), even though the approximation helper
function is not zero at that point. Such zero results are required to be accompanied by
an underflow notification. When appropriate, zero may also be returned for IEC 60559
infinities arguments. See the individual specifications.
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2 Multiplication and division of complex values have modified sign requirements. See above
and 5.2.6.

5.2.3 Monotonicity requirements

For this part, each approximation helper function shall be a monotonic approximation to the
mathematical function it is approximating. For the trigonometric approximation helper functions,
the monotonic approximation requirement is imposed only for arguments, = 4+ 1 -y, such that
|x| < big-angle_rp (see clause 5.3.2; big_angle_rp is specified in part 2).

NOTES

1 Asin part 2, the monotonicity requirement apply to each real dimension individually. For
the complex operations, it thus applies to each real and imaginary part of the argument(s)
individually.

2 As in part 2, the monotonicity requirement applies individually to each monotonic interval
of the approximated mathematical function.

5.2.4 The complex floating point result helper functions

resulty g : C x (R — F*) — ¢(F') U {underflow, overflow }

resulty p (z,rnd)
= result};(Re(z), rnd) +1- resulty,(Im(z), rnd)
NOTES
1 overflow and underflow can both occur for a single application of a complex operation.
2 resulty is defined in part 2.
The no_resultyry, no_result(py, no_resullp_.(ry, no-resultp_r), and no_result2.ry helper
functions are defined as follows:
no_resultypy : ¢(F') — {invalid}
no_resulty py(z +i- y)
= invalid(qNaN +i- gNaN)
if x,y € FU{—00,—0,+00}
= gNaN +i- qNalN if at least one of x and y is a quiet NaN and
neither is a signalling NaN
= invalid(gNaN +i- gNaN)
if at least one of = or y is a signalling NaN

no_resulty gy : i(F') — {invalid}

no_resulty gy (1- y)
= invalid(i- qNaN) ifye FU{—00,—0,+00}
=1-qNaN if y is a quiet NaN
= invalid(i- gNaN) if y is a signalling NaN

no_resultp_(p) : F' — {invalid}
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no_resultp_q(r)(z)
= no_resultypy (v +i- imp(x))

no_resultpy_o(ry : i(F) — {invalid}

no_resully py_.o(r)(i- ')
= no_resultypy(rey p) () +i- y)

no_resultZ,ry : ¢(F) x ¢(F) — {invalid}
no_resultZypy(z +i-y, z +i- w)
= invalid(gNaN +i- gNalN)
if x,y,z,w € FU{—00,—0,4+00}
= qNaN +i- gNalN if at least one of x, ¥y, z, or w is a quiet NaN
and neither is a signalling NaN
= invalid(gNaN +i- gNaN)
if at least one of x, ¥y, 2z, or w is a signalling NaN
These helper functions are used to specify both NaN argument handling and to handle non-NaN-
argument cases where invalid(qNaN +i- qINalN) or invalid(i- gNalN) is the appropriate result.
NOTES
3 The handling of other special values, if available, is left unspecified by this part.

4 reyp) and imp are defined below.

5.2.5 Basic arithmetic for complex floating point

itimesp_p) : I — (F)

itimesp_jp)(v) =1z

itimes;py_p (i y)
= negr(y)

itimese(py : ¢(F) — c(F U {-0})

-~

itimese(py(z +i-y
=negr(y) +1- z

~—

rep: F — F

rep(x) =z if x € FU{—00,—0,+00}
= no_resultp(x) otherwise

reiry : i(F) — {=0,0}

reiry (- y) =0 if (y € Fand y > 0) or y = 400
=-0 if (ye Fandy <0) ory € {—o00,—0}
= no_resultp(y) otherwise
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reC(F) : C(F) — F

reqry(z+iy) ==z if v € FU{—00,—0,+00}
= no_resultp(x) otherwise

imp : F'— {-0,0}

imp(x) =-0 if (x € Fand x > 0) or x = 400
=0 if (x € Fand x < 0) or x € {—o00,—0}
= no_resultp(x) otherwise

imipy (1 y) =y ifye FU{—00,—0,400}
= no_resultp(y) otherwise

ZmC(F) : C(F) — F

ch(F) (.’E +i y) =Y fyeFU {_007 _07+00}
= no_resultp(y) otherwise

plusitimesqpy : F' x F' — c(F)
plusitimes,g)(z, 2)
=x+i-2z

negir)  i(F) — i(F U{-0})
negyry(l-y)  =1inegr(y)

negeqr) + o(F) — o(F U {=0})
nege(r)(z +i-y) = negr(z) +1- negr(y)

conjp: F— F

conj g () =z

congypy i(F) — i(FU{-0)}
conjipy(T-y) =1 negr(y)

conjpy : (F) — c(FU{-0})
conjo(py(x +i- y)
— o+ negr(y)
add;py : i(F) x i(F) — i(F) U {(underflow), overflow }

add;r (1 y,1- w)
=1 addp(y,w)
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addp,i(F) B x I(F) — C(F)

addp;(r) (2,1 w)
=r+i-w

addi(F%F : I(F) x F — C(F)
addy gy p(i-y,2) = z+i-y

addpep) : F' % c(F) — ¢(F) U {(underflow), overflow }

addp ey (T, 2 +1- w)
= addp(z,z) +1- w

addepy,p 2 ¢(F) x F — ¢(F) U {(underflow), overflow }

addy(py p(r +1-y, 2)
=addp(z,z) +i-y

addi(py o(ry : 1(F) X ¢(F) — ¢(F) U {(underflow), overflow }
add;(p) c(r) (- y, 2 +1- w)

=z 41 addp(y, w)
adde(py iy : ¢(F) X i(F) — ¢(F) U {(underflow), overflow }

addC(F)J(F) (ZC +1. Y, i w)
=z +1- addp(y, w)

addepy : ¢(F') x ¢(F) — ¢(F) U {(underflow), overflow }

adde gy (v +i- y, 2 +1- w)
= addp(z, z) +1- addp(y, w)

subypy : i(F) x i(F) — i(F) U {(underflow), overflow }
suby(p (‘ 1 w) =1+ subp(y, w)

subpip) + F' x i(F) — c(F)

subp;p) (7,1 w) = z +i- negp(w)

sub-(p) F: I(F) X F — C(F)
subypy (1 y,2) = negr(z) +i-y

subpe(py : F' X ¢(F) — ¢(F) U {(underflow), overflow }

subp () (T, 2 +1- w)
= subp(z, z) +1- negr(w)
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sube(py,p : ¢(F) x F' — c(F) U {(underflow), overflow }

sube(py,p(z +1- 9, 2)
= subp(z,2) +1- y

subi(py o(ry * 1(F) X ¢(F) — ¢(F) U {(underflow), overflow }

subi(py oy (1 Y, 2 +i- w)
= negp(z) +1- subp(y, w)

sube(pyi(ry : ¢(F) X i(F) — ¢(F) U {(underflow), overflow }

subc(p),i(p)(x +i- Y, i w)
=z +1- subp(y, w)

sube(py 1 ¢(F') x ¢(F) — ¢(F) U {(underflow), overflow }
Sch(F) (z,2) = addc(F) (z, negc(F)(Z))

mulypy : i(F) x i(F) — F U {-0, underflow, overflow }
muli(r) (1 y, 1 w)
= negr(mulp(y, w))

mulps ) : F < i(F) — i(F'U{=0}) U {underflow, overflow }

-~

mulpsr) (T, 1 w)
=1 mulp(z,w)

muly gy p 2 i(F) x F — i(F U {-0}) U {underflow, overflow}

muly gy (i y, 2) = 1 mulp(y, 2)

mulpepy 2 F X ¢(F) — ¢(FU{—0}) U {underflow, overflow}

mul popy (7, 2 +i- w)
= mulp(x, z) +i- mulp(z, w)

mulep) p 2 ¢(F) x F'— ¢(F U{=0}) U {underflow, overflow }
mule ), p (T +iy, 2)

= mulp(x, z) +i- mulp(y, 2)

muli gy () 2 1(F) X ¢(F) — ¢(F'U{=0}) U {underflow, overflow}

muli gy o(r) (1 y, 2 +i- w)
= negr(mulp(y, w)) +i- mulp(y, z)

mulepyiry @ ¢(F) X i(F) — ¢(F'U{-0}) U {underflow, overflow }
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mulep) iy (T +1 y, 1 w)
= negr(mulp(y, w)) +i- mulp(z, w)
NOTE 1 — mulcr) is specified in clause 5.2.6.

divypy : i(F) x i(F U {=0}) — F U {underflow, overflow, infinitary, invalid }
divi(F) (i' Y, I- w) - dva(yv U))

divpipy : F x i(F) — i(F U {-0}) U {underflow, overflow, infinitary, invalid }

divpi(r)(@,1- w) =1 negp (divy (z, w))

divipy,p + i(F) X F' — i(F'U{-0}) U {underflow, overflow, infinitary, invalid }
divipy p(1-y,2) =1 divp(y, 2)

divpep) : F' x c(F) — ¢(F'U{—0}) U {underflow, overflow, infinitary, invalid }

divp () (T, 2 +1- w)
= dive(p) (T +1-imp(z), 2 +1- w)

dive(py,r : ¢(F) x F — ¢(F'U{—0}) U {underflow, overflow, infinitary, invalid }

dive(py,p(x +1-y, 2)
= divp(x, z) +1- divp(y, z)

divi(py o(ry * 1(F) X ¢(F) — ¢(F'U{—0}) U {underflow, overflow, infinitary, invalid }
divi(p) o(r) (1 ¥, 2 +1- w)

= dive(py(rer(y) +1- y, 2z +i- w)
dive(p)i(r) : ¢(F) x i(F) — c¢(F U {—0}) U {underflow, overflow, infinitary, invalid }

dive(ry i) (@ i+ y, 1 w)
= divp(y, w) +i- negp(dive (z, w))
NOTE 2 - dive(p) is specified in clause 5.2.6.

eqir) : i(F) x i(F') — Boolean
eqir)(i-y,1-w) = eqr(y, w)

eqrir) - F' X i(F') — Boolean

GQF,i(F)(l'a iw) = eqep)(r+1-0,0+i-w)

eqip),r * 1(F) x F' — Boolean

eqiry,r(y,2) = eqop)(0+i-y, 2z +i-0)

eqpe(r) : ' x ¢(F') — Boolean
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eqpe(r) (T, 2 +i- w)
= eqe(F) (x 4+1- 0, z +1- w)

€qc(F),F * C(F) x F' — Boolean

eqe(ry,F (T +1-y, 2)
= eqo(r)(z +1- y, 2 +i- 0)

eqi(py,o(F) * 1(F) X ¢(F) — Boolean

eqi(r) o(F) (1 y, 2 +i- w)
= €q4¢(F) (041 y, z +1- w)

eqe(r),i(F) : ¢(F) x i(F) — Boolean
eqe(r),i(F) (@ +1- y, 1 w)
= eqo(r)(z +1- 9,0 +1- w)

eqe(ry : ¢(F') x c(F) — Boolean
eqe(ry(x +1- y, 2 +i- w)

= true if eqp(z, z) = true and eqp(y, w) = true

= false if eqr(z, z) = false and eqr(y, w) € Boolean
= false if eqr(x, z) € Boolean and eqr(y, w) = false
= invalid(false) otherwise

neg;(ry - l(F) X I(F) — Boolean

neg; gy (i y, 1 w) = neqr (y, w)

neqr;r) - I X i(F') — Boolean

neqpiry(z, i w) = negepy(z +1- 0,0 +i- w)

negi(py,r : i(F) x F' — Boolean

ne(Ji(F),F(i' Y,2) = neqc(p)(O +i-y, 2 4+1- 0)

neqr(ry : I x ¢(F) — Boolean

neqre(r) (T, z +i- w)
= neqer)(z +i- 0, 2 +1- w)

neqe(p),r : ¢(F) x F' — Boolean

neqc(F),F(x +1- Y, Z)
= Neqc(F) (.CI? +i-y, 2 +1- 0)

negi(ryo(r) : i(F) x c¢(F) — Boolean
negi(r)o(r) (i y, 2 +1- w)

= neqer)(0+1- y, 2 +1- w)
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neqe(r),i(r) : ¢(F) X i(F') — Boolean

neqe(r) i(r)(x +- y, 1 w)
= nege(p)y(z +1-y, 0 +1- w)

neqe(r) : ¢(F) x ¢(F) — Boolean

neqe(r) (T +1- y, 2 +1- w)
= true
= true
= false
= invalid(true)

Issy(py : i(F) x i(F') — Boolean

lssi(F) (i' y, 1 w) = lSSF(y, U))

legipy + i(F) x i(F') — Boolean
legi(r)(i- y,1- w) = leqr(y, w)

gtri(p) : i(F) x i(F') — Boolean
gtrip (1 y,1- w) = gtrp(y, w)

geqyr) : i(F) x i(F') — Boolean
geqi(ry (1 y, 1 w) = geqr(y, w)

absipy 1 i(F) — F

absi(F) (1-y) = absp(y)

ISO/IEC CD 10967-3.1:2002(E)

if neqp(x, z) = true and neqp(y,w) € Boolean
if neqr(z, z) € Boolean and neqr(y,w) = true
if neqp(z, z) = false and neqp(y, w) = false
otherwise

abse(ry : ¢(F) — F U {underflow, overflow}

absepy(z +i-y) = hypotr(x,y)

phasep : F — F

phasep(x) = arcp(z,imp(z))

NOTE 3 — The arcp (and similarly arcup) operation as specified in clause 5.3.8.15 of the
first edition (issued in 2001) of part 2 has a minor flaw; it is not properly limited. See annex
E for a corrected version. Implementations are recommended to follow this improvement, if
possible, for arcg, arcur, and all operations that reference those specifications.

phasejpy 1 i(F) — F

phaseypy(1-y) = arcp(reyr(1-y),y)
phaseypy : ¢(F) — F U {underflow}

5.2.5 Basic arithmetic for complex floating point
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phasec(py(x +1- y)
= arcp(x,y)

phaseup : F x F — F U {invalid}

phaseup(u,x) = arcup(u,x,imp(zx))

phaseu; gy : F' x i(F) — F' U {invalid}

phaseui(p) (u,i-y)
= arcur(u,rejpy (1Y), y)

phaseuypy : F x ¢(F') — F'U {underflow, invalid }
phaseuqpy(u, v +i-y)

= arcup(u,z,y)

signump : F — {-1,1}

signump(x) =1 if (x € Frand x > 0) or x = 400
=-1 if (x € F and < 0) or x € {—00,—0}
= no_resultp(x) otherwise

signum;(py : i(F) — {i- (-1),1- 1}

signumi(py(1+ y) = 1- signump (y)

NOTE 4 — signum(p) is specified in clause 5.2.6.

5.2.6 Complex sign, multiplication, and division

There shall be a box mode error parameter each for multiplication and division on a complex
datatype:

box_error_mode_mul.ry € Boolean
box_error_mode_div.r) € Boolean

There shall be a maximum error parameter each for multiplication and division on a complex
datatype:

mazx_error-muly gy € F
mazx_error divypy € F'

The max_error_mul.ry parameter shall have a value that is < 5. The max_error_div )
parameter shall have a value that is < 15.

For use in the specification below, define the mathematical complex sign function:
signum : C — C

The signum function is defined by
signum(z) = cos(arc(Re(z),Im(z))) +1 - sin(arc(MRe(z),Im(z)))
NOTES

1 The arc function is defined in part 2, clause 5.3.7.
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2 Note that z = |z| - signum(z) if z € C, and signum(z +1-y) = @Y if 2 y € R.
The signumz( P) approximation helper function:
signum:(F) :Cp—C

STGNUIM oy (z) returns a close approximation to signum(z) in C, with maximum error max_error_tang
(interpreted as an error parameter for a complex floating point operation).

Further requirements on the sz’gnum:( F) approximation helper function are:

signum’c‘(F) (conj(z)) = Conj(signum:(F)(z))

if zeCp
Signum’c‘(F)(—z) = —signumg p, (2) if zeCp
E)%e(signum:(F) (x+1-y)) = ﬁm(signum:(F)(y +1-x))

ifr,ye F
SIGNUMY ) (x)=1 ifxe Fandz >0

signumy py(z +1- ) = (1/vV2) +1-(1/v2)
itze Fandz >0
The signum,(r) operation:
signume(py : ¢(F) — c¢(F) U {underflow}
signume(py(z +1- y)
= result:(F)(signum:(F) (x +1-y),nearestr)
ifr,ye Fandxz+1-y#0
= CO?’LjC(F) (Szgnumc(F) (conjc(F) (1‘ +i- y)))
if y € {—00,—0}
= nege(r)(signumer) (nege(r)(x +1-y)))
if z € {—00,—0} and y & {—00,—0}
= sinp(arcp(y, x)) +i- sinp(arcp(z, y))
otherwise

NOTE 3 — signume(p)(z+1-y) =~ cosp(arcr(x,y)) +1- sinp(arcr(x,y)). The specification is
more complicated, in order to allow higher accuracy, including the sign of zero result parts.

The mulz( F) approximation helper function:
mul:(F) : CF X CF —C

mulz( P) (x, z) returns a close approximation to z - z in C with maximum error maz-error-mule(ry,
interpreted according to the value of box_error_mode_-mul. ry.

Further requirement on the mul:( F) approximation helper function are:

mul g (conj(z),conj(z’)) = conj (mul:(F) (2,2"))

if 2,2/ € Cp
mall gy (=2, 2') = —mul (2, 2') if 2,2 € Cp
mall py (2, 2') = muly ) (2, 2) if 2,2/ € Cp

The mul. ) operation:

mulepy @ ¢(F) X ¢(F) — ¢(F U {-0}) U {underflow, overflow }
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mule gy (z +1- y, 2 +1- w)
= result; (mul;‘(F) (r+1-y,z+1-w),nearesty)
if £ 41y, 2z +1-w € ¢(F) and
r#0and y#0and 2z #0 and w # 0
= subp(mulp(z, z), mulp(y, w)) +1- addp (mulp(y, z), mul p(z, w))
otherwise

NOTE 4 — NaN (and invalid) is not avoided in the “otherwise” case here. Note in partic-
ular cases like mulq(py(2 +1- (—0),3 +i- (+00)) which is invalid with a continuation value of
gNaN +i- (+o00). However, mulp (py(2,3 +i- (+00)) returns 6 +i- (+00), due to the strong
implicit zero (see B.5.2).

The div:( ) approximation helper function:
di’l}:(F) : CF X CF —C
div:( F)(ac, z) returns a close approximation to z/z in C with maximum error mazx_error -dive(r),
interpreted according to the value of box_error_mode_div. r).
Further requirement on the dw:( F) approximation helper function are:
divy (conj(z),conj(z")) = conj(div:(F) (z,2"))
if 2,2/ € Cpand 2/ #0
div:<F)(—z,z') = —div:(F)(z,z’) if 2,2/ €Cpand 2/ #0
div:(F)(z, -2 = —diU:(F)(Z,Z/) if 2,2/ € Cp and 2/ £ 0
The div(py operation:
dive(py 1 ¢(F) x ¢(F) — ¢(F'U{—-0}) U {underflow, overflow, infinitary, invalid }

div(py(z +i- y, 2 +1- w)
= resulty (dz’v:(F) (x+1-y,z+1-w),nearestr)
if 41y, z+1-w € ¢(F) and
r#0and y#0and z #0 and w # 0
= dive(py,p(addp(mulp(z, 2), mulp(y, w)) +i- subp (mulp(y, 2), mulp(z, w)),
addp(mulp(z, z), mul p(w, w)))
otherwise

5.2.7 Operations for conversion from polar to Cartesian

The polmi( F) approximation helper function:
polarZ(F) cFxF—C
polavﬁ( F) (x, z) returns a close approximation to x - €"* in C with maximum error max_error_tanp
(interpreted as an error parameter for a complex floating point operation).
Further requirement on the polar:( F) approximation helper function are:
polar:(F)(—$, z) = —polary (z,2)
polar:(F) (x,—z) = conj (polar’c‘(F) (z,2))
The polar, )y operation:

polarypy : F' X F' — ¢(F) U {underflow, absolute precision underflow}
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polarypy(z,2) = resulty p (polar:(F) (z,2),nearesty)
if x,z € F and |z| < big_angle-rp and x # 0 and z # 0
= mulp(z,cosp(z)) +i- mulp(z, sinp(z))
otherwise
The polaru:( F) approximation helper function:

polaruz(F) FxFxF—C

127z /u

polaru:( P (u,x, z) returns a close approximation to x - e in C with maximum error

maz_error_tanup(u) (interpreted as an error parameter for a complex floating point operation).

Further requirement on the polaru:( F) approximation helper function are:

polaruC(F)( —x,2) = —polarug (u,z,2) ifus#0

polarug )( —z) = conj (polaru:(F) (u,,2)) ifuz#0

polaru’* (F)( U, T, z) = polarug p, (u,z,—2) ifus#0
The polarucry operation:

polaruepy : F' x F' x F' — ¢(F) U {underflow, absolute_precision underflow, invalid }
polarue gy (u, T, 2)
= resulty (polaru:(F) (u,x, z),nearestr)
if ue Gp and z,z € F and |z/u| < big_angle_ur and
z#0and z#0
= mulp(x, cosup(u, z)) +i- mulp(z, sinup(u, 2))
otherwise
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5.3 Elementary transcendental imaginary and complex floating point opera-
tions

Clause 5.3 of of part 2 specify a number of transcendental floating point operations. In this clause
a number of transcendental imaginary and complex floating point operations are specified.

5.3.1 Operations for exponentiations and logarithms

There shall be two maximum error parameters for complex exponentiations and logarithms.

max-error_expyry € F'
max_error_powerypy € F

The max_error_exp. ry parameter shall have a value that is < 2-rnd_errorp. The max_error_powerq
parameter shall have a value that is < 7.

5.3.1.1 Exponentiation of imaginary base to integer power

The powerp) ; operation:
powerypy 1+ i(F) x I — ¢(F) U {underflow, overflow, infinitary }
powery gy 1(1- ,y)
= reyp) (i ©) +i- powerg, 1 (v, y)
if y € T and 4|(y + 3)

= negr(powerr,;(absp(x), y)) +i-0
if y € I and 4|(y + 2)

= nege(r) (reir) (i o) +i- powerg,1(z, y))

if y € I and 4|(y + 1)
= powerg (absp(z),y) +1- (—0)

if y € I and 4|y

5.3.1.2 Natural exponentiation

The exp;(F)_c(r) operation:
eTPi(F)—c(r) : I(F) — ¢(F) U {underflow, absolute precision underflow}
expi(r)—c(r) (1Y)
= cosp(y) +1- sinp(y)
NOTE 1 - Some programming languages have the operation cis. cis () is expi(p)—c(r)(i-7).
The exp:( P) approximation helper function:
eazpz(F) :Cp—C
e:npi( F)(z) returns a close approximation to e* in C with maximum error maz_error_expe(r.
A further requirement on the exp:( P) approximation helper function is:
TPy (conj(z)) = Conj(e:zp:(F) (2)) it zeCp

The relationship to the cos}, siny, and exp}. approximation helper functions in an associated
library for real-valued operations shall be:
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expi(F) (i-y) =cosp(y) +1-siny(y) ifyeF
TPy ) () = expy(x) ifeeF
The requirements implied by these relationships and the requirements from part 2 shall hold even
if there is no cosp, sing, or expr operations in any associated library for real-valued operations
or there is no associated library for real-valued operations.
The exp.(r) operation:
expe(r) : ¢(F) — ¢(F) U {underflow, overflow, absolute_precision underflow}
expe(p) (T +i-y) = resultz(F)(e;Upi(F) (x+1-y),nearestp)
if x,y € F and |y| < big_angle_rp
= expo(ry (0 +1- ) if x =-0
= conj(p(expe(r)(x +1- 0))
ify=—0and z # —0
= mulp(0,cosp(y)) +1- mulp (0, sinp(y))
if 1 = —oo and y € F and |y| < big_angle_rp
= mulp (400, cosp(y)) +1- mulp (400, sinp(y))
if =400 and y € F and |y| < big_angle_rr and y # 0
= (400) +i- 0 ifr=4occandy e Fandy=0
= radhqpy(z +1- y) otherwise
NOTES
2 radhg(p) is specified in clause 5.3.3.1.
3 invalid is avoided here for the cases exp.(p)((4+00) +i- 0) and exp.(p)((+00) +i- (=0)).

5.3.1.3 Complex exponentiation of argument base

powerp_or) : F' X F' — ¢(F) U {underflow, overflow, infinitary, invalid }

power p_o(p (7, 2)
= powerepy (T +1- imp(z), z +i- imp(2))

poweripy : i(F) x i(F) — c(F)U
{underflow, overflow, absolute_precision_underflow, infinitary, invalid }

poweripy(1- y, 1 w)
= powerp)(imp(y) +i- y, imp(w) +1- w)

poweryp) g+ i(F) x F' — ¢(F) U {underflow, overflow, infinitary, invalid }

powerypy p(1- y, 2)
= powerqp) (imp(y) +i+ y, 2 +1- imp(2))

powerp;py : F' < i(F) — c(F)U
{underflow, overflow, absolute_precision_underflow, infinitary, invalid }
power gipy(z,1- w)

= powery(p)(x +1- imp(v), imp(w) +1- w)

poweryp) p : ¢(F) x F' — ¢(F) U {underflow, overflow, infinitary, invalid }
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power ey p(z +i-y, z)
= powerypy (T +1- y, z +1- imp(2))

powerpp) : F' x ¢(F) — c¢(F)U

{underflow, overflow, absolute_precision_underflow, infinitary, invalid }
power oy (T, z +i- w)

= powerypy (T +1-imp(z), 2 +i- w)

power(p) o(r) * i(F) X c(F) — c(F)U
{underflow, overflow, absolute_precision_underflow, infinitary, invalid }

poweryp) o(r) (i Y, 2 +1- w)
= powere(p)(imp(y) +i- y, z +i- w)

poweryry i(r) : ¢(F) X i(F) — c(F)U

{underflow, overflow, absolute_precision_underflow, infinitary, invalid }
powerr) yry (T +i- y, 1+ w)

= powerepy (T +1- y, imp(w) +i- w)

EDITOR’S NOTE — Most (all) of the above just refer to powery (as yet). Possible ex-
ceptions are powerp_,q(r), which maps the real axis to mirrored angled lines (+-0 dependent);
powerg gy, which maps the complex plane to a "folding fan”; power;jpy r which maps the imag-
inary axis to a folded line; and powerp ;) which maps the real axis to the unit circle.

The poweré‘( F) approximation helper function:
power:(F) :CpxCp—C
powerz( P (b, z) returns a close approximation to b* in C with maximum error AT _erTor POWeT (F).

A further requirement on the power:( F) approximation helper function is:

powery p (conj(b), conj(z)) = conj (power(’f(F) (b, 2))
ifb,z€Cp
The power, ) operation:
powerypy : ¢(F) x ¢(F) — c(F)U
{underflow, overflow, absolute_precision_underflow, infinitary, invalid }
powere gy (T +1- y, 2 +1- w)
= result? p (power:(F) (x+1-y,z+1-w),nearesty)
if x,y,z,w € F and (z # 0 or y # 0) and
EDITOR’S NOTE - |In(y/22 + y2) - w + arc(z,y) - 2|
is not too large...?7?
= powere(p) (0 +1- y, z +i- w)
ifx =-0
= conjop)(powerepy(x +i+ 0, 2 +1- negr(w)))
if y=—0 and x # -0
= powerep) (T +1-y,0 +1- w)
if z=—0and z # —0 and y # —0
= conjo(py(powere(p)(x +1- negr(y), 2 +i- 0))
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if w=—0and x # —0 and y # —0 and z # —0

=041-0 ifr=0andy=0and z€ F and z > 0
= infinitary() ifr=0andy=0and z€ Fand 2 <0
= expe(r)(mule(ry(Ingry (z +1- y), 2 +i- w))

otherwise

EDITOR’S NOTE - find a way to terminate the infinite recursion for the power(x+i(-0),z+i0)
and power(x+i0,z+i(-0)) cases!!!

NOTE - Complex raising to a power is multi-valued. The principal result is given by
b? = e2™®) The b? function branch cuts at {z | x € R and z < 0} x C (except when ¢ is in
Z). Thus powerqpy(x +i- 0, 2) # powerqpy(z +i- (=0), 2).

5.3.1.4 Complex square root

The sqrtp_..(r) operation:
sqrtp_ery o B — c(F)
sqrtp_ory(z) =041 sqrtp(negr(z)) x € Fand x <0) or x € {—00,—0}
= sqrtp(x) +1- (—0) x € F and x > 0) or z = 400
= no_resultypy(z +i- imp(v))
otherwise

if (
if (

The sqrt; ) _(r) operation:
sqrti(F)_w(F) F— C(F)

Sqrti(F)—w(F) (i' y)
= sqrte(r)(reir) (y) +1-y)
The sqrt:( P approximation helper function:
sqrt:(F) :Cp—C
sqrt:’;( F)(z) returns a close approximation to y/z in C with maximum error MAT_error_eXPe(F)-
Further requirements on the sqrt:( F) approximation helper function are:

Sqriy g (conj(z)) = Conj(sqrt*(F)(z)) if zeCp

) c
sqriy p (z) = N3 ifre Fandxz >0
Sqrty (x)=1- sqrt:(F)(—x) ifxe Fandz <0
D‘ie(sqrti(F) i-y)= 3m(sqrt:(F) (i-v)) ifye Fandy >0

The sqrt.r) operation:
sqrtepy 1 c(F) — c(F)
sqrtepy (v +i- y)
= result:(F)(sqrt:(F) (x +1-y),nearestr)
if x +1-y € ¢(F)
= 5qrte(ry (0 +i- y) if 2 =-0
= conje(ry(sqric(r)(z +i- 0))
if x € FU{—00,+00} and y = —0

= (400) +i- (+00) if z € FU{—00,—0,400} and y = +00
= (400) +i- 0 ifr=4occandy e Fand x>0
= (4+00) +i- (—0) if £ =400 and ((y € F and y <0 or y = —0)
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= (400) +i- (—00) if v € FU{—00,—0,+00} and y = —00
= 0+i- (400) ifr=—occandy € Fand 2z >0
= 0+i: (—o0) if v =—o00 and ((y € F and y <0 or y =—0)

= no_resultypy(z +1-y) otherwise

NOTE - The inverse of complex square is multi-valued. The principal result is given by
Vb = €05 () The \/ function branch cuts at {z | € R and < 0}. Thus sqric r)(z+1-0) #
sqrtery (v +i- (=0)) when z < 0.

5.3.1.5 Natural logarithm

The Inp_.(r) operation:
Inp_e(p) : F' — c(F) U {infinitary}
Inp_c(r)(T) = Inp(absp(x)) +i- arcp(z,imp(x))

NOTE 1 — The arcp (and similarly arcup) operation as specified in clause 5.3.8.15 of the
first edition (issued in 2001) of part 2 has a minor flaw as noted in annex E.

The In;py_c(r) operation:
Ini(py—e(r) : F' — ¢(F) U {infinitary }
Ini(py—e(r) (i y) = Inp(absr(y)) +i- arcp(reir) (y), v)
The ln:( F) approximation helper function:
lnz(F) :Cp—C
Ing F)(z) returns a close approximation to In(z) in C with maximum error maz_error_exp.(r.

NOTE 2 — Since the imaginary part of the result of Ing(x 41 y) is arcp(z,y), the maximum
error in the imaginary part is really max_error_tang. Thus max_error_exp.(ry is intended to
reflect the maximum error in the real part of the result.

A further requirement on the lnz( F) approximation helper function is:
ln:(F) (conj(z)) = conj(ln:(F)(z)) if 2 € Cp

The relationship to the arcy and In}. approximation helper functions for arcr and Ing opera-
tions in an associated library for real-valued operations shall be:

Jm(ln:(F) (x+1-y)) =arcp(z,y) ite,ye F
%e(lni(F)(m +1i-y) =lnp(z+1-y]) ifz,ye€ Fand (zx=0o0r y=0)
The requirements implied by these relationships and the requirements from part 2 shall hold even

if there are no arcg or Ing operations in any associated library for real-valued operations or there
is no associated library for real-valued operations.

The ln}f range limitation helper function (for z € Cr):
lnff(z) = Re(In}(2)) +1- max{upp(—n), min{Im(In}(2)), downp(—m/2)}}
if Re(z) < 0 and Im(z) <0
= Re(In}(2)) +1- max{upp(—7/2), min{Im(in}.(z)), downp(mw/2)}}
if Re(z) > 0
= Re(In}.(2)) +1- max{upp(7/2), min{Im(In}.(2)), downp(mw)}}
if Re(z) < 0 and Im(z) >0
The In.ry operation:
Ingry : ¢(F) — c(F) U {infinitary}
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Ingpy(z+i-y) = result:(F)(lnsz)(az +1-y),nearestp)
if 2 4+1-y € ¢(F) and (z # 0 or y # 0)
= infinitary((—oo0) +i- arcr(z,y))
if x,y € {-0,0}
= conje(p)(Ine(r) (z +i- 0))
ify=-0
=lInp(y) +i- upp(n/2) ifx=-0and ((y € F and y > 0) or y = +00)
= Inp(y) +i- downp(—m/2)
ifr=—-0and ((y € Fand y <0) or y =—00)
= (400) +Hi- arcp(x,y) if z € {—o00,400} and y € F'U {—00,+00}
= (+o00) +i- arcp(x,y) if z € F and y € {—00,+00}
= no_resultypy(z +i-y) otherwise
NOTES

3 The inverse of natural exponentiation is multi-valued: the imaginary part may have any
integer multiple of 2-7 added to it, and the result is also in the solution set. The In function
(returning the principle value for the inverse) branch cuts at {x | # € R and z < 0}, is
continuous on the rest of C, and In(z) € R if » € R and x > 0. Thus In.p(x +i- 0) #
Ine(py(z +i- (=0)) when = < 0.

4 Tec(F) (lnc(F) (SU +i- y)) ~ lnF(hyPOtF (.’L’, y)) and
ime(py(Ine(py(z +i- y)) = arcp(z,y) when there is no notification (if the specification of
arcp is corrected as noted in clause 5.2.5).

5.3.1.6 Argument base logarithm

5.3.1 Operations for exponentiations and logarithms

logbasep () : F' X F' — ¢(F') U {underflow, overflow, infinitary, invalid }

logbasep_..(r) (7, 2)
= logbaseq(py(z +i- imp(z), 2 +1- imp(z))

logbase;(py : i(F) x i(F') — ¢(F) U {underflow, overflow, infinitary, invalid }

logbase;(py(1- y, i w)
= logbase.(p)(imp(y) +i- v, imp(w) +1- w)

logbase;py p : i(F) x F' — c(F) U{underflow, overflow, infinitary, invalid }

loghase(r, i+ v, 2)
= logbaseq(p)((imp(y)) +i-y, 2 +i- imp(2))

logbasep () : F' x i(F') — ¢(F) U {underflow, overflow, infinitary, invalid }

logbasep(ry(z,1- w)
= logbaseq(py(z +i- imp(z), imp(w) +i- w)

logbasec(py p : ¢(F) x F' — c¢(F) U {underflow, overflow, infinitary, invalid }

logbase(py p (T +1- y, 2)
= logbase.(py(x +1- y, z +i- imp(2))
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logbasep,o(py : F' % ¢(F) — c(F) U {underflow, overflow, infinitary, invalid }

logbasep,o(py(z, 2 +1- w)
= logbase.(p)(x +1- imp(v), 2z +1- w)

logbase;(p) o(ry : I(F) X ¢(F) — c¢(F) U {underflow, overflow, infinitary, invalid }

logbase;ry o(ry(1+ y, 2 +1- w)
= logbase,(p)(imp(y) +i- y, 2z +1- w)

logbasec(pyiry : ¢(F) X i(F) — c¢(F) U {underflow, overflow, infinitary, invalid }

logbasec(py i(ry (T +i- y,1- w)
= logbase

Py (T +Hi-y, imp(w) +1- w)
EDITOR’S NOTE — Most (all?) of the above will just refer to logbase,(ry as yet...
The logbasez( F) approximation helper function:
logbasez(F) :CpxCp—C
logbase:( ) (b, z) returns a close approximation to log,(2) in C with maximum error max_error_power,p.
A further requirement on the logbasez( P) approximation helper function is:
logbase? 1 (conj(b),conj(z)) = conj(logbase:(F) (b, 2))
ifb,z€Cp
logbasez(F)(x +1-y,0+7-w)=0
ifx,y,w e F and x # 0
The logbasery operation:
logbasee(py : ¢(F') x ¢(F) — ¢(F U {-0}) U {infinitary, invalid }
logbase(py(z +i-y, z +i- w)
= resulty (logbasez(F) (x+71-y,z+1-w),nearestr)
if o 41y, z41-w € ¢(F) and x # 0

= divC(F)(lnC(F) (Z +1- ’LU), lnC(F) (LL’ +1. y))
otherwise

NOTE - Complex logarithm with argument base is multi-valued. The principal result is
given by log,(q) = In(q)/In(b). Apart from the poles, the log,(¢) function branch cuts at
{rx|reRandx <0} xC)U(C x{xz |z € R and z < 0}).

5.3.2 Operations for radian trigonometric elementary functions

There shall be two maximum error parameters for complex trigonometric operations.

max_error_sing gy € F
mazx_error_tanepy € F

The max_error_sin.p) parameter shall have a value that is < 11. The max_error_tang
parameter shall have a value that is < 14.
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5.3.2.1 Radian angle normalisation

radi(p) : I(F) - I(F)
radypy(-y) =1y

rady gy : ¢(F) — ¢(F) U {absolute_precision underflow }

radypy(r +i-y) = radp(x) +i-y if ye FU{—00,—0,400} and radp(z) € FU{-0}

= absolute_precision_underflow(qNaN +i- gqNalN)
ify e FU{—00,—0,+00} and
radp(xz) = absolute_precision_underflow
= no_result,p)(r +1-y) otherwise

5.3.2.2 Radian sine

NOTE TEMP
sin(—z) = —sin(z)
on(:)) = coni(5n )
sm(z k-2-m)=sin(z) ifke Z
sin(z) = os(7r/2 —2)
—1-sinh(i-z) =1-sinh(-1- )
y) —1-sinh(—y) =1 sinh(y)
5111( +1-y)=—1-sinh(—y+1-z) =1-sinh(y —1- z)

. B
i
8
S~—
[

sin(z +1-y) = sin(x) - cosh(y) +1- cos(x) - sinh(y)
The sin;r) operation:
sinypy + i(F) — i(F) U {overflow}
sinir)(i+ y) =1 sinhp(y)
The sini( P approximation helper function:
sin:(F) :Crp—C
sin:( F)(z) returns a close approximation to sin(z) in C with maximum error AT _erTor_SiNg(F).
Further requirements on the sin:( F) approximation helper function are:
SINg (conj(z)) = Conj(sin:(F)(z)) it zeCp
sing ) (—2) = —sing p)(2) if z € Cp

The relationship to the sin}. and sinh}, approximation helper functions for sing and sinhp in
an associated library for real-valued operations shall be:

SINg () = sinp(x) ifeeF
SIng (i-y)=1-sinh}u(y) ifyeF
The requirements implied by these relationships and the requirements from part 2 shall hold even

if there are no sing or sinhp operations in any associated library for real-valued operations or
there is no associated library for real-valued operations.

The sin ) operation:

sing(py : ¢(F) — ¢(F) U {underflow, overflow, absolute _precision underflow }

5.3.2 Operations for radian trigonometric elementary functions 39



ISO/IEC CD 10967-3.1:2002(E) Working draft

singpy (v +i-y) = Tesultz(F)(sinZ(F) (x+1-y),nearestr)
if x,y € F and |z| < big_angle_rp
= conjo(p)(sine(r) (T +1- 0))
ify=-—0
= nege(r) (sine(r) (0 +i- negr(y)))
ifxr=-0and y# -0
=0+i-y if x =0and y € {—00,+00}
= mulp(sinp(x),4+00) +i- mulp(cosp(z),y)
if v ¢ {—0,0} and y € {—o00,+00}
= radypy (v +i- y) otherwise

5.3.2.3 Radian cosine

NOTE - TEMP

cos(—z) = cos(z)

cos(conj(z)) = conj(cos(z))
cos(z+k-2-m)=cos(z)if ke Z
cos(z) = sin(n/2 — 2)

cos(:x) = cosh(1- z) = cosh(—1- z)

cos(1-y) = cosh(y)
cos(z +1-y) =cosh(—y+1-z) =cosh(y —1-x)
cos(z +1-y) = cos(x) - cosh(y) +1-sin(x) - sinh(y)
The cos;jr) operation:
cosy(p) : i(F) — F U {overflow}
cosi(r)(i+ y) = coshp(y)
The cosz( F) approximation helper function:
cos’c‘(F) :Crp—C
cos:( F)(z) returns a close approximation to cos(z) in C with maximum error max_error_singp.
Further requirements on the cos:( F) approximation helper function are:
oSy (conj(z)) = conj(cos:(F) (2)) if zeCp
cos:(F)(—z) = Cos:(F)(z) it zeCp

The relationship to the cos} and cosh}. approximation helper functions for cosr and coshp
operations in an associated library for real-valued operations shall be:

oSy () = cosp(x) itereF
oSy (i-y) = cosh(y) ityeF
The requirements implied by these relationships and the requirements from part 2 shall hold even

if there are no cosg or coshp operations in any associated library for real-valued operations or
there is no associated library for real-valued operations.

The cos.(r) operation:

cosq(ry : ¢(F) — c¢(F) U {underflow, overflow, absolute precision underflow}
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cose(py (T +iry) = result:(F)(cosé‘(F) (x+1-y),nearestp)
if x,y € F and |z| < big-angle_rp
= conje(p)(cose(r)(z +i- 0))
if y=-0
= cos¢(p)(0 +i- negp( )) ifz=—-0andy#—-0
= (400) +i- divp(—1,y) if x =0 and y € {—00,+00}
= mulp(cosp(x), -I-oo) +i- mulp(sing(x), negr(y))
if y =400 and =z € {-0,0}
= radyp)(r +1-y) otherwise

5.3.2.4 Radian tangent

NOTE - TEMP

tan(—z) = — tan(z)

tan(c OHJ(Z)) = conj(tan(z))
tan(z + k-2 -7) =tan(z) if k € Z
tan(z) = ot(7r/2 —2)

tan(x) = —1- tanh(i- z) =
tan(i - y) —1- tanh(—y)
tan(z +1-y) = —1- tanh(—

i tanh( 1-x)
= tanh()
y+1 x) =1-tanh(y —1-x)

The tan;r) operation:
tany(py : i(F) — i(F)
tani(p)(i- y) =1-tanhr(y)
The tan’c‘( F) approximation helper function:
t(m:(F) :Cp—C
tan:( F)(z) returns a close approximation to tan(z) in C with maximum error maz_error tangr).
Further requirements on the tanz( F) approximation helper function are:
tang p (conj(z)) = conj (tan:(F)(z)) if z€Cp
tanZ(F)(—z) = —tan:(F)(z) it zeCp
The relationship to the tany and tanh}. approximation helper functions for tany and tanhp
operations in an associated library for real-valued operations shall be:
tang p () = tanj.(x) ifreF
tan? g (1-y) =1-tanhj(y) ifyeF
The requirements implied by these relationships and the requirements from part 2 shall hold even

if there are no tanp or tanhp operations in any associated library for real-valued operations or
there is no associated library for real-valued operations.

The tan. ) operation:
tangry : ¢(F) — c¢(F) U {underflow, overflow, absolute precision underflow}
tangpy(z +1-y) = resulty p (tan:(F)(:U +1-y),nearestr)
if z,y € F and |z| < big-angle_rp

= conjp)(taner)(z +i- 0))
if y=-0
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= negp(tane ) (0 +i- negr(y)))

ifx =—0and y # -0
= mulp(tanp(x),0) +i- tanhp(y)

if y € {—00,4+00}
= rade(p) (v +i- y) otherwise

5.3.2.5 Radian cotangent

NOTE - TEMP

= —1-coth(—1-x)
y) = —1- coth(y)
cot(z+1-y) =1-coth(—y+1-2) =—1-coth(y —1- )

The cot;yy operation:
coty gy : i(F) — i(F) U {overflow, infinitary }
coty( ) (i- ) = negyr)(1+ cothr(y))
The cot:( F) approximation helper function:
cotZ(F) :Cp—C
cot:( F)(z) returns a close approximation to cot(z) in C with maximum error maz_error_tang gy.
Further requirements on the cot:( P) approximation helper function are:
cotZ(F)(conj(z)) = conj (cot;‘(F)(z)) it zeCp
cot:(F)(—z) = —cot:(F)(z) if zeCp

The relationship to the cot}. and coth}. approximation helper functions for cotr and cothp
operations in an associated library for real-valued operations shall be:

cot:(F)(x) = cot}(x) iteeF
coty (i-y) =—1-cothi(y) ifyeF
The requirements implied by these relationships and the requirements from part 2 shall hold even

if there are no cotp or cothp operations in any associated library for real-valued operations or
there is no associated library for real-valued operations.

The cot(r) operation:
cotopy : ¢(F) — c(F) U {underflow, overflow, infinitary, absolute_precision underflow}
cotopy (v +i-y) = resulty (COt:(F) (r+1-y),nearesty)
if x,y € F and |z| < big-angle_rp and

(z#0ory#0)
= infinitary((+o00) +i- (—00))
ifr=0and y=0
= conjo(py(tanc p(z +1-0))
if y =
= negr (tanc ) (0 +1- negr(y ))
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if x=—0and y # —0
= mulp(tanp(z),0) +i- negr(tanhp(y))

if y € {—00,+400}
= rady ) (r +1- y) otherwise

5.3.2.6 Radian secant

NOTE - TEMP

sec(—z) = sec(z)

sec(conj(z)) = conj(sec(z))
sec(z+k-2-m) =sec(z)if ke Z
SGCEZ) = cse(m/2 — 2)

sec(z) =1/ cos(z)

sec(xz) = sech(1- x) = sech(—1- x)
sec(1-y) = sech(—y) = sech(y)
sec(x +1-y) =sech(—y +1-z) =sech(y —1-x)

The secjp) operation:
seci(py : i(F) — F U {underflow}
SeCi(F) (1-y) = sechp(y)
The sec:( F) approximation helper function:
SeCZ(F) :Cp—C
sec:( F)(z) returns a close approximation to sec(z) in C with maximum error max_error_tang g.
Further requirements on the sec:( F) approximation helper function are:
secZ(F)(conj(z)) = conj(sec:(F)(z)) it zeCp
secz(F)(—z) = sec:(F)(z) if zeCp

The relationship to the sec}. and sech} approximation helper functions for secr and sechp
operations in an associated library for real-valued operations shall be:

SECy ) (x) = sech(x) ifeeF
SECT (1-y) = sechy(y) ifyeF
The requirements implied by these relationships and the requirements from part 2 shall hold even

if there is no secp or sechp operations in any associated library for real-valued operations or there
is no associated library for real-valued operations.

The sec.r) operation:
secyry : ¢(F) — ¢(F') U {underflow, overflow, absolute precision underflow }
secypy(z +iry) = result;‘(F)(sec:(F) (x +1-y),nearestr)
if x,y € F and |z| < big-angle_rp
= conjo(py(secer)(z +1-0))
ify=-0
= sece(r) (0 +i- negr(y)) if v = —0 and y # —0
= mulp(cosp(x),0) +i- divp(sing(z),y)
if y € {—o00,+00}
= radypy (v +i- y) otherwise
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5.3.2.7 Radian cosecant

NOTE - TEMP

csc(—z) = —csc(z)

eselconi(3) = confee()
csc(z+k-2-m) =csc(z)if ke Z
cse(z) = beC(l /2 — 2)

csc(z) = 1/sin(2)

csc(x) =1-csch(i-x) = —1-csch(—1- x)
csc(i-y) =1-csch(—y) = —1- csch(y)
csc(x+1-y)=1-csch(—y+1-2) = —1-csch(y —1-x)

The csc;(r) operation:
escipy +i(F) — i(F) U {underflow, overflow, infinitary}

escipy (i y) = negir)(1- cschr(y))
The csc:( F) approximation helper function:

* .
CSCopy Cr—2C
CsCq F)(z) returns a close approximation to csc(z) in C with maximum error maz_error tang ().

Further requirements on the cscz( F) approximation helper function are:

csc:(F)(conj(z)) = conj(csc:(p)(z)) if zeCp
csc:(F)(—z) = —cscz(F)(z) it zeCp
The relationship to the cscj and csch}, approximation helper functions for cscrp and cschp
operations in an associated library for real-valued operations shall be:
CSC ey () = escp(x) ifreF
CSCop) (1-y) = —1-cschi(y) ityeF
The requirements implied by these relationships and the requirements from part 2 shall hold even

if there is no cscp or cschp operations in any associated library for real-valued operations or there
is no associated library for real-valued operations.

The csc.(py operation:
csce(py : ¢(F') — ¢(F) U {underflow, overflow, infinitary, absolute precision underflow}

cso(py(z 1 y) = result o (cscz(F) (x +1-y),nearestr)
if z,y € F and |z| < big_angle_rp and
(z #0ory#0)

= infinitary((4+00) +i- (—00))
ifr=0and y=0

= conjo(py(csce(ry(z +i- 0))
ify=-—0

= negr(csce(r) (041 negr(y)))
ifxr=-0and y# -0

= mulp(sinp(x),0) +i- divp(cosp(z), negr(y))
if y € {—o00,4+00}

= rade(p) (v +i- y) otherwise
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5.3.2.8 Radian arc sine

NOTE 1 - TEMP

arcsin(—z) = — arcsin(z)

arcsin(z) = w/2 — arccos(z)

arcsin(conj(z)) = conj(arcsin(z)) if Im(z) # 0 or |Re(z)] < 1
Arcsin(z +1-y) = —1- Arcsinh(—y +1-z) =1- Arcsinh(y —1- )

The arcsinp_,(r) operation:
arcsing_o(r) : F' — c(F U {-0})

arcsing_.q(r)(r) = upp(—m/2) +1- arccoshp(x)
if (x € Fand x < —1) or x = —00
= arcsing(z) +i- mulp(—0, x)
if (xe Fand |z] <1)oraz=-0
= downp(m/2) +i- negr(arccoshp(x))
if (xe Fand x> 1) or x =400
= noresultp_r)(z) otherwise

The arcsin;r) operation:
aresing gy < i(F) — i(F)
arcsinypy(i-y) =i arcsinhp(y)
The arcsinz( ) approximation helper function:
arcsin:(F) :Cp—C
arcsin:( P (2) returns a close approximation to arcsin(z) in C with maximum error maz_error_singp.
Further requirements on the arcsinz( P approximation helper function are:
arcsing g (conj(z)) = conj(arcsin:(F)(z)) if z € Cp and (MRe(z) < 1 or Im(z) #0)
arcsin:’;(F)(—z) = —arcsin:(F)(z) if z € Cp and (Re(z) < 1 or Jm(z) #0)
The relationship to the arcsiny., arcsinh, and arccosh}, approximation helper functions for

arcsing, arcsinhg, and arccoshp operations in an associated library for real-valued operations
shall be:

arcsing p (x) = arcsiny.(x) ifx € Fand|z|] <1
arcsin:(F) (i1-y) =1-arcsinh}.(y) itye F

arcsing g (x) = —7m/24+1-arccosh},(—x) if x € Fand x < —1
arcsing g (x) =7/2+1- arccosh},(z) ifre Fando >1
arcsing g (x) = m/2 +1- arccosh},(x) ifre Fandx >1

The requirements implied by these relationships and the requirements from part 2 shall hold even
if there is no arcsing, arcsinhg, or arccoshp operations in any associated library for real-valued
operations or there is no associated library for real-valued operations.

The arcsinf& F) Tange limitation helper function:
arcsinj;F)(z) = max{upp(—m/2), min{iﬁe(arcsinz(m(z)), downp(m/2)}} +1- 3m(arcsin;‘(F)(z))
The arcsing ) operation:

arcsing gy : ¢(F) — ¢(F) U {underflow}
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arcsing gy(z +i- y)
= result? p (arcsinij) (x +1-y),nearestr)
ifex,ye F
= nege(r (arcsing() (041 negr(y))
ifx =-0
= conjop)(arcsingr)(x +i- 0))
if y=—0 and x # —0
= arcp(absp(y), ) +1- mulp(signump(y), +00))
if (x € {—00,+00} and y € F U {—00,+00}) or
(y € {—00,400} and = € F)
= no_result,py(z +i- y) otherwise
NOTE 2 - The inverse of sin is multi-valued, the real part may have any integer multi-
ple of 2 - 7 added to it, and the result is also in the solution set. The arcsin function (re-

turning the principal value for the inverse) branch cuts at {z | z € R and |z| > 1}. Thus
arcsing py(x +i- 0) # arcsingpy(x +i- (=0)) when [z] > 1.

5.3.2.9 Radian arc cosine

NOTE 1 - TEMP
arccos(—z) =1- 1 — arccos(z)
arccos(conj(z)) = conj(arccos(z)) if IJm(z) # 0 or |Re(z)| < 1
arccos(z) = /2 — arcsin(z)
Arccos(x +1-y) = £1- Arccosh(x +1-y)
The arccosp_.o(r) operation:
arccosp_o(r) : F' — c(F U {-0})
arccosp_o(p)(v) = 0 +i- arccoshp(x) if (x € Fand xz > 1) or x = 400
= arccosp(z) +i- mulp(0, x)
if (x € Frand x| <1) orz=-0
= downp () +i- negr(arccoshp(negr(x)))
if (x € Fand x < —1) or x = —00
= no_result p_c(p) () otherwise
The arccosip)_(r) operation:
arccosi(py—e(r)  1(F) — c(F)
arccos(py—o(r) (1 )
= upp(m/2) +i- negr(arcsinhp(y))
if (y e Fand y <0) or y € {—00,—0}
= downp(m/2) +1- negr(arcsinhr(y))
if (ye Fandy>0) or y =400
= no_resulty py_(r)(1- y) otherwise
The arccosi( F) approximation helper function:
arccos:(F) :Cp—C
arccos:( P (2) returns a close approximation to arccos(z) in C with maximum error maz _error_singg.

Further requirements on the arccos:( F) approximation helper function are:
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arccosy (conj(z)) = conj(arccos’* (F)( z)) if z € Cp and (|Re(z)| < 1 or IJm(z) # 0)
ﬁm(arccos ) —z)) = —Jm(arccosC(F)( z))if z € Cr and (|Re(z)| < 1 or Im(z) # 0)

E)‘ie(arccos:(F)( x)=m ifre Fandao< -1
i)%e(arccosz(F)( x)) =0 ifre Fandz>1
Jm(arccosc(F) (2)) =0 if z € Cp and Jm(z) <0

The relationship to the arccos} and arccosh?, approximation helper functions for arccosp and
arccoshp operations in an associated library for real-valued operations shall be:

arccosy )( x) = arccosy(x) if € Fand |z| <1
arccosC(F)( x) = —1-arccoshj(x) ifre Fandaz >1
arccosy p )( y) =7/2 —1-arcsinh},(y) ifyerF

arccos (F)( x) =7 —1-arccoshy,(—x) ifre Fanda < -1

The requirements implied by these relationships and the requirements from part 2 shall hold even
if there is no arccosg or arccoshpg operations in any associated library for real-valued operations
or there is no associated library for real-valued operations.

The arccos#é range limitation helper function:

c(F)
arccosc#(F)(z) = max{upp(7/2), min{%e(arccosz(m (2)),downp(m)}} +1- jm(arccos:(F)(z))
if Re(z) <0
= min{ﬁ‘ie(arccosz(},)(z)), downp(m/2)} +1- Im(arccos’ o(F) (2))
if Re(z) >0

The arccos.p) operation:
arccosqypy : ¢(F) — c(F U {-0})

arccosqp) (T +1- y)
= resulti(F)(arccosf?F) (x +1-y),nearestr)
if x,y € F and (y # 0 or |z| > 1)
= arccosp(z) +i- (—=0) ifz € Fandy=0and |z| <1
= upp(mw/2) +i- negp(arcsinhp(y))
ifx =-0
= conjo(py(arccosq gy (z +1-0))
if y=—0and x # —0
= arcp(x,y) +i- (—oo) if x € {—00,400} and
((y € Fand y > 0) or y = +00)
= arcp(z,negr(y)) +1- (+00)
if x € {—00,+00} and
((y € Fand y < 0) or y = —00)
= no_resultypy(z +i-y) otherwise
NOTE 2 - The inverse of cos is multi-valued, the real part may have any integer mul-
tiple of 2 - m added to it, and the result is also in the solution set. The arccos function

(returning the principal value for the inverse) branch cuts at {z | + € R and |z| > 1}. Thus
arccosq(py(x +i- 0) # arccosqpy(x +1- (—0)) when |z] > 1.

5.3.2.10 Radian arc tangent

NOTE 1 - TEMP
arctan(—z) = — arctan(z)
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arctan(conj(z)) = conj(arctan(z)) if Re(z) # 0 or [TJm(z)| < 1
arctan(z) = £7/2 — arccot(z)
Arctan(x +1-y) = —1- Arctanh(—y +1-2) =1- Arctanh(y —1- x)
The arctan;py operation:
arctan;py : i(F) — i(F) U {infinitary, invalid }
arctan;py(i-y) =1-arctanhp(y)
The arctan;py_..(r) operation:
arctanypy—q(ry * i(F) — c(F U {=0}) U {infinitary}
arCtani(F)—w(F) (i' y)
= upp(—n/2) +i- arccothp(y)
if (ye Fandy < —1) or x = —00
= mulp(0,y) +i- arctanhr(y)
if (ye Fand |y|<1)ory=-0
= downp(m/2) +i- arccothr(y)
if(ye Fandy > 1) or x =400
= no_resultp)_or)(1-y) otherwise
The arctan:( P approximation helper function:
arctanz(F) :Cp—C
arctang p, (#) returns a close approximation to arctan(z) in C with maximum error maz_error tangr).

Further requirements on the arctan:( P) approximation helper function are:

arctang p (conj(z)) = conj (arctanz(F)(z)) it zeCp
arctan:(F)(—z) = —arctan:(F)(z) if z € Cp and (Re(z) < 1 or Im(z) # 0)
The relationship to the arctany, arctanh¥,, and arccoth}. approximation helper functions for

arctang, arctanhp, and arccothp operations in an associated library for real-valued operations
shall be:

arctang p (x) = arctany(x) iteeF

*
C
arctang p, (1-y) =1-arctanhi(y) ifye Fand |yl <1

arctcm:(F)(I- y)) =m/241-arccoth,(y) ifye Fand |yl >1
The requirements implied by these relationships and the requirements from part 2 shall hold even
if there is no arctang, arctanhp, or arccothp operations in any associated library for real-valued
operations or there is no associated library for real-valued operations.

#

o(F) Tange limitation helper function:

The arctan

arctanﬁF)(z) = max{upp(—m/2), min{%e(arctan:(m(z)), downp(m/2)}} +1- Jm(arctan:(F)(z))
The arctan, r) operation:
arctangpy : ¢(F) — c¢(F) U {underflow, infinitary}
arctangpy(z +1- y)
= result? p (arctanfEF)(a: +1-y),nearestp)
ifx,y € Fand (x #0 or |y| # 1)
= infinitary (0 +i- (mulp(y,+00)))
ifr=0and |yl =1
= nege(py(arctane gy (0 +i- negr(y)))
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ifx=-0
= conjo(py(arctancpy(z +i- 0))
ify=—0and x # -0
= mulp(signump(x), downp(r/2)) +1- mul p(signump(y), 0)
if (x € {—o00,400} and y € F U {—00,+00}) or
(x € F and y € {—00,+00})
= no_resultypy(z +i-y) otherwise
NOTE 2 — The inverse of tan is multi-valued, the real part may have any integer multiple of 2-7
(even any integer multiple of 7) added to it, and the result is also in the solution set. The arctan
function (returning the principal value for the inverse) branch cuts at {1-y | y € F and |y| > 1}.
Thus arctancpy (0 +1- y) # arctane ) ((—=0) +i- y) when [y| > 1.

5.3.2.11 Radian arc cotangent

NOTE 1 - TEMP

arccot(—z) = —arccot(z)

arccot(conj(z)) = conj(arccot(z)) if Re(z) # 0 or |Im(z)| > 1 (> 17)
arccot(z) = +m/2 — arctan(z)

Arccot(x +1-y) =1- Arccoth(—y +1- x)

arccot(z) = arctan(1/z)

The arccotypy operation:
arccotypy : i(F) — i(F) U {underflow, infinitary, invalid }
arccotypy(1-y) =1 arccothp(y)
The arccoti p)_.c(r) operation:
arccoti(py—o(r) : I(F) — ¢(F) U {underflow, infinitary}
arccoty py—c(r) (1 y)
= upp(—m/2) +i- arctanhp(y)
if (ye Fand —1 <yand y<0) ory=-0
= downp(mw/2) +i- arctanhp(y)
ifye Fand 0 <yandy<1
= mulp(0,y) +i- arccothr(y)
ifye Fand|yl >1
= divp(1,y) +i- arccothp(y)
if y € {—00,+00}
= no_resulty py_o(p)(I- y) otherwise

The arccot;k( F) approximation helper function:
arccot:(F) :Cp—C
arccoty p) () returns a close approximation to arccot(z) in C with maximum error maz_error tan.(r).
Further requirements on the arccotz( F) approximation helper function are:
arccot? p (conj(z)) = conj(arccoty (z)) if z € Cp and (Re(z) # 0 or |Im(z)| > 1)
arccot:(F)(—z) = —arccotz(F)(z) if z € Cp and (MRe(z) # 0 or |Jm(z)| > 1)
Re(arceoty ) (1-y)) = /2 ifye Fand |yl <1

The relationship to the arccot}., arccoth}. and arctanh¥, approximation helper functions arccotr,
arccothp and arctanhp operations in an associated library for real-valued operations shall be:
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arccoty p (x) = arccot}(x) iteeF
arccoty p (i-y) =1-arccoth},(—y) ifye Fand |yl >1
EDITOR’S NOTE - ...

The requirements implied by these relationships and the requirements from part 2 shall hold even
if there is no arccotg, arccothp, or arctanhp operations in any associated library for real-valued
operations or there is no associated library for real-valued operations.

The arccotﬁ ) range limitation helper function:

arccotﬁF)(z) = max{upp(—m/2), min{%e(arccot:(p)(z’)), downp(m/2)}} +1- jm(arccot:(p)(z))
The arccot(r) operation:

arccotepy : ¢(F) — ¢(F U {=0}) U {underflow, infinitary }

arccote gy (z +1- y)
= result? p (arccotﬁF) (x +1-y),nearestr)
ifr,y€ Fand (J[yl#1lorx#0)and y #0
= arccotp(z) +i- (—0) if x € FU{—00,—0,400} and y =0
= nege(r)(arccoty gy (0 +i- negr(y)))
ifx=-0
= conjo(py(arccoty py(z +i-0))
ify=—0 and x # -0
= mulp(signump(x),0) +1- mulp(signump(y), 0)
if (x € {—00,+00} and y € F U {—00,+00}) or
(x € F and y € {—00,+00})
= infinitary (0 +i- (mulp(y, —00)))
ifx=0and |y =1
= no_resultypy(z +i-y) otherwise
NOTE 2 — The inverse of cot is multi-valued, the real part may have any integer multiple of 2.7
(even any integer multiple of 7) added to it, and the result is also in the solution set. The arccot
function (returning the principal value for the inverse) branch cuts at {1-y | y € R and |y| < 1}.
Thus arccotpy (0 +1- y) # arccote ) ((—0) +i- y) when |y| <1 or y = —0.

5.3.2.12 Radian arc secant

NOTE 1 - TEMP
arcsec(—z) = m — arcsec(z)
arcsec(conj(z)) = conj(arcsec(z)) if Jm(z) # 0 or |Re(z)| > 1
arcsec(z) = m/2 — arcese(z)
Arcsec(x +1-y) = +1- Arcsech(z +1-y)
arcsec(z) = arccos(1/z)
The arcsecp_o(r) operation:
arcsecp_o(py : F' — ¢(F U {-0}) U {underflow, infinitary}

arcsecp_q(r)y(v) = downp(m) +i- arcsechp(negr())
freFand 0Lz <1
= 0+i- negp(arcsechp(x))
if(reFand -1<z<0)orz=-0
= arcsecp(x) 4+i- (—=0) if (x € Fand x > 1) or z = 400
= arcsecp(x) +1- 0 if (x€ Fand x < —1) or x = —00
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= no_resultp_q(p)(z) otherwise
The arcsecypy_o(r) operation:
arcseci(py—e(r) : i(F) — ¢(F) U {underflow, infinitary }
areseci(py—c(r) (i )
= upp(m/2) +1- arceschp(y)
if (y € Fand y > 0) or y =400
= downp(m/2) +i- arccschp(y)
if (ye Fandy <0) or y € {—00,—0}
= no_resulty p)_c(r)(i- y) otherwise
The arcsec:( P approximation helper function:
arcsec:(F) :Cp—C
arcsec:( P () returns a close approximation to arcsec(z) in C with maximum error max_error_tan F)-

Further requirements on the arcsecz( F) approximation helper function are:
arcsecy (conj(z)) = Conj(arcseci(F)(z)) if z € Cr and (Jm(z) # 0 or |Re(z)| > 1
The relationship to the arcsec}, and arcsech}, approximation helper functions for arcsecr and
arcsechp operations in an associated library for real-valued operations shall be:
arcsecy p (x) = arcsecy(x) ifxe Fand|z|>1
EDITOR’S NOTE - ...
The requirements implied by these relationships and the requirements from part 2 shall hold even
if there is no arcsecg or arcsechp operations in any associated library for real-valued operations

or there is no associated library for real-valued operations.

The arcsecf( F) range limitation helper function:

arcsecz%(F)(z) = min{%e(arcsecz(},) (2)), downp(m/2)} +1- jm(arcsec’c‘(p)(z))
if Re(2) > 0
= max{upp(7/2), min{%e(arcsecz(m(z)), downp(m)}} +1- Jm(arcsecj(F)(z))
if Re(2) <0
The arcsece(py operation:
arcsecy(py : ¢(F) — c¢(F) U {underflow, infinitary}

arcsecypy (v +i-y)

= result} (arcsecﬁp) (x+1-y),nearestr)
if z,y € F and (z # 0 or y # 0)

= infinitary (down(mw/2) +i- (+00))
ify=0and x =0

= arcsece(py (0 +i- negr(y))
ife=-0

= conjp)(arcsecy gy (z +1- 0))
if y=—0and x # —0

= mulp(signump(x), downp(r/2)) +1- mulp(signump(y), 0)
if (z € {—o00,4+00} and y € F'U {—00,+00}) or

(y € {—00,4+00} and = € F)
= no_result,p)(z +1-y) otherwise
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NOTE 2 — The inverse of sec is multi-valued, the real part may have any integer multiple
of 2 -7 added to it, and the result is also in the solution set. The arcsec function (returning
the principal value for the inverse) branch cuts at {z | © € Rand —1 < 2 < 1}. Thus
arcsece(py(x +1- 0) # arcsecypy(x +1- (—0)) when —1 <z <1 or z = —0.

5.3.2.13 Radian arc cosecant

NOTE 1 — TEMP
arcesc(—z) = —arcesc(z)
arcesc(conj(z)) = conj(arcesc(z)) if IJm(z) # 0 or |Re(z)| > 1
arcesc(z) = w/2 — arcsec(z)
Arcsec(x +1-y) =1- Arcsech(—y +1-x)
arccsc(z) = arcsin(1/z)
The arccscp_.(ry operation:
arcescp_q(p) - I — ¢(F U {=0}) U {underflow, infinitary}
arcescp_.q(py(z) = arcescp(r) +i- 0 if (x € Fand x > 1) or x = 400
= downp(mw/2) +i- arcsechp(x)
if(re Fand 0 <z < 1)
= upp(—m/2) +1- negp(arcsechp(negr(x)))
if(ze Fand —1<2z<0)orx=-0
= arccscp(z) +1- (—0) if (r € Fand v < —1) or x = —00
= no_resultp_c(r) () otherwise
The arccse;py operation:
arcesci(py : i(F) — i(F) U {underflow, infinitary }
arcescipy(1-y) = 1-arceschp(negr(y))
The arccsc:( F) approximation helper function:
arccsc:(p) :Cp—C
arccscz( P () returns a close approximation to arcesc(z) in C with maximum error maz_error tanep.
Further requirements on the arccscz( F) approximation helper function are:
arccsc:(F)(conj (z)) = conj (arccscz(F)(z)) if z € Cp and (Jm(z) # 0 or |Re(z)| > 0)
arccscz(F)(fz) = farccsc:(F)(z) if z € Cp and (Jm(z) # 0 or |Re(z)| = 0)

The relationship to the arcescy. and arceschy, approximation helper functions for arccscp and
arccschp operations in an associated library for real-valued operations shall be:

arccsc:(F)(ac) = arccscy(x) ifre Fand|z| >1
arccsc:’;(F)(i ~y) =1-arceschi(—y) ityeF

The requirements implied by these relationships and the requirements from part 2 shall hold even
if there is no arccscg or arccschp operations in any associated library for real-valued operations
or there is no associated library for real-valued operations.

The arccscfz range limitation helper function:

F)
arccscfEF)(z) = max{upp(—m/2), min{%e(arcescz(m(z)), downp(m/2)}} +1- jm(arccsc:(F) (2))
The arccscery operation:

arcescypy : ¢(F) — ¢(F'U{—-0}) U {underflow, infinitary }
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arcescypy(z +i- y)
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= resulty p )(arccscfﬁF) (x +1-y),nearestr)

= arcescp(x) +Hi- (—

0)

= infinitary (0 +i- (—

00))

ifr,ye Fand (y#0or0<|z|]<1)
ify=0and|z| >1

ifr=0andy=20

= nege(r)(arcescepy (0 +1- negr(y)))

ifzr =-0

= conjo(py(arcescepy(w +1-0))

ify=—0and z # —0

= mulp(signump(x),0) +i- mulp(signump(y), —0)

= no_result.(p)(x +i-

Y)

if (x € {—o00,+00} and y € F U {—00,+00}) or
y € {—00,4+00} and z € F
otherwise

NOTE 2 — The inverse of csc is multi-valued, the real part may have any integer multiple
of 2- 7 added to it, and the result is also in the solution set. The arccsc function (returning
the principal value for the inverse) branch cuts at {z | x € Rand —1 < x < 1}. Thus

arcesce(py(x +1- 0) # arcesce py(z +1- (—

0)) when -1 <z <lorz=

—0.

5.3.3 Operations for hyperbolic elementary functions

Note that the correspondences specified below to other ISO/IEC 10967 operations are exact, not

approximate.

5.3.3.1 Hyperbolic normalisation

radhp : F — F
radhp(zx)

radhy gy : 1

radhyr)(i-y) =1 radr(y)

radhc(p) :
radhc(p) (l’ +1. y)

(F) — i(F') U {underflow, absolute_precision_underflow }

¢(F) — ¢(F) U {underflow, absolute_precision_underflow }

= itimesq(p)(rade ) (y +1- negr(x)))

5.3.3.2 Hyperbolic sine

NOTE - TEMP

sinh(—z) = —sinh(z)

sinh(conj( ) = COHJ (sinh(z))

sinh(z + k m) =sinh(z) if k € Z
sinh(z) = (1 /2 — 2)

sinh(z) = —1-sin(i-z) =1-sin(-1- )
sinh(1-y) = —1-sin(—y) =1 sin(y)

5.3.8 Operations for hyperbolic elementary functions
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sinh(x +1-y) = —-1-sin(—y+1-z) =1-sin(y —1-z)

sinh(z +1-y) = sinh(z) - cos(y) +1- cosh(z) - sin(y)
The sinh;py operation:
sinhipy : i(F) — i(F) U {underflow, absolute_precision underflow}
sinhypy(1-y) =1 (sinp(y))
The sinhgry operation:
sinhe(py : ¢(F) — c¢(F) U {underflow, overflow, absolute_precision underflow}
sinhepy(z +1-y)
= itimesc(p)(sine r) (y +1- negr(x)))

5.3.3.3 Hyperbolic cosine

NOTE - TEMP

cosh(—z) = cosh(z)

cosh(conj(z)) = conJ(cosh( )

cosh(z + k: ) =cosh(z) if k € Z
cosh(z) = (1 /2 — 2)

cosh(z) = cos(1-z) = cos(—1- x)
cosh(1 - ) = cos(y)
cosh(z +1-y) =cos(—y+1-x) =cos(y —1-z)
cosh(z +1-y) = cosh(z) - cos(y) +1- sinh(z) - sin(y)
The coshyr) operation:
coshyy : i(F') — F'U {underflow, absolute precision underflow}
cosh(r) (i-y) = cosF(y)
The cosh(py operation:
coshg(py : ¢(F) — c¢(F) U {underflow, overflow, absolute_precision underflow }
coshepy (T +1- y)
= cosq(p)(y +1- negr(x))

5.3.3.4 Hyperbolic tangent

NOTE - TEMP
tanh(—z) = — tanh(z)

tanh(conj(z)) = conj(tanh( )

tanh(z 41~ k‘ ) =tanh(z) if k € Z
tanh(z) = (1 /2 — 2)

tanh(z) = —1-tan(i-z) =1-tan(—1- )

tanh(i-y) = —1-tan(—y) =1- tan(y)
tanh(x +1-y) = —1-tan(—y +1-2) =1- tan(y

—1-xz)
The tanh; ) operation:

tanhipy 1 i(F) — i(F) U {underflow, overflow, absolute precision underflow }
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tanhyp)(i-y) =1 (tanp(y))
The tanh ) operation:

tanhepy : ¢(F) — c¢(F) U {underflow, overflow, absolute precision underflow}

tanhc(p) (JZ‘ +i. y)
= itimes.p)(tanepy (y +1- negr(r)))
5.3.3.5 Hyperbolic cotangent

NOTE - TEMP
coth(—z) = — coth(z)

coth(conj(z)) = CODJ(COth( )
coth(z+1-k-2-7m) =coth(z)if ke Z
coth(z) = tan (1 /2 — z)

coth(z) = 1/ tanh(z)

coth(z) =1-cot(i-z) = —1- cot(—1- x)
coth(i-y) =1 1

coth(zx +1-y) =1- cot(—
The coth; gy operation:
cothipy : i(F') — i(F) U {underflow, overflow, infinitary, absolute_precision underflow}
cothypy(i-y) =1 (cotp(negr(y)))
The cothepy operation:
cothe(py : ¢(F) — c¢(F') U {underflow, overflow, infinitary, absolute precision underflow}

cothe gy (T +1- y)
= itimesq(r)(cotopy(negr(y) +i- x))

5.3.3.6 Hyperbolic secant

NOTE - TEMP

sech(—z) = sech(z)

sech(conj(z)) = conj(sech(z))

sech(z +1-k-2-7) =sech(z) if ke Z
sech(z) = csch(i-7/2 — z2)

sech(z) = 1/ cosh(z)

sech(x) = sec(i- z) = sec(—1- x)
sech(i-y) = sec(—y) = sec(y)
sech(z +1-y) =sec(—y+1-z) =sec(y —1-x)

The sech; ) operation:
sechy(p) : i(F) — F U {overflow, absolute precision underflow}
sechir)(i-y) = secp(negr(y))
The sechry operation:
seche(py : ¢(F) — c¢(F) U {underflow, overflow, absolute _precision underflow}
seche(py (7 +1- y)
= sec(r)(negr(y) +i- )
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5.3.3.7 Hyperbolic cosecant

NOTE - TEMP
csch(—z) = —csch(z)

csch(conj(z)) = conj(csch(z))
csch(z4+1-k-2-7) =csch(z) if ke Z
cschgz) =sech(i-7/2 — z)

o
193]
a
=
—~
S
+
—
<
SN~—
Il
—
o
195]
o
—~
|
<
+
—
8
NI
I
|
—
o
193]
o
—~
<
|
—
S
SN—

The cschip) operation:
eschipy + i(F) — i(F) U {overflow, infinitary, absolute_precision underflow}
cschigr)(y) =1 (escr(nege(y)))
The csche(p) operation:
cschepy 1 ¢(F) — ¢(F) U{underflow, overflow, infinitary, absolute precision underflow}

csche(py( +1-y)
= itimes.(p)(csc()(negr(y) +i- )

5.3.3.8 Inverse hyperbolic sine

NOTE 1 - TEMP

arcsinh(—z) = —arcsinh(z)

arcsinh(conj(z)) = conj(arcsinh(z)) if Re(z) # 0 or |IJm(z)| < 1
arcsinh(z) =1-m/2 — arccosh(z) if Re(z) > 07

Arcsinh(x +1-y) = —=1- Arcsin(—y +1-xz) =1- Aresin(y —1- x)

The arcsinh; ) operation:
arcsinhypy : i(F) — i(F) U {invalid }
arcsinhyp)(1-y) = 1- arcsing(y)
The arcsinh;py_(r) operation:
aresinhipy_e(py : 1(F) — c(F)
aresinhi gy e (1+ y)
= itimes;(p(arcsinpg_qr)(y))
The arcsinhgpy operation:
arcsinhepy : ¢(F) — ¢(F) U {underflow}
arcsinhe gy (v +i- y)
= itimesc(p)(arcsing g (y +i- negr(x)))

NOTE 2 — The inverse of sinh is multi-valued, the imaginary part may have any integer
multiple of 2 - 7 added to it, and the result is also in the solution set. The arcsinh function
(returning the principal value for the inverse) branch cuts at {i-y | y € R and |y| > 1}. Thus
arcsinhepy (0 +i- y) # arcsinhepy(—0 +1- y) when |y > 1.
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5.3.3.9 Inverse hyperbolic cosine

NOTE 1 - TEMP
arccosh(—z) =1- 7 — arccosh(z)
arccosh(conj(z)) = conj(arccosh(z)) if Im(z) # 0 or Re(z) > 1
arccosh(z) =1-7/2 — arcsinh(z) if Re(z) > 07
Arccosh(x +1-y) = £1- Arccos(x +1-y)
The arccoshp_,(r) operation:
arccoshp_o(p) : F' — c(F U {-0})
arccoshp_q(p) ()
= itimes(p)(arccosp_q(r)(T))
if (x € Fand  <0) or z € {—00,—0}
= nege(r)(itimesq gy (arccosp_q(ry(z)))
if (x € F and x > 0) or x = 400
= no_resultp_q(p)(T) otherwise
The arccoship)_..(r) operation:
arccoshypye(ry + 1(F) — ¢(F)

arccoshi(Fy—c(F) (i y)
= itimes,(p)(arccosypy—c(r)(i+ ¥))
if (ye Fandy >0) or y =+00
= nege(r) (itimesq g (arccosy py—c(r) (1 y)))
if (y € F and y <0) or y € {—00,—0}
= no_resultpy_ory(1-y) otherwise
The arccoshry operation:
arccoshypy : ¢(F) — ¢(F)
arccoshepy(z +i- y)
= itimes.(p)(arccose ) (x +i- y))
if (y € Fand y > 0) or y =400
= nege(r) (itimese gy (arccose py (z +1- y)))
if (y e F and y <0) or y € {—o00,—0}
= no_resultypy(z +i-y) otherwise
NOTE 2 — The inverse of cosh is multi-valued, the imaginary part may have any integer
multiple of 2 - 7 added to it, and the result is also in the solution set. The arccosh function

(returning the principal value for the inverse) branch cuts at {z | € R and < 1}. Thus
arccoshe(py(w +i- 0) # arccoshe(py (v +i- (=0)) when z < 1 or x = —0.

5.3.3.10 Inverse hyperbolic tangent

NOTE 1 - TEMP

arctanh(—z) = —arctanh(z)

arctanh(conj(z)) = conj(arctanh(z)) if IJm(z) # 0 or |FRe(z)| < 1
arctanh(z) = 41 - /2 — arccoth(z)

Arctanh(x +1-y) = =1+ Arctan(—y +1-2) =1- Arctan(y —1- )

The arctanhp_,(r) operation:

arctanhp_(py : F' — c(F'U {=0}) U {underflow, infinitary}
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arctanhp_q(p) ()
= i- (arctanip)—.c(r) (1 negr()))
The arctanh;ry operation:
arctanhy gy - i(F) — i(F)
arctanhpy(i- y) = 1- arctanp(y)
The arctanhr)y operation:
arctanhypy : ¢(F) — ¢(F) U {underflow, infinitary }
arctanhepy(z +1- y)
= itimes(p(arctany gy (y +1- negr(x)))

NOTE 2 — The inverse of tanh is multi-valued, the imaginary part may have any integer
multiple of 2 - 7 (even any integer multiple of 7) added to it, and the result is also in the
solution set. The arctanh function (returning the principal value for the inverse) branch cuts
at {z | x € R and |z| > 1}. Thus arctanhepy(v+i-0) # arctanhe gy (z+i-(—0)) when |z| > 1.

5.3.3.11 Inverse hyperbolic cotangent

NOTE 1 - TEMP
arccoth(—z) = —arccoth(z)
arccoth(conj(z)) = conj(arccoth(z)) if Jm(z) # 0 or |Re(z)| > 1
arccoth(z) = 41 /2 — arctanh(z) if ...
Arccoth(x +1-y) =1+ Arccot(—y +1- x)
arccoth(z) = arctanh(1/z)
The arccothp_,(r) operation:
arccothp_qpy : F' — ¢(F U {~0}) U {underflow, infinitary}

arccothp_q(p) ()
= i+ arccoty py—o(p)(1+ 7)
The arccoth;ir) operation:
arccoth; gy : i(F) — i(F) U {underflow}
arccoth; ) (i y)
= 1. arccotp(negr(y))
The arccoth )y operation:
arccothepy : ¢(F) — ¢(F) U {underflow, infinitary}
arccothypy(z +i- y)
= itimesq(p)(arccotypy(negr(y) +i- x))

NOTE 2 — The inverse of coth is multi-valued, the imaginary part may have any integer
multiple of 2 - 7 (even any integer multiple of ) added to it, and the result is also in the
solution set. The arccoth function (returning the principal value for the inverse) branch cuts
at { | x € R and |z| < 1}. Thus arccothepy(z +1-0) # arccothy py(z +i- (=0)) when |z| < 1
or x = —0.
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5.3.3.12 Inverse hyperbolic secant

NOTE 1 - TEMP
arcsech(—z) =1- 7 — arcsech(z)
arcsech(conj(z)) = conj(arcsech(z)) if Jm(z) # 0 or 0 < Re(z) < 1
arcsech(z) =1- /2 — arcesch(z) if Re(z) > 07
Arcsech(x +1-y) = £1- Arcsec(x +1-y)
arcsech(z) = arccosh(1/z)
The arcsechp_.r) operation:
arcsechp_o(py : F' — ¢(F U {-0}) U {underflow, infinitary}

arcsechp_q(r) ()
= itimes.(p)(arcsecp_qr)(z))
if (zx € Fand x <0) or x € {—00,—0}
= nege(r) (itimes,py(arcsecp_qr)(T)))
if (r € F and > 0) or x = 400
= no_resultp_q(p) () otherwise
The arcsechip)_.(r) operation:
arcsechi(py_q(r) : I(F) — ¢(F) U {underflow, infinitary}

arcsechi(py_q(r) (1 y)
= itimesp)(arcseci(p)—er) (1 y))
if (y € Fand y > 0) or y = 400
= nege(r)(itimese g (aresecipy—e(r) (i y)))
if (ye Fand y <0) or y € {—o0,—0}
= no_resultpy_o(ry(1-y) otherwise

[

The arcsechry operation:
arcsechy(py : ¢(F) — c¢(F) U {underflow, infinitary }

arcsechq(py(z +1- )
= itimesq(py(arcsecypy(x +i- y))
if (y € Fand y > 0) or y = 400
= nege(r) (itimesq gy (arcsece py (z +1- y)))
if (ye Fandy <0) ory € {—o00,—0}
= no_resultypy(z +i-y) otherwise
NOTE 2 - The inverse of sech is multi-valued, the imaginary part may have any integer
multiple of 2 - 7 added to it, and the result is also in the solution set. The arcsech function
(returning the principal value for the inverse) branch cuts at {z | z € R and < 0 or x > 1}.
Thus arcsechepy(z +i- 0) # arcsechqpy(z +i- (=0)) when z <0 or . = -0 or z > 1.

5.3.3.13 Inverse hyperbolic cosecant

NOTE 1 - TEMP

arccsch(—z) = —arcesch(z)

arccsch(conj(z)) = conj(arcesch(z)) if Re(z) # 0 or [TJm(z)] > 1
arcesch(z) =1- /2 — arcsech(z) if Re(z) > 07

Arcesch(x +1-y) =1- Arcese(—y +1- )

arcesch(z) = arcsinh(1/z)

The arccsch;py operation:
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arceschypy :i(F) — i(F) U {underflow, invalid }
arceschi gy (1- y)
= 1. arccscp(negr(y))
The arceschypy_.o(r) operation:
arceschi(py—c(r) : i(F) — ¢(F) U {underflow, infinitary}
arceschi(py—e(r) (i )
= itimesc(p)(arcescp_e(ry(y))
The arccsche(py operation:
arceschepy 1 ¢(F) — ¢(F) U {underflow, infinitary}
arceschepy (v +1- )
= itimesq(p)(arcesce py(negr(y) +1- x))
NOTE 2 — The inverse of csch is multi-valued, the imaginary part may have any integer
multiple of 2 - 7 added to it, and the result is also in the solution set. The arccsch function

(returning the principal value for the inverse) branch cuts at {i-y | y € R and |y| < 1}. Thus
arcesche gy (0 +i- y) # arccschepy(—0 +i- y) when —1 <y <1 or y = —0.

5.4 Operations for conversion between imaginary and complex numeric datatypes
5.4.1 Integer to complex integer conversions

Let I and I’ be the non-special value sets for two integer datatypes, at least one of which conforms
to part 1.

converty_qy : I — c(I)

converty_qp) ()
=x+4+1-0

convertypy_.q(ry : i(I) — c(I)

~

convertyry (1)1 y)

convert;p_iy + i(I) — i(I") U {overflow}

converty i) (1- y)
= 1. convert;_(y)

convertyry—erry : ¢(I) — c¢(I') U {overflow}

convert ey (T +i- y)
= convert;_p(x) +i- convert;_p (y)
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5.4.2 Floating point to complex floating point conversions

Let F' and F’ be the non-special value sets for two floating point datatypes, at least one of which
conforms to part 1. Let D be the non-special value set for a fixed point datatype (see clause 5.4.5
in part 2).

The convertp_..(r) operation:
convertp_qry : F' — ¢(F U{—0})

convertp_.qpy(T)
=z +i- imp(z) if x € FU{—00,—0,+00}
= no_result p_o(py(z) otherwise

The convert; py_(r) operation:
convertypy_e(p) : i(F) — ¢(FU{-0})

convert py—q(r) (i y)
= Tei(F) (i° y) +1- Yy if RS Fu {—OO, —0,+OO}
= no_result; py_(r)(1-y) otherwise

The convert; gy ;) operation:
convertypy_ipry : i(F) — i(F') U {underflow, overflow }

converty py_irn) (i y)
= 1. convertp_p/(y)

The convert,p)_..(r/) operation:
convertypy—o(pr) : ¢(F) — c(F') U {underflow, overflow }

converty gy —c(rry(T +1-y)
= convertp_,pr(x) +i- convertp_ g/ (y)

The convert; gy _;jp) operation:
converty py_i(py : i(F) — i(D) U {overflow}

converti(py_ip) i+ y)
= 1- convertp_p(y)

The convert.r)_..(p) operation:
converty p)—e(py : ¢(F) — ¢(D) U {overflow}

convertypy—c(py( +iy)
= convertp_,p(x) +1- convertp_,p(y)

The convert; p)_;r) operation:

converty py—ir) : (D) — i(F) U {underflow, overflow }
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~

convert; py—ir)(i+ y)
= 1. convertp_p(y)

The convert,py_.r) operation:
convertypy—e(r) : ¢(D) — ¢(F) U {underflow, overflow}

convertypy—e(r) (T +i- y)
= convertp_.p(x) +1- convertp_r(y)

5.5 Support for imaginary and complex numerals

Rather than specify special numerals for imaginary and complex values, imaginary units are
specified. These can be used as a basis for expressions that transform ordinary numerals to
imaginary or complex numerals.

The imaginary and complex unit operations are as follows:
imaginary -unit;
imaginary -unit.(r
imaginary -unit; gy
imaginary-unit. g

6 Notification

Notification is the process by which a user or program is informed that an arithmetic operation
cannot return a suitable numeric result. Specifically, a notification shall occur when any arith-
metic operation returns an exceptional value. Notification shall be performed according to the
requirements of clause 6 of part 1.

An implementation shall not give notifications for operations conforming to this part, unless
the specification requires that an exceptional value results for the given arguments.

The default method of notification should be recording of indicators.

6.1 Continuation values

If notifications are handled by a recording of indicators, in the event of notification the imple-
mentation shall provide a continuation value to be used in subsequent arithmetic operations.
Continuation values may be in I, i(1), ¢(I), F, i(F') or ¢(F) (as appropriate), or be special values
(where the real or imaginary component is —0, —oo, 400, or a qNalN).

Floating point datatypes that satisfy the requirements of IEC 60559 have special values in
addition to the values in F. These are: —0, 400, —o0, signaling NaNs (sNaN), and quiet
NaNs (gNaN). Such values may be components of complex floating point datatypes, and may
be included in values passed as arguments to operations, and used in results or continuation values.
Floating point types that do not fully conform to IEC 60559 can also have values corresponding
to —0, +00, —o0o, or NaN.
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7 Relationship with language standards

A computing system often provides some of the operations specified in this part within the context
of a programming language. The requirements of the present standard shall be in addition to those
imposed by the relevant programming language standards.

This part does not define the syntax of arithmetic expressions. However, programmers need to
know how to reliably access the operations specified in this part.
NOTE 1 — Providing the information required in this clause is properly the responsibility of

programming language standards. An individual implementation would only need to provide
details if it could not cite an appropriate clause of the language or binding standard.

An implementation shall document the notation that should be used to invoke an operation
specified in this part and made available. An implementation should document the notation that
should be used to invoke an operation specified in this part and that could be made available.

NOTE 2 — For example, the complex radian arc sine operation for an argument = (arcsin.g)(z))
might be invoked as

arcsin(z) in Ada [7]

casin(x) in C [13]

asin(x) in Fortran [18] and C++ [14]
(asin x) in Common Lisp [38]

with a suitable expression of the argument ().

An implementation shall document the semantics of arithmetic expressions in terms of compo-
sitions of the operations specified in clause 5 of this part and in clause 5 of part 1.

Compilers often “optimize” code as part of compilation. Thus, an arithmetic expression might
not be executed as written. An implementation shall document the possible transformations of
arithmetic expressions (or groups of expressions) that it permits. Typical transformations include

a) Insertion of operations, such as datatype conversions or changes in precision.

b) Replacing operations (or entire subexpressions) with others, such as “cos(-x)” — “cos(x)”
(exactly the same result) or “pi - arccos(x)” — “arccos(-x)” (more accurate result).

c¢) Evaluating constant subexpressions.

d) Eliminating unneeded subexpressions.

Only transformations which alter the semantics of an expression (the values produced, and the
notifications generated) need be documented. Only the range of permitted transformations need
be documented. It is not necessary to describe the specific choice of transformations that will be
applied to a particular expression.

The textual scope of such transformations shall be documented, and any mechanisms that
provide programmer control over this process should be documented as well.

8 Documentation requirements

In order to conform to this part, an implementation shall include documentation providing the
following information to programmers.
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NOTE 1 — Much of the documentation required in this clause is properly the responsibility of
programming language or binding standards. An individual implementation would only need
to provide details if it could not cite an appropriate clause of the language or binding standard.

A list of the provided operations that conform to this part.

For each box error mode parameter, the value of that parameter. Only box error mode
parameters that are relevant to the provided operations need be given.

For each maximum error parameter, the value of that parameter or definition of that param-
eter function. Only maximum error parameters that are relevant to the provided operations
need be given.

The value of the parameters big_angle_rr and big_angle_ur. Only big angle parameters that
are relevant to the provided operations need be given.

For the nearestr function, the rule used for rounding halfway cases, unless iec_559r is fixed
to true.

For each conforming operation, the continuation value provided for each notification condi-
tion. Specific continuation values that are required by this part need not be documented. If
the notification mechanism does not make use of continuation values (see clause 6), contin-
uation values need not be documented.

NOTE 2 — Implementations that do not provide infinities or NaNs will have to document
any continuation values used in place of such values.

For each conforming operation, how the results depend on the rounding mode, if rounding
modes are provided. Operations may be insensitive to the rounding mode, or sensitive to it,
but even then need not heed the rounding mode.

For each conforming operation, the notation to be used for invoking that operation.
For each maximum error parameter, the notation to be used to access that parameter.
The notation to be used to access the parameters big_angle_rr and big_angle up.

For each of the provided operations where this part specifies a relation to another operation
specified in this International Standard, the binding for that other operation.

For numerals conforming to this International Standard, which available string conversion
operations, including reading from input, give exactly the same conversion results, even if
the string syntaxes for ‘internal’ and ‘external’ numerals are different.

Since the integer and floating point datatypes used in conforming operations shall satisfy the
requirements of part 1, the following information shall also be provided by any conforming imple-
mentation.

m)

n)

0)

64

The means for selecting the modes of operation that ensure conformity.

The translation of arithmetic expressions into combinations of the operations provided by
any part of ISO/IEC 10967, including any use made of higher precision. (See clause 7 of
part 1.)

The methods used for notification, and the information made available about the notification.
(See clause 6 of part 1.)
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p) The means for selecting among the notification methods, and the notification method used
in the absence of a user selection. (See clause 6.3 of part 1.)

q) When “recording of indicators” is the method of notification, the datatype used to represent
Ind (see clause 6.1.2 of part 1), the method for denoting the values of Ind, and the notation
for invoking each of the “indicator” operations. E is the set of notification indicators. The
association of values in I'nd with subsets of £ must be clear. In interpreting clause 6.1.2 of
part 1, the set of indicators E shall be interpreted as including all exceptional values listed
in the signatures of conforming operations. In particular, F may need to contain infinitary
and absolute_precision_underflow.
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Annex A
(normative)

Partial conformity

If an implementation of an operation fulfills all relevant requirements according to the main
normative text in this Part, except the ones relaxed in this Annex, the implementation of that
operation is said to partially conform to this Part.

Conformity to this Part shall not be claimed for operations that only fulfill Partial conformity.

Partial conformity shall not be claimed for operations that relax other requirements than those
relaxed in this Annex.

A.1 Maximum error relaxation

This part has the following maximum error requirements for conformity.

maz_error muly gy € [0.5,5]
maz_error_div, gy € [0.5,15]

MAT_error_exp.(ry € [0.5,2 - rnd_errorg]
maz_error_poweryry € [0.5,7]

maz_error_sing gy € (0.5, 11]
maz_error tanyy € [0.5,14]

In a partially conforming implementation the maximum error parameters may be greater than
what is specified by this part. The maximum error parameter values given by an implementation
shall still adequately reflect the accuracy of the relevant operations, if a claim of partial conformity
is made.

A partially conforming implementation shall document which maximum error parameters have
greater values than specified by this part, and their values.

A.2 Extra accuracy requirements relaxation

This Part has a number of extra accuracy requirements. These are detailed in the paragraphs
beginning “Further requirements on the op}. approximation helper function are:”.

In a partially conforming implementation these further requirements need not be fulfilled. The
values returned must still be within the maximum error bounds that are given by the maximum
error parameters, if a claim of partial conformity is made.

A partially conforming implementation shall document which extra accuracy requirements are
not fulfilled by the implementation.

A.3 Partial conformity to part 1 or to part 2
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Annex B
(informative)

Rationale

This annex explains and clarifies some of the ideas behind Information technology — Language
independent arithmetic — Part 3: Complex floating point arithmetic and complex elementary nu-
merical functions (LIA-3).

B.1 Scope
B.1.1 Inclusions

Integer complex datatypes are included in Common Lisp [38]. Integer complex numbers are
sometimes referred to as Gaussian numbers. (Common Lisp also include complex datatypes that
have rational datatype values in the parts.)

Imaginary datatypes are included in C99 (informatively; annex G of [13]) and in Ada (norma-
tively; annex G of [7]).

B.1.2 Exclusions

LIA-3 only cover Cartesian complex datatypes. Polar complex datatypes are not included since
no programming language provides them. Neither rational nor fixed point complex datatypes are
covered by LIA-3 since (yet) no part of LIA cover rational or fixed point datatypes.

B.2 Conformity

Conformity to this standard is dependent on the existence of language binding standards. Each
programming language committee (or other organisation responsible for a programming language
or other specification to which LIA-1, LIA-2, and LIA-3 may apply) is encouraged to produce
a binding covering at least those operations already required by the programming language (or
similar) and also specified in LIA-3.

The term “programming language” is here used in a generalised sense to include other comput-
ing entities such as calculators, spread sheets, page description languages, web-script languages,
and database query languages to the extent that they provide the operations covered by LIA-3.

Suggestions for bindings are provided in Annex C. Annex C has partial binding examples
for a number of existing programming languages and LIA-3. In addition to the bindings for the
operations in LIA-3, it is also necessary to provide bindings for the maximum error parameters
specified by LTA-3. Annex C contains suggestions for these bindings. To conform to this standard,
in the absence of a binding standard, an implementation should create a binding, following the
suggestions in annex C.
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B.3 Normative references

The referenced IEC 60559 standard is identical to the IEEE 754 standard and the former IEC 559
standard.

B.4 Symbols and definitions
B.4.1 Symbols
B.4.1.1 Sets and intervals

The interval notation is in common use. It has been chosen over the other commonly used interval
notation because the chosen notation has no risk of confusion with the pair notation.

B.4.1.2 Operators and relations

Note that all operators, relations, and other mathematical notation used in LIA-3 is used in their
conventional exact mathematical sense. They are not used to stand for operations specified by
IEC 60559, LIA-1, LTA-2, LIA-3, or, with the exception of program excerpts which are clearly
marked, any programming language. E.g. x/u stands for the mathematically exact result of
dividing x by u, whether that value is representable in any floating point datatype or not, and
x/u # divp(x,u) is often the case. Likewise, = is the mathematical equality, not the eqr operation:
0 # —0, while egr(0,—0) = true.

For mathematical complex values, conventional notation with 4+ and - is used. For the imagi-
nary unit, the symbol 1 is used.

It is important to distinguish this mathematical notation for values in C and the notation used
to express values in ¢(X) or i(X). For ¢(X) the binary operator +i- is used. Its only function is
to create a pair of values corresponding to a value in C. Similarly, for i(X), the unary operator i
is used. It creates a 1-tuple corresponding to a value in C where the real part is 0.

B.4.1.3 Mathematical functions

The elementary functions named sin, cos, etc., used in LIA-3 are the exact mathematical functions,
not any approximation. The approximations to these mathematical functions are introduced in
clauses 5.3 and 5.4 and are written in a way clearly distinct from the mathematical functions. E.g.,
sin:( P cos:( Py etc., which are unspecified mathematical functions approximating the targeted
exact mathematical functions to a specified degree; sin gy, cosc(ry, etc., which are the operations
specified by LIA-3 based on the respective approximating function; sin, cos, etc., which are
programming language names bound to LIA-3 operations. sin is thus very different from sin.

B.4.1.4 Datatypes and exceptional values

LIA-3 uses the same set of exceptional values as LIA-2.

LIA allows for three methods for handing notifications: recording of indicators, change of
control flow (returnable or not), and termination of program. The preferred method is recording of
indicators. This allows the computation to continue using the continuation values. For underflow
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and infinitary notifications this course of action is strongly preferred, provided that a suitable
continuation value can be represented in the result datatype.

Not all occurrences of the same exceptional value need be handled the same. There may be
explicit mode changes in how notifications are handled, and there may be implicit changes. E.g.,
invalid without a specified (by LIA-3 or binding) continuation value to cause change of control
flow (like an Ada [7] exception), while invalid with a specified continuation value use recording
of indicators. This should be specified by bindings or by implementations.

The operations may return any of the exceptional values overflow, underflow, invalid,
infinitary, or absolute_precision_ underflow. This does not imply that the implemented op-
erations are to actually return any of these values. When these values are returned according to
the LIA specification, that means that the implementation is to perform a notification handling
for that exceptional value. If the notification handling is by recording of indicators, then what is
actually returned by the implemented operation is the continuation value.

B.4.1.5 Complex value constructors and complex datatype constructors
B.4.2 Definitions of terms

Note the LIA distinction between exceptional values, exceptions, and exception handling (hand-
ling of notification by non-returnable change of control flow; as in e.g. Ada). LIA exceptional
values are not the same as Ada exceptions, nor are they the same as IEC 60559 special values.

B.5 Specifications for the imaginary and complex datatypes and operations

B.5.1 Imaginary and complex integer datatypes and operations

B.5.2 Imaginary and complex floating point datatypes and operations

F must be a subset of R. Floating point datatypes can have infinity values as well as NaN values,
and also may have a —0. These values are not in F. The special values are, however, commonly
available in floating point datatypes today, thanks to the wide adoption of IEC 60599.

Note that for some operations the exceptional value invalid is produced only for argument
values involving —0, 400, —oo, or sSNalN. For these operations the signature given in LIA-3 does
not contain invalid.

The report Floating-Point C' Extensions [53], issued by the ANSI X3J11 committee, discusses
possible ways of exploiting the IEC 60559 special values. The report identifies some of its sug-
gestions as controversial and cites Branch Cuts for Complex Elementary Functions, or Much Ado
about Nothing’s Sign Bit[48] as justification. The report Complex Floating-Point C' Extensions
[54], also issued by the ANSI X3J11 committee, extends these recommendations to imaginary and
complex datatypes. These reports have strongly influenced the C99 [13] programming language.

The implicit zero imaginary part of a value in F' and the implicit zero real part of a value
in i(F') is a very strong zero, here written 00. Note that 00 is not represented in the datatype
corresponding to F, nor in i(F') or ¢(F'), not even as a component. 00 is strong in the sense that
00 overtrumps NaN and infinity values, which neither 0 nor —0 does. Le. the implicit zeroes (00)
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work as if the rules of the following table applies (plus commutativity):

mulp(0,4+00) = invalid(qNaN) mulp(—0,400) = invalid(gNaN) mulr(00,400) = 00
mulp(0,—o00) = invalid(qNaN) mulp(—0,—o00) = invalid(gNaN) mulp (00, —o00) = 00
mulr(0,gNalN) = gNaN mulp(—0,qNaN) = gNaN mulr(00,gNalN) = 00
mulp(0,sNaN) = invalid(gNaN) | mulr(—0,sNaN) = invalid(qNaN) | mulr(00,sNaN) = 00

and further as if addr(00,x) = z, even for signalling NaNs. The basic idea here is that 00 is not
only mostly treated as exact even though it may be the result of an approximation (as other values
are handled), but that 00 really is exact, never the result of an approximation. Instead of repre-
senting 00 in any floating point datatype, which would necessitate new floating point datatypes,
several programming languages have chosen to use triplets of datatypes (corresponding to F, i(F')
and c(F'), but adding special values). LIA-3 adheres to this convention.

When the implicit 00 is made explicit, one has to choose between 0 and —0 (if the latter is
representable). In doing so, sign symmetry is observed by the specifications in LIA-3. This is done
in such a way that it is coherent with the sign symmetry of some trigonometric (and hyperbolic)
operations that accept values in F' (or i(F¥')) but return a value in ¢(F'). This is in order to
maintain also the sign symmetry, even when —0 is not representable. This also adheres to the
sign symmetry conventions of Common Lisp and C99. Further, when negative zero (—0) is not
representable, a 0 as the real part or as the imaginary part of the argument is to be considered to
be —0 consistently with the above.

Another approach would be not to regard implicit zeroes as 00, but as ordinary zero. This
renders the i(F) datatypes superfluous, and they are usually omitted in this approach. This
approach is both less efficient and looses information needlessly. In this approach one also uses
just one complex NaN, only one (unsigned) complex infinity, and only one (unsigned) complex 0.
Again this looses information needlessly, in particular if the infinities or zeroes are the result of
approximations. Again that speaks against this approach. In this approach one sometimes also
do not distinguish the signs of zero, forcing programmers to write expressions like max (posvalue,
FMIN) and min(negvalue, -FMIN), to avoid zero but (with error prone programming) mimic the
signed zeroes. In this approach one does also not always follow conjugate symmetry and sign
symmetry rules when part of the argument is zero, which for this approach leads to surprising
changes of results when doing algebraic manipulations based on those rules. For the reasons given
here, this approach is not taken for LIA-3.

B.5.3 Elementary transcendental imaginary and complex floating point operations

B.5.3.1 Operations for exponentiations and logarithms

The LIA-3 exponentiation and inverse exponentiation operations that take imaginary or com-
plex arguments interpret the imaginary part (of the argument or result respectively) as in radians.
Operations that take an extra floating point argument, giving the non-radian cyclic unit, can be
made, paralleling such operations (for trigonometric operations) in LIA-2. Such operations are
not included in LIA-3, because no programming language require them.

EDITOR’S NOTE - include anyway?
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B.5.3.2 Operations for radian trigonometric elementary functions

The LIA-3 trigonometric and inverse trigonometric operations that take imaginary or complex
arguments interpret the real part (of the argument or result respectively) as in radians. Operations
that take an extra floating point argument, giving the non-radian cyclic unit, can be made,
paralleling such operations in LIA-2. Such operations are not included in LIA-3, because no
programming language require them (with the exception of phaseu and polaru which are required
by Ada).

EDITOR’S NOTE - include anyway?

B.5.3.3 Operations for hyperbolic elementary functions

These are all defined directly in terms of “turned” imaginary and complex trigonometric operations
of a “turned” argument. Their specifications are therefore rather short. It’s done this way for
several reasons:

a) The hyperbolic operations are more rarely used than the trigonometric ones.

b) The connections with the corresponding trigonometric operations are exact rather than
approximate.

¢) The hyperbolic functions have some ‘irregularities’ (expressed as conditionals in the specifi-
cations for the inverse hyperbolic operations for arccosh and arcsech) that the trigonometric
operations don’t have. It is therefore slightly easier to specify the hyperbolic operations in
terms of the trigonometric ones rather than the other way around.

The LIA-3 hyperbolic and inverse hyperbolic operations that take imaginary or complex ar-
guments interpret the imaginary part (of the argument or result respectively) as in radians. Op-
erations that take an extra floating point argument, giving the non-radian cyclic unit, can be
made, paralleling such operations (for trigonometric operations) in LIA-2. Such operations are
not included in LIA-3, because no programming language require them.

EDITOR’S NOTE - include anyway?

B.5.4 Operations for conversion between imaginary and complex numeric datatypes

B.5.5 Support for imaginary and complex numerals

B.6 Notification

B.7 Relationship with language standards

B.5.4 Operations for conversion between imaginary and complex numeric datatypes 73
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B.8 Documentation requirements
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Annex C
(informative)

Example bindings for specific languages

This annex describes how a computing system can simultaneously conform to a language stan-
dard (or publicly available specification) and to LIA-3. It contains suggestions for binding the
“abstract” operations specified in LIA-3 to concrete language syntax. The format used for these
example bindings in this annex is a short form version, suitable for the purposes of this annex. An
actual binding is under no obligation to follow this format. An actual binding should, however,
as in the bindings examples, give the LIA-3 operation name, or parameter name, bound to an
identifier by the binding.

Portability of programs can be improved if two conforming LIA-3 systems using the same
language agree in the manner with which they adhere to LIA-3. For instance, LTA-3 requires that
the parameter big_angle_rp be provided (if any conforming radian trigonometric operations are
provided), but if one system provides it by means of the identifier BigAngle and another by the
identifier MaxAngle, portability is impaired. Clearly, it would be best if such names were defined
in the relevant language standards or binding standards, but in the meantime, suggestions are
given here to aid portability.

The following clauses are suggestions rather than requirements because the areas covered are
the responsibility of the various language standards committees. Until binding standards are in
place, implementors can promote “de facto” portability by following these suggestions on their
own.

The languages covered in this annex are

Ada

C

C++
Fortran
Haskell
Java
Common Lisp
ISLisp
Modula-2
PL/I
SML

This list is not exhaustive. Other languages and other computing devices (like ‘scientific’
calculators, ‘web script’ languages, and database ‘query languages’) may be suitable for conformity

to LIA-3.

In this annex, the parameters, operations, and exception behaviour of each language are ex-
amined to see how closely they fit the requirements of LIA-3. Where parameters, constants, or
operations are not provided by the language, names and syntax are suggested. (Already provided
syntax is marked with a *.)
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This annex describes only the language-level support for LIA-3. An implementation that wishes
to conform must ensure that the underlying hardware and software is also configured to conform
to LIA-3 requirements.

A complete binding for LIA-3 will include, or refer to, a binding for LIA-2 and LIA-1. In turn,
a complete binding for LIA-2/LIA-1 may include, or refer to, a binding for IEC 60559. Such a
joint LIA-3/LIA-2/LIA-1/IEC 60559 binding should be developed as a single binding standard.
To avoid conflict with ongoing development, only the LIA-3 specific portions of such a binding
are examplified in this annex.

Most language standards permit an implementation to provide, by some means, the parameters
and operations required by LIA-3 that are not already part of the language. The method for ac-
cessing these additional parameters and operations depends on the implementation and language,
and is not specified in LIA-3 nor examplified in this annex. It could include external subroutine
libraries; new intrinsic functions supported by the compiler; constants and functions provided as
global “macros”; and so on. The actual method of access through libraries, macros, etc. should
of course be given in a real binding.

Most language standards do not constrain the accuracy of elementary numerical functions, or
specify the subsequent behaviour after an arithmetic notification occurs.

In the event that there is a conflict between the requirements of the language standard and
the requirements of LIA-3, the language binding standard should clearly identify the conflict and
state its resolution of the conflict.
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C.1 Ada

The programming language Ada is defined by ISO/IEC 8652:1995, Information Technology —
Programming Languages — Ada [7].

An implementation should follow all the requirements of LIA-3 unless otherwise specified by
this language binding.

The operations or parameters marked “i” are not part of the language and should be provided
by an implementation that wishes to conform to LIA-3 for that operation or parameter. For each
of the marked items a suggested identifier is provided.

The Ada datatype Boolean corresponds to the LIA datatype Boolean.

Every implementation of Ada has at least one integer datatype, and at least one floating point
datatype. The notations INT and FLT are used to stand for the names of one of these datatypes
(respectively) in what follows, and the notations IINT and IFLT are used to stand for the names
of one of the corresponding imaginary datatypes (respectively, and the notations CINT and CFLT
are used to stand for the names of one of the corresponding complex datatypes (respectively).

Ada has an overloading system, so that the same name can be used for different types of
arguments to the operations.

The LIA-3 complex integer operations are listed below, along with the syntax used to invoke
them:

itimes_i(r) () iTimes (x) T
itimes;(r)—(7) iTimes (x) T
itimesq () iTimes (x) T
rer(z) Re (x) t
rei) () Re(z) T
req(r)(z) Re(x) T
imp(x) Im(z) T
imi(])(x) Im(x) T
ch([)(l’) Im(x) T
plusitimes,(r)(z,y) Compose_From Cartesian(x,y) T
negi (@) . T
nege(n) (@) < T
conjr(x) Conjugate () T
conjiry () Conjugate(x) T
conjor) () Conjugate (x) T
addy(p)(z,y) Tty T
addr ) (z,y) Tty T
add;(r) 1(z,y) T+ y t
addl,c([)(xvy) T +y T
addc([),[(xvy) T +y T
add;(1) o(1)(2,y) T +y f
adderyi(r)(2,y) T +y T
adde(p) (7, y) T+ oy ]
sub;(p)(, y) r -y T
subr i) (T, y) r -y T
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subj(r) 1(,y)
suby o(1)(z, )
sube(p),1(z,y)
subi(r) (1) (éU Y)
Sch(I),i(I) (z,9)
sube(ry(2,Yy)

neqr c(I)( Y )
neCJc(I),I(xa y)
neqi(r),e(n) (, y)
Neqe(1),i(I) (z,9)
neqe(n) ('Tv y)

absﬂl)(x)
signumy(x)

signumsp) ()

divides;r)(z,y)
dividesy i) (7, y)
divides; () (7, )

8 8 8 8 8 8
|
L e

¥ X X ¥ X X X ¥

8 8 8 8 8 8 8 8
L e e e w

8 8 8 8 8 8 8 8
I
L e e e w

8 8 8 8 8 8 8 8
I
SSEI SISO SN S SN SIS

<=y
>y
>=y

8 8 8 &

abs x
Signum(z)
Signum(x)

Divides(z, ¥)
Divides(z, y)
Divides(z, y)
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maxi(ry(z,y) CINT max(z, y) T
minpy (v, y) CINT ’min(x, y) T
maz_segi(ry(s) MaxSeq(xs) T
min_seqip)(vs) MinSeq(xs) T

where x and y are expressions of type INT, IINT, or CINT as appropriate, and xs is an expression
of type array of CINT.

The LIA-3 basic complex floating point operations are listed below, along with the syntax used
to invoke them:

itimesp_;(r)(7) i*xax or jx*xux *
itimes;(py—p () i*xax or jx*xux *
itimese(p) () i*xax or jx*xux *
rep(z) Re(x) t
reir)(z) Re(x) T
reo(ry () Re(x) *
imp(x) Im(x) T
im;(py () Im(x) *
ime(p () Im(x) *
plusitimesery(z,y) Compose From Cartesian(z,y) *
plusitimes.p) (7, y) x+i*xy or x+jo*uy *
negi(r) () -z *
nege(r)(T) -z *
conjp(x) Conjugate (x) T
conji(ry () Conjugate (x) *
conjo(r) () Conjugate (x) *
add; ) (7, y) T+ oy *
addp;ry(z,y) T +y *
add; gy 7 (7, y) Tty *
addp (7 (2, y) T +y *
addc(F),F(x7y) T +y *
addi(F),c(F)(x>y) Tty *
adde(pyi(r) (T, ) T+ oy *
adde gy (v, y) T +y *
suby ) (7, y) T -y *
SUbF,i(F)($ay) Tz -y *
SUbi(F),F($ay) z -y *
subp (r) (2, Y) T -y *
SUbC(F),F(xvy) r -y *
SUbi(F),C(F)(xay) r -y *
sube(ry i(F) (T, Y) r -y *
sube(p) (7, y) T -y *
muli gy (7, y) T * oy *
mul gy (7, y) T *y *
muly(),F r(z,y) T kY *
mulp(r) (T, y) T *y *
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Tnul(FLF(x Y)
maul, (F),C(F) (z,9)

eqi(F )( y)
e(JFl ( &, y)
eqi(r),r(,Y)
GQFC (.CU, y)
eqe(r),F(7,Y)
eqi(r ),C(F)( )
e%xFLuEU($»y)
eqe(ry (2, )
neg;r)(, y)
Neqri(F) (z,y)
neqgi(r) F(x7 y)
neqr, C(F (.T, y)
neqe(r (w Y)

neql(F F)(T,y)
neqe(p),i(p) (T, Y
neqc(p( 'Y)
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abs x

abs x or Modulus(x)

Argument ()
Argument ()
Argument ()
Argument (z,u)
Argument (z,u)
Argument (z,u)
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signump(x) Signum(z) T
signum;(g) () Signum(x) T
signume(g) () Signum(x) T
polarp(x,y) Compose_From Polar (z,y) *
polarup(u, z,y) Compose_From Polar (xz,y,u) *

where z and y are expressions of type FLT, IFLT, or CFLT as appropriate, and v is an expression
of type FLT.

The parameters for LIA-3 operations approximating real complex valued functions can be
accessed by the following syntax:

box_error_mode_mule ) Box Err Mul (x) ]
max_err_mulq(p) Err Mul (z) T
box_error_mode_dive ) Box_Err Div(z) T
mazx_err -dive(r) Err Div(x) T
MazT_err_erpq(r) Err Exp(z) T
MAT_€rT_Powery(r) Err Power (z) T
Max_err_singr) Err Sin(x) ]
maz-err_taner) Err Tan(x) ]

where x is an expression of type CFLT. The parameter functions are constant for each type
(and library), the argument is used only to differentiate among the floating point types for the
overloading resolution.

The LIA-3 elementary floating point operations are listed below, along with the syntax used
to invoke them:

poweri(p) (T, y) T Rk Y *

powerypy 1(T,y) T *kk gy * Not LIA-3
eTPi(F)—c(F) (T) Exp (@) *

expe(r) () Exp(x) *
powerpac(p)(m,y) Compose From Cartesian(x) ** Compose From Cartesian(y) x
poweripy(z,y) T k% Y ]

powery(r) p(b,y) b ** y T
power g (b, x) b ** x T
powerr) p(b, y) b **y *
power g (b, x) b ** x *
powerig) o(r)(b, ) b x* y t
powerc(F),l(F)(b .I) b *x T

powere gy (T, y) T kk Yy *
sqrtp_c(r)(T) Sqrtc(x) T
8qrti(py—e(F) (T) Sqrt (x) T

sqrte(py () Sqrt (z) *
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Inp_e(r) ()
Inp_e(r) ()
lnl(F )—c(F ('I)
lnl(F Y—c(F) (:E)
lnc(F)( )

logbasep_.q(r)(b, )
logbase; ) (b, )
logbase;ry p (b, )
logbasep; ) (b, z)
logbase.ry r (b, T)
logbasep(r)(b, )
logbasei(py c(r) (b, T)
logbase(y i(r (b, T)
logbase(r (b, x)

Tadupg(x)
radcug(x)

arcsing_q(r) ()
arcsing gy (z)
arcsingry(z)
arccosF_ﬂiPU(x)
arccosi(py—c(r)(T)
arccosq(r) ()
arctan;p ( )
arctany py—q(r)(T)
arctang gy ()
arccom(F)( x)
arccoty py—q(r)(T)
arccoty(ry(z)

) (@)
arcsecmF)ﬁcyq(w)

aTCSeCE _o(F
arcsece(py (v

Logc (x)

Log(abs(x))+I*Arctan(Im(x) ,x))

Log(x)

Log(abs(x))+I*Arctan(Im(x) ,Re(x))

Log(x)

Logc(x, b)
Log(x, b)
Log(x, b)
Log(x, b)
Log(x, b)
Log(x, b)
Log(x, b)
Log(xz, b)
Log(xz, b)

Rad(xz)
Rad(z)

Sin(x)
Sin(x)
Cos (x)
Cos(x)
Tan (x)
Tan(x)
Cot (x)
Cot (x)
Sec(x)
Sec(x)
Csc(x)
Csc(x)

ArcSinc(x)
ArcSin(x)
ArcSin(z)
ArcCosc(x)
ArcCosc(x)
ArcCos(x)
ArcTan(x)
ArcTanc(x)
ArcTan(x)
ArcCot (1)
ArcCotc(x)
ArcCot (7)
ArcSecc(x)
ArcSecc(x)
ArcSec(x)
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arcescp_q(r)(T)
arcesc(py(T)
arcescy(ry(T)

radhp(zx)
radhqu(x)
radhe py()

arcsinhpy(z)
arcsznfL( F)—c(F)(T)
arcsinhg gy ()
aTCCOShFLﬁdFU( x)
arccoshypye(r)(T)
arccoshe(py(z)
arctanhp_q(p) ()
arctanh; gy ()
arctanhepy(z)
arccothp_q(r) ()
arccothi g ()
arccoth, F)( x)
arcsechp_q(py ()
arcsechi(py_.q(r)(T)
arcseche g ()
arceschi gy ()
arceschipy_e(r)(T)
arcesche(py ()

(mockup so far!)
convertr_p ()
convertyry_.q(r)(z)
converty i) (z)
convert oy —c(ry ()

C.1 Ada
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ArcCscc(x)
ArcCsc(x)
ArcCsc(x)

RadH(z)
RadH(x)
RadH(z)

SinH(x)
SinH(x)
CosH(x)
CosH(x)
TanH(x)
TanH (x)
CotH(x)
CotH(x)
SecH(x)
SecH(x)
CscH(x)
CscH(x)

ArcSinH(x)
ArcSinHc (x)
ArcSinH(x)
ArcCosHc (x)
ArcCosH(x)
ArcCosH(x)
ArcTanHc ()
ArcTanH(x)
ArcTanH(x)
ArcCotHc ()
ArcCotH(x)
ArcCotH(x)
ArcSecHc ()
ArcSecH(x)
ArcSecH(x)
ArcCscH(x)
ArcCscHc (x)
ArcCscH(x)

where b, x, and y are expressions of type FLT, IFLT, or CFLT as appropriate.

Arithmetic value conversions in Ada are always explicit.

Compose_From Cartesian(z)
Compose_From Cartesian(z)
Compose _From Cartesian(z)
Compose _From Cartesian(z)

— = —

— = —
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convertp_qpy(z)
convertp_o(p (a:)
converty gy _q(r) ()
converty gy _c(r) ()
converty py_ipr)(z)

converto(py_c(rr)(T)

converty py_i(p)(z)
convertygy—q(p)(T)
convert; py_ir)(z)
converty py—e(r) ()

Compose_From _Cartesian(z)

z + 1i* Im(x) or x + j * Im(x)
Compose_From Cartesian(z)

Re(z) + x
Compose From Cartesian(x)
Compose_From Cartesian(z)

— == X% > —F

Compose_From_Cartesian(z)
Compose_From_Cartesian(z)
Compose_From _Cartesian(z)
Compose_From_Cartesian(z)

—_ = = —-

EDITOR’S NOTE - complex I/O!l!
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Numerals:

imaginary -unit;

imaginary-unitp
imaginary-unit; g
imaginary-unit. g

ii

-0+ii

i or j

-0+1i or -0+j

* X —- —+
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c2 C

The programming language C is defined by ISO/IEC 9899:1999, Information technology — Pro-
gramming languages — C [13].

An implementation should follow all the requirements of LIA-3 unless otherwise specified by
this language binding.

The operations or parameters marked “i” are not part of the language and should be provided
by an implementation that wishes to conform to the LIA-3 for that operation. For each of the
marked items a suggested identifier is provided.

The LIA datatype Boolean is implemented by the C datatype int (1 = true and 0 = false),
or the new Bool datatype.

Every implementation of C has integral datatypes int, long int, unsigned int, and unsigned
long int. INT is used below to designate one of the integer datatypes.

(C99 has three complex floating point datatypes: float _Complex, double _Complex, and long
double _Complex, and may have three imaginary floating point datatypes: float _Imaginary,
double _Imaginary, and long double _Imaginary. _Complex and _Imaginary are usually writ-
ten complex and imaginary respectively.) CFLT is used below to designate one of the complex
or imaginary (as appropriate for the operation) floating point datatypes. The operations marked
“(x)” are available only when the implementation provides imaginary floating point datatypes.

The LIA-3 complex integer operations are listed below, along with the syntax used to invoke
them:

itimes_i(r) () ITI * o T
itimesi(r)—(7) II * o T
itimesq () ITI * o T
rer(x) crealit(x) T
re;ry () crealit(x) T
req(r) () crealit(x) T
imy(x) cimagit(x) T
imy(p) () cimagit(x) T
ime(p) () cimagit(x) T
plusitimes;_c) (7, y) x + II *x y T
negy(r)(x) -z T
nege(r)() -z t
conjr(x) conjit(x) T
conjiry() conjit(x) T
conjer) () conjit(x) T
add;ry(z,y) Tty T
addp ) (,y) Tty T
addypy,1(z,y) Tty t
addl,c([)(xvy) Tty T
addc([),[(xvy) T +y T
addi(py,c(r) (7, y) T+ oy f
adder) i(r) (%, y) T+ oy f
addry(z,y) T +y f
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SUby(1) (1)
sUbc(1),i(1)
sube(ry(z,y)

absMI)(x)
signumy(x)
signumsp) ()

divides;ry(z,y)
dividesy i) (7, y)
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abs (z)
signum(z)
signum(x)

divides(z, ¥)
divides(z, ¥)
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divides;() (7, y) divides(x, ¥) T
mazip) (T, y) max(z, ) T
miniry(z,y) min(z, 1) T
max_seqi(p)(vs) maxseq(xs) T
min_seq;ry(xs) maxseq(xs) T

where x and y are expressions of type CINT.,.,.,.,,

The LIA-3 non-transcendental complex floating point operations are listed below, along with
the syntax used to invoke them:

itimesp_;(r)(7) I*x (%)
itimes;(py— () Ix*ux ()
itimese(p) () Ix*xux *
rep(x) crealt(x) T
reipy () crealt(x) T
reo(ry () crealt(z) or creal(x) *
imp(z) cimagt(z) T
im;(py () cimagt () T
ime(py () cimagt(x) or cimag(x) *
plusitimes.p) (7, y) z+ I *xy *
negi (@) - ()
neger () . )
conjp(x) conjt(x) T
conji(ry () conjt(x) or conj(x) (%)
conjo(r) () conjt(x) or conj(x) *
add;ry(z,y) T+ y (%)
addp;ry(z,y) T +y (%)
add; gy p (7, y) T +y (%)
addp,c(r) (2, y) T+ y *
addc(F),F(x7y) T +y *
add; ry c(r) (%, y) T +y (%)
adde(py i(r) (T, ) T+ oy (%)
adde gy (v, y) T+ y *
SUbl(F)(:Cay) r -y (*)
subpi(ry(z,y) T -y (%)
subi gy, p (7, Y) T -y (%)
subp,c(r) (€, y) T -y *
SUbC(F),F(xvy) r -y *
SUbi(F),C(F)(xay) r -y (*)
sube(ry i(F) (T, Y) r -y (%)
sube(p) (7, y) T -y *
muly ) (@, y) Tk y (%)
mul g ) (7, y) T *xy (%)
muly gy p(2,y) Tk y (%)
mulpcry(2,Y) T *y *
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mul (F)’F(x Y)
maul; (F),C(F) (z,9)

6% )
GQFC (SU, Yy
eqe(r),r (T y
eqi(F ),C(F
€4c(F),i(F
eqe(ry (T, y

negi(r)(z,y)
HGQF107($ Yy
negir),r(,
HGQFCUF($,
neCJC (‘T7 y)

ne%(F (LU, )
nege(r) i(F) (T, Y

nQQC(F( Y )

)
)
)

Y
Y

7

Issi(ry (2, y)
legiry(z,y)
gtricry(z,y)
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fabs(z)
cabst(x) or

cargt(z)

cargt(z) or
cargt(z) or
cargut(z, u)
cargut(x, w)
cargut(x, w)

fabs (z)

carg(z)
carg(z)
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signump(x)
signum;(g) ()
SignumMe(F) (x)

polarp(z,y)
polarup(u, z,y)

proje(x)
proji(r)(x)
proje(r) ()

signbit (z)
Ixsignbit(cimag(z))
csignt(x)

polart(x,y)
polarut(z,y,u)

projt(x) or
cproj(x)
cprojt(z) or

cproj (x)

cproj(x)

ISO/IEC CD 10967-3.1:2002(E)

*
*

t

t
t

T Not LIA-3
1 Not LIA-3
* Not LIA-3

where x and y are expressions of the same complex floating point type.,.,.,.,.

The LIA-3 parameters for operations approximating complex real valued transcendental func-
tions can be accessed by the following syntax:

box_error_mode_mule )
maz_err-muly g

box_error_mode_dive )
mazx_err -dive(r)

MaT_err_erpe(r)
MAL_erT_Power ()

AT _err_sing r)
max_err_tanc g

where ¢ ...

box_err_cmult
err_cmult

box_err_cdivt
err_cdivt

err_cexpt
err_cpowert

err_csint
err_ctant

The LIA-3 elementary complex floating point operations are listed below, along with the syntax

used to invoke them:

poweryg) 1(b,y)

ETPi(F) (z)
expe(r) ()

DPOWETF _i(F)
power gy (1,
powerpy.F
pO’lU€7“F7i(F

~
A~

sqrtp_c(r)(T)
8qrti(py—e(F) (T)
sqrtery(x)

c.2C

cpowerit (b, y) T
exp(x) (%)
cexpt(z) or exp(x) *
powc(x, y) T
pow(x, y) *
pow (b, ¥) *
pow(b, x) *
pow (b, ¥) *
pow(b, ) *
pow(b, ) *
pow(b, ) *
cpowt(b, y) or pow(b, y) * (dev. at orig?)
sqrtc(x) T
sqrt (x) (%)
csqrtt(x) or sqrt(x) *
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Inp_e(r) ()
Inp_e(r) ()
lnl(F )—c(F ('I)
lnl(F Y—c(F) (:E)
lnc(F)( )

logbasep_.q(r)(b, )
logbase; ) (b, )
logbase;ry p (b, )
logbasep; ) (b, z)
logbase.ry r (b, T)
logbasep(r)(b, )
logbasei(py c(r) (b, T)
logbase(y i(r (b, T)
logbase(r (b, x)

Tadupg(x)
radcug(x)

arcsing_q(r) ()
arcsing gy (z)
arcsing gy (z)
arccosF_ﬂiPU(x)
arccos;(py—c(r)(T)
arccosq(r) ()
arctan;p ( )
arctany py—q(r)(T)
arctang gy ()
arccom(F)( x)
arccoty py—q(r)(T)
arccoty(ry(z)

) (2)
arcsecmF)ﬁcyq(w)

arCseCE _o(F
arcsece(py (v

logct(z)

log(abs(x))+I*atan2(cimag(x) ,x))

log(x)

Working draft

f
(%)

log(abs(x))+I*atan2(cimag(x),creal(x)) (%)

clogt(z)

Logc(x, b)
Log(x, b)
Log(x, b)
Log(x, b)
Log(x, b)
Log(x, b)
Log(x, b)
Log(xz, b)
clogbaset(

radiant(z)
radiant(z)

sin(x)
csint(x)
cos(x)
ccost(x)
tant (x)
ctant(x)
cot (x)
ccott(x)
sec(x)
csect(x)
csc(x)
ccsct(x)

casinct(x)
asin(x)
casint(x)
acosc(x)
acos (x)
cacost(x)
atan(x)
atanc(x)
catant(x)
acot (x)
acotc(x)
cacott(x)
asecc(x)
asecc(x)
casect(x)

or log(x)

(note parameter order)

(note parameter order)
(note parameter order)
(note parameter order)
(note parameter order)
(note parameter order)
(note parameter order)
(note parameter order)

b, x)

or sin(x)
or cos(x)

or tan(x)

or asin(z)
or acos(x)

or atan(x)
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arcescp_q(r)(T) acscc(x) T
arcesc(py(T) acsc(z) T
arcescy(ry(T) cacsct(z) T
radhp(x) radianht (x) T
radh;gy(z) radianht (x) T
radhe py() radianht (x) T
sinh; g () sinh(x) (%)
sinhe(py(z) csinht(z) sinh(z) *
coshipy () cosh(x) (%)
coshe(p) () ccosht(z) cosh(z) *
tanh; g () tanh (x) (%)
tanhe g () ctanht(z) tanh (x) *
cothip () coth(z) T
cothe ) () ccotht(x) T
sechy(p) () sech(x) T
sechq(p) () csecht(x) T
cschipy () csch(x) T
cschepy () ccscht (x) T
arcsinhpy(z) asinh(x) (%)
arcsmh i(F)—c(F)(T) asinhc(z) T
arcsinhg gy () casinht(x) asinh(x) *
arccoshp_)C(F)( x) acoshc (z) T
arccoshypye(r)(T) acosh(z) (%)
arccoshe(py(z) cacosht (x) acosh(x) *
arctanhp_q(p) () atanhc (z) T
arctanh; gy () atanh(z) (%)
arctanhepy(z) catanht (x) atanh(z) *
arccothp_.o(p)() acothc (x) T
arccoth; gy (x) acoth(x) T
arccoth, F)( x) cacotht (x) T
arcsechp_q(r) () asechc (z) T
arcsechy(p)—q(r) () asech(x) T
arcseche g () casecht (x) T
arcesch gy () acsch(x) T
arceschipy_e(r)(T) acschc(x) T
arcesche(py () cacscht(x) T
where b, x, and y are expressions of the same complex floating point type.,.,., t is a string, part of

the operation name, and is “f” for float _Complex, the empty string for double _Complex, and
“1” for long double _Complex.

Arithmetic value conversions in C can be explicit or implicit. The explicit arithmetic value
conversions are usually expressed as ‘casts’, except when converting to/from strings. The rules for
when implicit conversions are applied is not repeated here, but work as if a cast had been applied.

(INT _Complex)z T
(INT _Complex)z T

convertr_.p ()
convertyry_.c(ry(z)
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converty i) (z)
converte e ()

convertp_qpy(z)

converty gy _c(r) ()
converty py_ipr)(z)
converto(py_q(rr)(T)

convert; g _i(r) ()
converty g _q(r)(T)
convert; gy ()
converty gy —c(r)(T)
converty p)—i(r)(T)
convert e py—.e(r)(T)
converty py_i(p)(z)
convertygy—q(p)(T)

complex 1077

(INT2 _Imaginary)z
(INT2 _Complex)x

(FLT _Complex)x
(FLT _Complex)x
(FLT2 _Imaginary)x
(FLT2 _Complex)x

sscanf...x
sscanf...x
sprintf...z
sprintf...z

sscanf...(...x)
sscanf...(...x)
sprintf...(...x)
sprintf...(...2)
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where x is an expression of type INT, y is an expression of type FLT, and z is an expression of
type FXD, where FXD is a fixed point type. INT?2 is the integer datatype that corresponds to I'.

maginary _unit; i(1)
maginary_unit c(I)
imaginary _unit; i(F)

A ? above indicates that the parameter is optional. e is greater than 0.,.,.,.,.,.,. Numerals...:
II or _Imaginary. II T
((II)) or _Complex II T
I or _Imaginary.I (%)
((I)) or _Complex.I *

imaginary_unit, (F)
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C3 C++

The programming language C++ is defined by ISO/IEC 14882:1998, Programming languages —
C++ [14].

An implementation should follow all the requirements of LIA-3 unless otherwise specified by
this language binding.

The operations or parameters marked “i” are not part of the language and should be provided
by an implementation that wishes to conform to the LIA-3 for that operation. For each of the
marked items a suggested identifier is provided.

This example binding recommends that all identifiers suggested here be defined in the names-
pace std: :math.

The LIA datatype Boolean is implemented by the C++ datatype bool.

Every implementation of C+4++ has integral datatypes int, long int, unsigned int, and
unsigned long int. INT is used below to designate one of the integer datatypes.

C++ has three complex floating point datatypes: complex<float>, complex<double>, and
complex<long double>. C'FLT is used below to designate one of the floating point datatypes.

The LIA-3 complex integer operations are listed below, along with the syntax used to invoke
them:

itimes_i(r)(z) II * 2 T
itimes; () II * x T
itimes(r) () II * 2 T
rer(z) x.real() or real(x) T
rein () x.real() or real(z) T
req(r)(T) x.real() or real(z) T
imp(zx) xr.imag() or imag(z) T
im;(py () x.imag() or imag(x) T
ime(r)(T) x.imag() or imag(z) T
plusitimes.(I)(z,y) x + II * y T
negin (@) < T
nege(n(@) . i
conjr(x) conj(x) T
conjiry() conj(x) T
conjer) () conj(x) T
addy(r)(z,y) Tty T
addy (1) (z, y) Tty T
add;(r) 1(z,y) Tty T
addl,c([)(mvy) Tty T
addc([),[(xvy) Tty T
add;(1) o(1)(2,y) T+ y t
adderyi(r)(2,y) T +y f
addc([) CC,y) T +y T
SUbl(I)(x7y) r -y T
Sub[l([)(x7y) r -y T
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subj(r) 1(,y)
suby o(1)(z, )
sube(p),1(z,y)
subi(r) (1) (éU Y)
Sch(I),i(I) (z,9)
sube(ry(2,Yy)

neqr c(I)( Y )
neCJc(I),I(xa y)
neqi(r),e(n) (, y)
Neqe(1),i(I) (z,9)
neqe(n) ('Tv y)

absﬂl)(x)
signumy(x)

signumsp) ()

divides;r)(z,y)
dividesy i) (7, y)
divides; () (7, )

8 8 8 8 8 8
|
L e

¥ X X ¥ X X X ¥

8 8 8 8 8 8 8 8
L e e e w

8 8 8 8 8 8 8 8
Il
I

SSEI SISO SN S SN SIS

B R 88888 R
"
Te e e’

<y
<=y
>y
>=y

8 8 8 &

abs
signum(z)
signum(x)

divides(x, ¥)
divides(x, ¥)
divides(z, ¥)
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smazign (£,1)
minpy (v, y)

max._ se%_n(x s)
min_seqip)(vs)

itimesp(x)
itimes;(r)—()
itimes.(r) ()
rep(x)

reir) (@)

TCc(F) (.T)

imp(z)

imi(r) (@)

ime(r) (@)
plusitimesp(x,y)
plusitimesp(z,y)
negMFU(x)
nege(r(©)
conjp(z)
conji(ry(z)
conje(r) ()

addl(F) (LL’, )
addFl ( T,y
adchu?( (1
addl(F (x 'Y

Yy

max(x, y)
min(x, y)
maxseq(xs)
minseq(xs)

where x and y are expressions of type CINT.

I x«x
I xzx
I xzx
x.real()
x.real()
r.real()
x.imag()
x.imag()
x.imag()

complex(z, y)

x + I % y)
-

-
conj(z)
conj(z)
conj(x)

8 8 8 8 8 8 8 8
+ + + + + + o+ +
TR R R R

8 8 8 8 8 8 8 8

|
L etceete e

8 8 8 8 &8
* X ¥ X x
Ctere

or
or
or
or
or
or

real (z)
real(x)
real(z)
imag(x)
imag(x)
imag(x)
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The LIA-3 non-transcendental complex floating point operations are listed below, along with
the syntax used to invoke them:
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mulipy o(r)(2,Y) T oxy T
mUZC(F),i(F) ('T7 y) T Yy T
mule ) (T, ) T Ky *
divipy(z,y) z /vy T
divp;ry(z,y) z /vy T
divgc(r) (T, Y) x /Yy *
divy gy, p (7, Y) T /y T
divy(ry, (7, ) x /Yy *
divy gy e(r) (7, Y) T /y T
div(ry i(ry (T, ) z /vy T
divy(ry(z,y) r /vy *
GQi(F)(l’ay) r==1Y T
eqri(r) (T, y) T ==y T
BQF,C(F)(ny) r =1y *
eqi(ry,r(T,Y) T ==y T
6(](:(F),F(xay) r =1y *
eqi(ry,c(F) (T, Y) T ==y T
6qc(F),l(F)('rvy) r =1y T
€qc(F) ZE,y) r =1y *
neQ1(F)(x7y) x =y T
neqrir) (T, y) z 1=y T
nBQF,c(F)(‘T)y) x =y *
negi(r),r(,y) T =y T
nGQC(F),F(I’y) z =y *
negi(r)o(F)(,y) T =y T
neqe(r),i(r)(,y) z =y T
neqe(ry(z,y) T =y *
Issiry(2,y) z <y T
legir) (2, y) T <=y T
gtriey (T, y) T >y T
geqiry(z,y) T >=y T
absi(ry(z) abs () *
absc(ry () abs(x) *
sqrabse(ry(z) norm(x) * Not LIA-3
phasep(x) arg(z) T
phase;p)(z) arg(x) T
phase.(r)(z) arg(z) *
phaseur(u, x) argu(x, u) T
phaseu; ) (u, v) argu(z, u) T
phaseuqry(u, ) argu(r, u) T
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polarp(z,y)
polarup(u, z,y)

signump(x)
signurnﬂpg(x)

signume( ) (z)

proje(x)
proji(r)(x)
proje(r) ()

ISO/IEC CD 10967-3.1:2002(E)

polar(zx,y)
polaru(z, y, w)

signb(x)
sign(z)
sign(z)

projt(x) or
cproj(x)
cprojt(z) or

cproj (x)

cproj (x)

where x, y and z are expressions of the same complex floating point type.

+ Not LIA-3
+ Not LIA-3
+ Not LIA-3

The parameters for operations approximating real valued transcendental functions can be ac-

cessed by the following syntax:

box _error_mode_mule )
maz_err-muly g

box_error_mode_dive )
mazx_err - dive(r)

MaT_err_erpe(r)
MAL_err_Power ()

AT _err_Sing p)
max_err_tanc g

numeric_1limits<CFLT>::
numeric_1limits<CFLT>::

numeric_limits<CFLT>:
numeric_1limits<CFLT>:

numeric_limits<CFLT>:
numeric_limits<CFLT>:

numeric_1limits<CFLT>:
numeric_1limits<CFLT>::

box_err_cmul ()
err_cmul ()

:box_err_cdiv()
terr_cdiv()

rerr_exp()
:err_power ()

terr_sin()

err_tan()

— — — —

—+

t
t

where u is an expression of a floating point type. Several of the parameter functions are constant

for each type (and library).

The LIA-3 elementary complex floating point operations are listed below, along with the syntax

used to invoke them:

powerpy 1(b,y)

sqrtp_o(r)(T)
8qrti(F)—c(F) (T)
Sqrtc(F) (:II)

C.3 C++

cpowerit(b, y)

exp(x)
exp(x)

pow(zx, y)
pow(b, y)
pow(b, )
pow (b, )
pow(b, )
pow (b, )
pow(b, x)
pow (b, 1)

sqrt (z)
sqrt (z)
sqrt (z)

*

* ok ok ok ok F

* — —
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Inp_e(r) () log(abs(x))+I*atan2(imag(z),x)) *
Ini(Fy—c(r) (T) log(abs(x))+I*atan2(imag(x) ,real(x)) *
Ini(Fy—e(r) (T) log(x) T
Inepy(z) log(x) *
logbasep_q(r)(b, ) Logc(xz, b) (note parameter order) T
logbase; ) (b, ) Log(x, b) (note parameter order) T
logbase;r) p (b, T) Log(z, b) (note parameter order) T
logbaser ;) (b, ) Log(z, b) (note parameter order) T
logbase,(ry r (b, T) Log(xz, b) (note parameter order) T
logbasep(r)(b, ) Log(xz, b) (note parameter order) T
logbase;(r) o(r) (b, T) Log(xz, b) (note parameter order) T
logbase(ry i(r (b, T) Log(xz, b) (note parameter order) T
logbase(r (b, x) logbase(b, x) T
radry(z) radian(x) T
rade(py(z) radian(x) T
sini(r) () sin(x) T
sing(r) () sin(x) *
cosi(py(z cos(x) T
cosq(r) () cos(x) *
tan;py(z) tan(z) T
tanepy () tan(x) *
coty(p) () cot(z) T
coto(py(x) cot(z) T
seci(py () sec(z) T
secq(r)(T) sec(x) T
escipy () csc(x) T
cscq(ry(T) csc(x) T
arcsing _or)(z) asin(z) T
aresingpy(z) asin(x) ]
arcsing gy (z) asin(x) *
arccosFec(F)( x) acos (x) T
arccosq(p) () acos(z) *
arctan;p (:1:) atan(z) T
arctan; (F)_,C(F)( x) atanc(x) T
arctang ) () atan(z) *
arccotyp)(z) acot () T
arccoty py—q(r)(T) acotc(x) T
arccote(py () acot (x) T
arcsecp_,C(F) (x) asec(x) T
arcseci(py—q(r) () asec(x) T
arcsece(py(x) asec(x) T
CLTCCSCF*)C(F)( ) acsc(x) T
arcesci(py () acsc(x) T
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arcescy(ry(T) acsc(x) T
radhp(zx) radianh (x) T
radh; gy(z) radianh(x) T
radhe(py() radianh(x) T
sinhipy(z) sinh(x) T
sinhepy () sinh(x) *
coshipy () cosh(z) T
coshe(p) () cosh(x) *
tanh;py(z) tanh (z) T
tanhe gy () tanh (x) *
coth;p () coth(x) T
cothe ) () coth(x) T
sech(py(z) sech(z) T
seche(py () sech(z) T
cschipy () csch(x) T
cschepy () csch(x) T
arcsinhpy(z) asinh(z) T
arcsznh 1 )QC(F)( x) asinhc (x) T
arcsinhepy(v) asinh(x) *
arccoshFHC(F) (z) acoshc(x) T
arccoshi py—q(r) () acoshc (z) T
arccoshe(py(z) acosh(z) *
arctanhp_q(p) () atanhc (z) T
arctanh; gy () atanh (x) T
arctanhepy(z) atanh () *
arccothp_.o(p)() acothc (z) T
arccothp)(z) acoth(z) T
arccoth (7 () acoth(x) T
arcsechp_q(p () asech(x) T
arcsechy(p)—q(r)(T) asech(x) T
arcsechq(py(z) asech(x) T
arceschipy () acsch(x) T
arceschi(py—.c(r) () acschc (x) T
arcesche(py () acsch(x) T

where b, x, and y are expressions of the same complex floating point type. t is a string, part of
the operation name, and is “f” for _Complex float, the empty string for _Complex double, and
“1” for _Complex long float.

Arithmetic value conversions in C can be explicit or implicit. The explicit arithmetic value
conversions are usually expressed as ‘casts’, except when converting to/from strings. The rules for
when implicit conversions are applied is not repeated here, but work as if a cast had been applied.

convertr_p () (INT _Complex)zx T
convertyry_.q(r)(z) (INT _Complex)zx T
converty i) (z) (INT2 _Imaginary)z T
converte(ry—c(ry () (INT2 _Complex)x T
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convertp_qpy(z) (FLT _Complex)x *
converty gy _q(r) () (FLT _Complex)z (%)
convert; gy i) () (FLT2 _Imaginary)x (%)
convertopy—e(pry () (FLT2 _Complex)x *
converty g _i(r) () sscanf...x (%)
converty g _q(r)(T) sscanf...x *
converty gy () sprintf...z (%)
converty g —c(r) () sprintf...z *
converty p)—i(r)(T) sscanf...(...x) (%)
convert e py—e(r)(T) sscanf...(...x) *
convertypy_i(p)(T) sprintf...(...x) (%)
convert o p)—e(p)(T) sprintf...(...z) *

complex 10...77

Numerals...:
imaginary-unit IT or _Imaginary II 1
imaginary unity(r ((I1)) or _Complex.II T
imaginary-unit; gy I or _Imaginary.I T
imaginary-unit gy _Complex I T
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C.4 Fortran

The programming language Fortran is defined by ISO/IEC 1539-1:1997, Information technology
— Programming languages — Fortran — Part 1: Base language [18].

An implementation should follow all the requirements of LIA-3 unless otherwise specified by
this language binding.

The operations or parameters marked “i” are not part of the language and should be provided
by an implementation that wishes to conform to the LIA-3 for that operation. For each of the
marked items a suggested identifier is provided.

The Fortran datatype LOGICAL corresponds to the LIA datatype Boolean.

Every implementation of Fortran has one integer datatype, denoted as INTEGER, and two float-
ing point data type denoted as REAL (single precision) and DOUBLE PRECISION.

An implementation is permitted to offer additional INTEGER types with a different range and
additional REAL types with different precision or range, parameterised with the KIND parameter.

The LIA-3 integer operations are listed below, along with the syntax used to invoke them:

itimes_i(r) () ITI * ¢ T
itimes;(r)—() II * ¢ T
itimes.(r) () IT * ¢ T
re](ac) REALPART (x) ]
reiry () REALPART () T
req(r)(z) REALPART () T
imy(x) IMAGPART () T
imiry(x) IMAGPART (x) T
ime(ry(z) IMAGPART () T
plusitimesq(ry(z,y) x + I * y T
negir)(x) -~z f
nege(r)(z) ~ f
conjr(x) CONJ (x) T
conji(r) () CONJ (x) T
conje(r) () CONJ (x) T
add;(ry(z,y) Tty T
addy 51)(z,y) Tty T
addypy,1(z,y) T+ oy f
addy o(1)(z,Yy) T+ oy ]
add(r),1(7,y) Tty T
addi(py c(r) (7, y) T+ oy ]
addy(r) i) (7, y) Tty T
adde(p) (7, y) T+ oy f
sub;()(z,y) T -y f
suby i(1)(z,Yy) T -y T
subi(py,1(z,9y) T -y f
suby o(1y(z,y) T -y ]
sube(ry,1(,y) T -y t
SUbi(I),c(I)(x’y) r -y T
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abs;(r) (2)
signumy(x)
signumsp) ()
divides;ry(z,y)
dividesy i) (7, y)
divides; () (7, )

n@axiuj(x,y)
mingpy(z,y)
maz_seqir)([x1, ..., Tn])
min_seqp)([T1, ..., Tn])
maz_seqi(ry(s)

r -y
r =y
T o*y
T *y
T *y
T *xy
T *y
T *xy
T *y
T *y

8 8 8 8 8 8 8 8
I
L e e e w

8 8 8 8 8 8 8 8
I
L e e e e e

<=y
>y
>=

8 8 8 8

ABS(x)
SIGN(x)
SIGN(x)
DIVIDES(z, y)
DIVIDES(z, y)
DIVIDES(z, y)

MAX(x, y)
MIN(x, y)
MAX(x1, ..., Tn)
MIN(z1, ..., Zn)
MAX (zs)

Working draft
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min_seqp)(vs) MIN(zs) T

where x and y are expressions of type CINTEGER and where xs is an expression of type array of
CINTEGER.

The LIA-3 non-transcendental floating point operations are listed below, along with the syntax
used to invoke them:

itimesp_i(r) () IU * o T
itimes;(p)—p () IU * x T
itimesq(ry(T) IU * x T
rep(x) REALPART () T
rei(py () REALPART () T
rec(ry () REALPART (z) *
imp(zx) IMAGPART (x) T
imicr) () IMAGPART () *
imer) () IMAGPART (z) *
plusitimes,r)(z,y) x + IU * y) *
negi(F)(UC) -z T
nege(r(x) o .
conjp(x) CONJ (2) T
conji(ry(z) CONJ () T
conjo(r) () CONJ (x) *
add;ry(z,y) Tty ]
addpr(,y) Tty T
add ) r(z,y) T+ y t
addF,c(F)(x’y) T +y *
addc(F),F(x7y) T +y *
add;(ry o(r) (T, y) T +y ]
adde(pyi(ry (T, y) T+ oy ]
adde gy (v, y) T+ y *
SU’bl(F)(xay) r -y T
subpir) (T, Y) r -y T
suby(r) r(2,y) T -y f
SUbF,C(F)(xvy) r -y *
Sch(F),F(xvy) r -y *
subi(r) o(F) (T, Y) T -y T
Sch(F),i(F)($ay) r -y T
St (2, 9) v -y "
mulyr (2, ) v %y :
mulp;iry(2,y) T *y T
muly ) p(2,y) T kY t
mUZF,c(F)(xvy) T *y *
mUZC(F),F(xvy) T *y *
muly ) o(r) (T, Y) T *y T
mulepyir)(T,Y) T o* oy ]
mul, )z, y) vy "
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eqi(F )( y)

eqFl )
eqi(r),r(7,y)
eQFC ( )
€qo(F),F (2, Y)

eql(F),c(F) (96 Y)
eqe(r),i(F) (T, Y)
eqe(ry (2, 9y)

phaseu; ) (u, v)
phaseuqry(u, x)

signump(x)

signumi(py ()
signume(p) ()
polarp(x,y)

8 8 8 8 8 8 8 8
NN N N N N NN
SRS B

8 8 8 8 8 8 8 8
I
L e e e e

8 8 8 8 8 8 8 8
I
L e e et wew

8 8 8 8

ABS (x)
ABS ()

ARG (x)
ARG (x)
ARG (x)
ARGU(z, w)
ARGU(x, u)
ARGU(x, u)

SIGN(x)
SIGN(x)
SIGN(x)
POLAR(z, ¥)

Working draft

* — — o o — — —- * — — o — — — —

* — — o o — — —-

—_ = = —-

—

— — — o — — *

— = = —-

Ezxample bindings for specific languages



Working draft

polarup(u,x,y)

POLARU(x, y, wu)
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t

where z, y and z are expressions of type FLT, and where xs is an expression of type array of FLT.

The LIA-3 parameters for operations approximating real valued transcendental functions can
be accessed by the following syntax:

box_error_-mode_mule )

maz_err-mulyr)

box_error_mode_dive

maz_err_dive(py

MAL_err_erpe(r)
MAL_erT_Power gy

AT _err_sing g
max_err_tanc g

BOX_ERR_MUL ()
ERR_MUL (z)

BOX_ERR_DIV(z)
ERR DIV (z)

ERR_EXP (z)
ERR_POWER (x)

ERR_SIN(z)
ERR_TAN(x)

T
t

where b, x and u are expressions of type CFLT. Several of the parameter functions are constant
for each type (and library), the argument is then used only to differentiate among the floating

point types.

The LIA-3 elementary floating point operations are listed below, along with the syntax used

to invoke them:

poweri(py (7, y)
powere(py (7w, y)

ETPi(F)—c(F) (HZ’)
expe(r) ()

power p_.q(r) (:Ua y)
power;i(r) (z,9)
pOlU@?“i(F),F(ba y)
power ) (b, x)
powerery, (b, y)
power g (b, )
poweri(py o(F)(
powere(py,i(r)(b, )
power (g (

K
<
~—

sqrtp_c(r)(T)
sqrti(F)—K:(F) (.%')
sqrtery(z)

lnF—>c (l‘)
lnF—>c (1:)
ln (F)—c(F) (x)
ln (F)—c(F) (l’)
lnc(F)( )

C.4 Fortran

T *kk gy
T *kk gy

EXP(x)
EXP(x)

*kk Y

*
*

R TR R
*
*

e B 8 8T

SQRTC(z)
SQRT (x)
SQRT (x)

LOGC(x)

LOG(ABS(2))+I*ATAN2(Im(z),x))

LOG(x)

LOG(ABS(x))+I*ATAN2(Im(x) ,Re(x))

LOG(x)

*x7 (not LIA-3)

— —

*

* — — o —k
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logbasep_.q(r)(b, ) LOGC(x, b) (note parameter order) T
logbase; ) (b, ) LOG(z, b) (note parameter order) T
logbase;ry (b, T) LOG(z, b) (note parameter order) T
logbaser ;) (b, ) LOG(z, b) (note parameter order) T
logbasec(py,r (b, ) LOG(z, b) (note parameter order) T
logbasep () (b, ) LOG(z, b) (note parameter order) T
logbase;(py c(ry (b, T) LOG(x, b) (note parameter order) T
logbase(ry i(ry (b, T) LOG(x, b) (note parameter order) T
logbasec(r (b, x) LOG(x, b) (note parameter order) T
rad; gy () RAD(x) T
rade ) () RAD(x) T
sin;(py () SIN(z) T
sine(py () SIN(x) *
COSi(F) (x Cos(xz) T
coso(py () Ccos(x) *
tan; ) () TAN (x) T
tanypy(v) TAN(x) *
coty(py(7) COT (z) T
coto(py () COT (z) *
seci(py () SEC(x) T
sece(p) () SEC(x) T
csciry () CSC(x) T
csco(ry(x) CSC(x) T
arcsing_q(r) () ASINC(x) T
arcsing gy (z) ASIN(x) T
arcsing gy (z) ASIN(x) *
arccos p_,o(p) () ACOSC(x) T
arccos;(py—e(r)(Z) ACOS () T
arccosq(ry () ACOs (x) *
arctan;p ( ) ATAN (x) T
arctany py—q(r)(T) ATAN(z) T
arctang gy () ATAN(z) *
arccotipy(x) ACOT () T
arccoti py—o(r)(2) ACOT () T
arccoty ) () ACOT (x) *
arcsecy_q(p () ASECC (x) T
arcseci(p)—o(r)(T) ASEC(z) T
arcsecy(py () ASEC(x) T
arccscFHC(F)( x) ACSCC(x) T
arcesc(py(T) AcscC(x) T
arcesce(py () ACSC(z) T
radhp(x) RADH () T
radh; gy(z) RADH () T
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radhe py() RADH (x) T
sinhipy(z) SINH(x) T
sinhepy () SINH(x) *
coshi gy () COSH(x) T
coshe(p) () COSH(x) *
tanhi(p) () TANH(x) T
tanhe gy () TANH () *
coth(p)() COTH(z) T
cothe gy () COTH(x) *
sech(py(z) SECH(x) T
seche(py () SECH(x) T
cschpy(z) CSCH(x) T
cschepy () CSCH(x) T
arcsinhipy(z) ASINH(z) T
arcsznh 7 )HC(F)(QS) ASINHC(x) T
arcsinhe gy () ASINH(x) *
arccoshFHC(F) (z) ACOSHC (x) T
arccoshi py—q(r) () ACOSH(x) T
arccoshqpy(z) ACOSH(x) *
arctanhp_q(p) () ATANHC () T
arctanh; gy () ATANH (x) T
arctanhe py(z) ATANH (z) *
arccothp_q(r) () ACOTHC () T
arccothg)(z) ACOTH(z) T
arccoth, F)( x) ACOTH(z) *
arcsechp_.q(p (1) ASECHC () T
arcsechi(py—.o(r)(x) ASECH (z) T
arcsechq(py () ASECH(z) T
arceschipy () ACSCH(x) T
arceschi(py—.c(r) () ACSCHC(x) T
arcesche(py () ACSCH(x) T

where b, x, y, u, and v are expressions of type CFLT.

Arithmetic value conversions in Fortran are always explicit, and the conversion function is
named like the target type, except when converting to/from strings.

(mockup so far!)

convertr_p () Compose _From Cartesian(z) T
convertyry_.c(r)(z) Compose_From Cartesian(z) T
converti i) () Compose From Cartesian(z) T
convertery—c(ry () Compose From Cartesian(z) T
convertp_qpy() Compose From Cartesian(z) *
COTLU@TtF;,C(F)(CE) x +1i*x Im(x) or x + j * Im(x) T
converty gy _c(r) () Compose _From Cartesian(z) *
convertypy_c(r) () Re(z) + x *
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converty py i) (T)

convert oy _c(r)(T)

convert; py_i(p)(z)
converte gy —e(p)(T)
converty p)—ir)(z)
converte py—e(r)(T)

complex I/O0!!

Numerals...:
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imaginary -unit;

imaginary -unit(r
imaginary-unit; g
imaginary-unit. g

Compose _From Cartesian(z)
Compose From Cartesian(z)

— —

Compose_From Cartesian(z)
Compose_From Cartesian(x)
Compose From Cartesian(x)
Compose_From Cartesian(z)

—_ = = —

—_ = = —

-0+i
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C.5 Haskell

The programming language Haskell is defined by Report on the programming language Haskell 98
[57], together with Standard libraries for the Haskell 98 programming language [58].

An implementation should follow all the requirements of LIA-3 unless otherwise specified by
this language binding.

The operations or parameters marked “i” are not part of the language and should be provided
by an implementation that wishes to conform to the LIA-3 for that operation. For each of the
marked items a suggested identifier is provided.

The Haskell datatype Bool corresponds to the LIA datatype Boolean.

Every implementation of Haskell has at least two integer datatypes Integer, which is unlimited,
and Int, and at least two floating point datatypes, Float, and Double. The notation INT is used
to stand for the name of one of the integer datatypes, and FLT is used to stand for the name of
one of the floating point datatypes in what follows.

Haskell has a type class system that allows for overloading, and allowing static type checking of
dynamic overloading. But in contrast to object oriented programming languages, type classes are
not types. E.g. + has the type (Num a) => a -> a -> a, where Num is a type class and a is a type
variable. Datatypes for complex arithmetic are constructed via a type constructor, Complex, that
takes a class restricted type parameter. The restriction, in Haskell 98, is to RealFloat (instead
of Real which would have been more in line with Common Lisp), so complex integer datatypes
cannot, in Haskell 98, be constructed via the standard type constructor Complex. Further, there
is no standard Imaginary type constructor. The overloading system does not allow for “mixed”
operand types.

The LIA-3 integer operations are listed below, along with the syntax used to invoke them:

itimes_i(r) () Iz T
itimes;(r)—(x) I *x T
itimes(r) () Ix*xux T
rer(x) realPart = T
rei () realPart z T
req(r) () realPart z T
zml( ) imagPart x T

() imagPart x T

() imagPart x T
plusztzmescu)(m,y) x+ I *xy T
negiry(z) - xr or negate x T
nege(ry(z) - xr or negate x T
conjr(x) conjugate z T
conji(r) () conjugate z T
conje(r) () conjugate T
addy(ry(z,y) x+y or (+) zy T
addy 1) (. ) zry o () ay :
addy( ) 1(7,y) z+y or (+) Ty T
addy o(1)(z,y) x+y or (+) zy T
addepy,1(z,y) x+y or (+) zy T
addy(py,c(r) (7, y) r+y or () zy ]

C.5 Haskell
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addyr) i) (7, ) r+y or (#) xy t
addypy(z,y) z+y or () xy T
subi(l)(a;,y) x -y or (=) zy or subtract y xz
SUbI,i(I)<x7y) x -y or (=) xy or subtract y x T
subi(py,1(z,y) x -y or (=) xy or subtract y x T
suby o(1)(z,y) x -y or (=) xy or subtract y x T
sube(r),1(z,y) -y or (-) zy or subtract y = 1
subi(py,e(r) (T, y) z -y or (=) zy or subtract y = 1
sube(p),i(r) (T, Y) z -y or (=) zy or subtract y x 1
sube(ry (T, y r -y or (=) xy or subtract y xz f
muly(r)(z,y) z*y or (%) 7y +
muly iy (z,y) z*xy or (¥) zy 1
mulip), 1 (7, y) x*xy or (%) xy 1
muly o) (7, ) z*xy or (¥) xzy t
mulery,1(z,y) T xy or (%) zy +
muli(p) o1y (T, y) T xy or (%) zy T
muler)i(r) (T, y) T xy or (%) zy t
mulC(I) x,y) z*xy or (x) zy T
e%([)(xvy) r ==Yy or (==) x Yy T
eqrir)(z,y) x ==y or (==)zy T
eqi(n),1(T,y) r ==y or (==)zy t
eqr.e(n (T, y) r ==y or (==)zy T
eqe(1),1(7,y) r ==y or (==)1zy +
eqi(n),e(1) (T, y) r==y or (==)zy 1
eqe(1),i(r) (T, y) r==y or (==)zy 1
eqe(ry(T,y) r ==y or (==) xy 1
negi(r)(, y) x /=y or (/=) zy +
neqrir)(z,y) x /=y or (/=) zy T
neqi(ry,r(z,y) r /=y or (/=) zy 1
neqr.on (T, y) /=y or (/=) zy T
neqe(r),1(T,y) x /=y or (/=) zy T
negir).o(1) (T, y) x /=y or (/=) zy 1
neqe(n),i(r) (7, y) x /=y or (/=) xzy T
neqe(r) (T, y) x /=y or (/=) zy 1
Issi(ry (@, y) x <y T
legir)(z,y) T <=y T
gtriry(z,y) r >y 1
geqiry(z,y) r>=y 1
absi(py(z) abs @ T
signumy(x) signum z T
signum;p) () signum x T
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divides;(ry(z,y) divides z vy T
dwzdesll n(z,y) divides z vy T
divides;( ) (7, y) divides z vy T
mazi(p) (T, y) max T y T
min (T, y) min x y T
mazx_seqi(ry(s) maxseq IS T
min_seqp)(rs) maxseq IS T

where x and y are expressions of type complex INT [not in Haskell98].

The LIA-3 non-transcendental floating point operations are listed below, along with the syntax
used to invoke them:

itimesp(x) Ix*x T
itimesi(r)—(7) Ix*zx T
itimesq(ry () Iz T

(The real and imaginary parts are also extractable through pattern matching.)

rep(x) realPart z T
reir)(T) realPart x T
req(r)(T) realPart x *
imp(zx) imagPart x T
Z'mi(F)(I‘) imagPart = T
ime(py(T) imagPart x *
plusitimes.p) (7, y) T ity *
negi(F)(x) - T or negate x T
nege(r) () - r or negate z *
conjp(z) conjugate x +
conjir) () conjugate x +
conjC(F)(a:) conjugate x *
add;(ry(z,y) T +y or (#) xy t
addp;(ry (2, y) z+y or (#) zy t
addpq(r) (7, y) z+y or (+) zy *
add;py 7 (7, y) r+y or (+) zy +
addy (), (7, y) r+y or (¥) zy *
addy gy o(F) (T, Y) T +y or (#) xy +
addy(pyi(F)(T,Y) T +y or (#) xy +
adde gy (x,y) T +y or (#) xy *
suby(r)(,y) x -y or (<) xy or subtract y x f
subgi(r (T, Y) x -y or (=) zy or subtract y x
subp () (T, y) z -y or (=) xzy or subtract y x *
suby ) p(T,y) x -y or (=) xy or subtract y x T
sube(ry, (7, ) x -y or (=) xy or subtract y x *
subi(py,c(r) (T, ) z -y or (-) zy or subtract y x t
sube(py i) (T, ) z -y or (-) zy or subtract y z t
sube(ry(2,y) x -y or (=) xy or subtract y x «*
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muly g )(x Y)
mulp;iry(z,y)
mUJlFC (:Ea

y)
muli(py, (Jr,y)
mUlc(F)F( ' Y)
mul g o) (T, Y)
mule(p) iy (T,Y)
muzc(F) (.’B, y)

divy(r)(, y)

€qi(F) (ZC, y)
6qF,i(F)( )
€4Fc(F) (:L‘a y)
eQKIﬂrF(xay)
€qc(F), F(xv y)
€qi(F),c(F)\T ( ) y)
eqe(r),i(F) (T, Y)
eqe y)

)
(F),
() (@,
negi(r)(z,y)
neqri(r) (l’,
neqr,e(r) (2,
neqi(r),r ($7
neqc(F r(z,

)
)
)

y
y
y
Y)

phasep(x)
phase;(p (z)

¥ X X X X X X% ¥

8 8 8 8 8 8 8 8
L e e e e w

N NN NN NN N
NSO SISO SN SO S S

8 8 8 8 8 8 8 8

or
or
or
or
or
or
or
or

8 8 8 8 8 8 8 8
Il
I

SSEI SISO SN SO SN SIS

or
or
or
or
or
or
or
or

8 8 8 8 8 8 8 8
I
SSEI SISO SN S SN SIS

<=y
>y
>=y

8 8 8 8

magnitude x
magnitude x
abs x

phase x
phase x

or (%)
or (%)
or (%)
or (%)
or (%)
or (%)
or (x)
or (x)

or (/)
or (/)
or (/)
or (/)
or (/)
or (/)
or (/)
or (/)

8 8 8 8 8 8 8 8
ESEI SISO SN S SN S

8 8 8 8 8 8 8 8

8 8 8 8 8 8 8 8 ceeceeeee

L e e e w

8 8 8 8 8 8 8 8

L e e e e w
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phaseq ()
phaseur(u, )
phaseu;py(u, r)
phaseupy(u, )

signump(x)
signum;g) ()
SignuMe(F) (x)

polarp(z,y)
polarup(u, z,y)
to_polarp(z)

box _error_mode-mulg )

maz_err_mulyr)

boa:_error_mode_divc( F)

maz-err_divg(py

MAT_erT_eTP.(F)

MAT_erT_POWET(F)

MAT_err_sing g
max_err_tanc g

phase x

phaseu(z, wu)
phaseu(z, u)
phaseu(z, u)

sign x
sign x
sign x

mkPolar x y
mkPolaru u = y
polar z

where z, y and z are expressions of type complex FLT.

box_err_mul x
err_mul x

box_err_div x
err_div x

err_exp r
err_power T

err_sin x
err_tan x

ISO/IEC CD 10967-3.1:2002(E)
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*
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*

T
*Not LIA-3

t
t

The LIA-3 parameters for operations approximating real valued transcendental functions can
be accessed by the following syntax:

where x is an expression of type complex FLT. Several of the parameter functions are constant
for each type (and library), the argument is then used only to differentiate among the floating

point types.

The LIA-3 elementary floating point operations are listed below, along with the syntax used

to invoke them:

power;py (b, 2)
powerypy (b, 2)

eLP;i(F)—c(F) (T)
eTPi(F)—c(F) (1 T)
expe(p) ()

powerpﬁ(p)
powery(r) o(r) (b, y)
powery(py i(r) (b, )
powerypy (b, y)

C.5 Haskell

b~~~z or (™) bz
b~~~z or (C™) bz

exp T
cis x

exp T

pow(x, ¥y)
pow(b, v)
pow(b, )
pow(b, y)
pow(b, x)
pow(b, y)
pow(b, x)
pow (b, )

f
* Not LIA-3

*

* o N — — — — —-
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sqrtp_c(r)(T) sqrtc x T
SqTti(F)—c(F) (T) sqrt z t
sqrte(py () sqrt x *
Inp_e(r)(T) log (abs x) :+ atan2 (imagPart z) z *
Ini(Fy—c(r) (T) log (magnitude z) :+ atan2 (imagPart x) (realPart x) =«
Ini(py—e(r) (T) log T
Ine(r) () log x *
logbasep _.q(r)(b, ) logBasec b = T
logbase; ) (b, T) logBase b x T
logbase;ry p (b, T) logBase b x T
logbaser; ) (b, z) logBase b x T
logbase,ry r (b, T) logBase b x T
logbasep (r)(b, ) logBase b x T
logbasei(py c(r) (b, T) logBase b x T
logbase(ry i(ry (b, T) logBase b x T
logbasec(r) (b, x) logBase b x *
rad; gy () radian T
rade ) () radian T
sini(r) () s in x T
sing(r) () sin x *
cos;() () cos x T
cosq(py () cos T *
tanipy(z) tan x T
tanypy () tan x *
cotypy(7) cot x T
coto(py () cot x T
seci(py(T) sec x T
secq(ry(T) sec ¥ T
eseipy () csc x T
cscepy () csc x T
arcsing_q(r) () asinc = T
arcsing ) (z) asin x T
arcsing gy (z) asin x *
arccosF_,C(F)( x) acosc T T
arccosq(p) () acos *
arctan; F)(:U) atan x T
arctany(py—q(r)(T) atanc(x) T
arctang gy () atan x *
arccotl(p (ac) acot x T
arccoty py—o(r)(T) acotc(x) T
arccoty(ry(z) acot x T
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arcsecp_q(r)(T)
arcseci(p)—e(r) ()

arcsecy(py ()

arcescp_q(r)(T)

arcescipy(z)
arcesce(py ()

radhp(x)

radh; g ()
radhe g ()

arcsinhpy(z)

aresinhi gy e (T)

arcsinhe gy (v

arccosh(pq_ﬂ;F)( )

arccoshe(py(z

arctanhp_q(r) ()

arctanh; g ()
arctanhe gy(z)

arccothp_q(r) ()

arccoth; g ()
arccoth, F)( x)
arcsechp_.o(p

arcsechq(r) ()
arceschy gy ()

arceschi_q(r) ()

arcesche gy ()

where b, x, y, u, and v are expressions of type complex FLT.

(

)
arccoshﬁuﬁd y(2)

(

x)

(z)

)
arcsechi(py_.q(r)(T)

asecc T
asecc T
asec T
acscc I
acsc x
acsc x

radianh x
radianh x
radianh x

sinh
sinh
cosh
cosh
tanh
tanh
coth
coth
sech
sech
csch
csch

8 8 8 8 8 8 8 8 8 8 &8 8

asinh z
asinhc x
asinh z
acoshc «
acosh x
acosh =
atanhc x
atanh z
atanh z
acothc x
acoth z
acoth z
asechc x
asech z
asech z
acsch z
acschc x
acsch x

— = = — — —

— — —

— — — — — —F ¥ —F ¥ —F ¥ —

— = — — — — — — — % —F — ¥ — — ¥ — —+
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Arithmetic value conversions in Haskell are always explicit. They are done with the overloaded

fromIntegral and fromFractional operations.

convertr_p ()

C.5 Haskell

x
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convertypy_.o(r)(z) ..o T
convertp_o(py() x-I*0 or x - _Imaginary I *x O
convertipy_c(r)(T) -0 + x T

complex I0...(show, read, )

where x is an expression of type INT, y is an expression of type FLT, and z is an expression of
type FXD, where FXD is a fixed point type.

Numerals...:
imaginary-unity II 1
imaginary-unit.) 0+II 1
imaginary-unit; gy I 1
imaginary-unit ry 0+1 1

116 Ezxample bindings for specific languages



Working draft ISO/IEC CD 10967-3.1:2002(E)

C.6 Java

The programming language Java is defined by The Java Language Specification [56].

An implementation should follow all the requirements of LIA-3 unless otherwise specified by
this language binding.

The operations or parameters marked “i” are not part of the language and should be provided
by an implementation that wishes to conform to the LIA-3 for that operation. For each of the
marked items a suggested identifier is provided. None of the LIA-3 operations are provided in the
Java 2/SE (marked “x” below) library directly.

The Java datatype boolean corresponds to the LIA datatype Boolean.
Every implementation of Java has the integral datatypes int, and long.
Java has two floating point datatypes, float and double, which must conform to IEC 60559.

The LIA-3 integer operations are listed below, along with the syntax used to invoke them:

itimes_i(r) () I*x T
itimes;(ry—(x) Iz T
itimes(r) () Ix*x T
rer(x) real (z) T
rei () real(x) T
req(r) () real(x) T
zml( ) imag (x) T

() imag(x) T

() imag(x) T
plusztzmescu)(m,y) x+ I *xy T
negi(r) () -z f
nege(r) () -z f
conjr(x) conj(x) T
conji(r) () conj(x) T
conje(r) () conj(x) T
add;1y(z,y) Tty T
add[’l([)(l‘,y) T +y T
addypy,1(z,y) Tty T
addy o(1)(z,y) T+ oy ]
add(ry,1(7,y) Tty T
add;(1) o(1)(2,y) T+ y ]
addep) i) (7, y) T+ oy T
addery(z,y) T+ oy t
sub;(r)(z,y) T -y t
suby i1y (2, Yy) T -y T
suby(py,1(z,9y) T -y ]
subr o1y (,y) T -y ]
sube(r),1(z,y) T -y f
subi(r) o(1)(,y) T -y ]
sube(p) i) (7, Y) r -y T
sube(r) (T, y T -y ]
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absul)(x)
signumy(x)
signum;p) ()
divides;ry(z,y)
dividesy i) (7, y)
divides; () (7, y)

ﬂialhuj(ﬁ,y)
minypy (,y)
mazx_seqi(ry(s)
min_seqpy(vs)

8 8 8 8 8 8 8 8
* oK K X X X X *

L e e e e w

8 8 8 8 8 8 8 8
I
I

ESEEA SISO SIS SN

B R 888 B8R
"
S ISR

8 8 8 8

abs x
signum(x)
signum(z)
divides(x, y)
divides(z, y)
divides(z, )

max(x, y)
min(z, y)
maxseq(xs)
maxseq(xs)

where x and y are expressions of type CINT.

Working draft
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The LIA-3 non-transcendental floating point operations are listed below, along with the syntax
used to invoke them:
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itimesp(x) I*x T
itimes; () I*xux T
itimes.(r) () Ix*xux T

where z, y and z are expressions of type FLT, and where xs is an expression of type array of
FLT.

The LIA-3 parameters for operations approximating real valued transcendental functions can
be accessed by the following syntax:

box_error_-mode_mule ) box_err mul (x) T
max_err_mulq(p) err mul (z) T
box_error_mode_dive ) box_err div(x) T
maz-err_dive(py err_div(x) T
Maz _err_erpq(r) err_exp(z) T
maz_err_powerqry(b, r) err power (b, x) T
mazx-err_singr) err_sin(x) ]
maz-err_tang ) err_tan(x) ]

where b, x and u are expressions of type FLT. Several of the parameter functions are constant for
each type (and library), the argument is then used only to differentiate among the floating point
types.

The LIA-3 elementary floating point operations are listed below, along with the syntax used
to invoke them. These are defined only for double not for float.

power;py (b, 2) pow(b, 2) T
erpi(ry(z) exp () f
expe(r) () exp () t
powery gy (,y) pow(z, ¥) T
powery gy, (b, y) pow(b, ¥) T
powerpl(p (b, x) pow (b, x) T
powery ) r(b,y) pow(b, y) T
powerFC ( x) pow(b, z) T
powerp )7C(F)(b y) pow(b, y) T
powery gy i(r) (b, T) pow (b, x) T
powery gy (b, y) pow (b, ¥) ]
Sqrtp (i) (@) sqrt (@) i
8qrti(py—c(r) () sqrt (z) T

where b, x, y, u, and v are expressions of type CFLT.

Arithmetic value conversions in Java can be explicit or implicit. The rules for when implicit
conversions are applied is not repeated here. The explicit arithmetic value conversions are usually
expressed as ‘casts’, except when converting to/from strings.
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com)ertlﬁc y(z) .. (@) T
convertyry_.c(ry(z) .. (@) T
convertp_>C ( ) x -I*0 or z - _Imaginary I *x O
converty gy _q(r) () -0 + x T

complex 10...77

where x is an expression of type INT, y is an expression of type FLT, and z is an expression of
type FXD, where FXD is a fixed point type. INT?2 is the integer datatype that corresponds to I'.
A ? above indicates that the parameter is optional. e is greater than 0.

Numerals...:
imaginary -unit;y II T
imaginary-unit. 0+ II 1
imaginary-unit; gy I 1
imaginary-unit. r) 0+1I 1
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C.7 Common Lisp

The programming language Common Lisp is defined by ANSI X3.226-1994, Information Technol-
ogy — Programming Language — Common Lisp [38].

An implementation should follow all the requirements of LIA-3 unless otherwise specified by
this language binding.

The operations or parameters marked “i” are not part of the language and should be provided
by an implementation that wishes to conform to the LIA-2 for that operation. For each of the
marked items a suggested identifier is provided.

Common Lisp does not have a single datatype that corresponds to the LIA-1 datatype Boolean.
Rather, NIL corresponds to false and T corresponds to true.

Every implementation of Common Lisp has one unbounded integer datatype. Any mathemat-
ical integer is assumed to have a representation as a Common Lisp data object, subject only to
total memory limitations.

Common Lisp has four floating point types: short-float, single-float, double-float, and
long-float. Not all of these floating point types must be distinct.

The complex integer (Gaussian integer) operations are listed below, along with the syntax used
to invoke them:

itimes_;r)(z) (CRD) T
itimes;(r) () (i ) T
itimesq(r)(x) (i ) T
rer(x) (realpart z) *
rein () (realpart x) T
reqr)(T) (realpart x) *
imy(x) (imagpart x) *
im;(ry(z) (imagpart x) ]
ime(r)(T) (imagpart x) *
plusitimesry(z,y) (complex z y) *
negi(ry(x) (- 2 f
nege(ry(z) (- x) *
conjr(x) (conjugate x) *
conji(r) () (conjugate x) T
conje(r) () (conjugate x) *
add;py (v, y) + 2z y) T
addy 5r)(z,y) + 2y T
add;py,1(z,y) +z y) T
addy o(1)(z,y) + z *
addepy,1(z,y) + z *
add;() o(1)(2,y) +z y) T
addy(r)i(n) (T, y +z y) T
add(ry(z,y) + x y) *
SUbi(I)(fL‘aZ/) -z y T
SUb],i(I)(x7y) -z y T
SUbi(I),l(x,y) -z y T

C.7 Common Lisp
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SUbI,C(I) (ajv y)
Sch(I),I(xv y)
subi(1),e(n) (T,Y)
SquILKI)CUay)
sube(ry(2,Y)

neQC(I),I(xv Yy
neqi(p),e(n) (T, y)
neQdILMD($7y)
neqe(1) (.1‘, y)

absi(r) ()
signumy(x)
signum;p) ()
divides;ry(z,y)
dividesy i) (7,y)
divides;ry,1(7,y)

mai(r)(z, y)
min(p)(z,y)

-z y
-z y
-z y
-z
-z y)
(x x 1)
(x x )
x x )
(x z y)
(x z y)
(x z y)
x z y
(x z y)
=x ¥y
=x ¥y
=x ¥y
=z y)
=z y
=z y
=z
=z y)
(/= z y)
(/= z y)
(/= = y)
(/= = y)
(/= = y)
(/= z y)
(/= z y)
(/= z y)
<z
(k= z y)
Gz
o=z
(abs )

(signum z)
(signum z)
(divides z ¥)
(divides z y)
(divides z y)

(max z )
(min z )

Working draft
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maz_seqi(ry(s)
min_seqp)(vs)

itimesp_;(r) ()
itimes; gy ()
itimesq(r)(T)
rep(x)

TE(F) (z)
req(r)(7)
imp(z)

im;(p) (z)

ch(F) (‘7;)

plusitimes.p) (7, y)

negi(r) (z)
nege(r) ()
conjp(x)
conji(ry(z)
conjery(x)

(

F (T, y)
much ( Z/)
mul( )7 (F
mulep) i(r
mule ) (T, Y

C.7 Common Lisp

(max.xs)
(min.zs)

where x and y are expressions of type CINT.

G x
(G o
i )
(realpart x)
(realpart z)
(realpart x)
(imagpart x)
(imagpart z)
(imagpart x)
(complex z ¥)
-z
-z
(conjugate )
(conjugate x)
(conjugate x)

(+ z y)
(+z 9y
(+z 9y
(+x 9y
(+ x 9y
+x 9y
(+x 9y
(+x 9y
-z 9y
-z 9y
-z 9y
-z 9y
-z 9y
-z 9y
-z 9y
-z 9y
(x z y)
(x x y)
(x x y)
(x x y)
(x x y)
(x x y)
(x z y)
(x z y)

ISO/IEC CD 10967-3.1:2002(E)

X —F ot X —F X ot —F >k X —F Xt X% Xt %

* — — % ¥ — — —- * — — % ¥ — — —-

* — — % ¥ — — —-

The LIA-3 non-transcendental complex floating point operations are listed below, along with
the syntax used to invoke them:
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divi(py(2,y) / x y T
divpr) (T, y) (/ zy T
divi(py p(,Y) (/ zy T
divpery(,y)  z *
dive gy, p(2,y)  z *
divy( gy () (T, Y) (/ =y T
dive( gy i) (T, Y) (/ =y T
dive ) (2, y)  z *
eqi(r) (T, y) =Ty T
eqrir)(T,Y) =z y) T
QQF,C(F)(xay) =z y) *
eqi(r),r(,Y) =z y) T
GQC(F),F(ny) =z y) *
eqi(r),c(F) (T, Y) =z y) T
eqe(ry,i(F) (T, Y) =z y) T
6(](:(F)(:va) =z y) *
negir(z,y) (/= 2z y) T
neqrir)(z,y) (/= z y) T
neqr,c(r) (T, y) (/= x y) *
ne%(F),F(xvy) (/= 2z y) T
neqe(ry,r (T, y) (/= z y) *
negi(ry o(F)(,y (/= z y) T
neqe(r),i(r)(,y) (/= z 1) T
nGQC(F)($7y) (/= z y) *
Issipy(2,y) <z y T
legiry(z,y) <=2z y) T
gtricry(z,y) Gz oy T
geqiry(z,y) =z y T
absi(ry(z) (abs x) T
absc(ry () (abs x) *
phasep(x) (phase x) *
phase;p)(z) (phase ) T
phase.(r)(z) (phase ) *
phaseur(u, x) (phase u x) T
phaseu;(py(u, r) (phase u x) T
phaseupy(u, r) (phase u x) T
signump(x) (signum x) *
signum; g () (signum z) T
signume(p) () (signum z) *
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polarp(z,y) (polar = ¥) T
polarup(u, z,y) (polaru u x ) T

where z, y and z are data objects of the same floating point type, and where xs is a data objects
that is a list of data objects of (the same, in this binding) floating point type. Note that Common
Lisp allows mixed number types in many of its operations. This example binding does not explain
that in detail.

The LIA-3 parameters for operations approximating complex real valued transcendental func-
tions can be accessed by the following syntax:

box_error_mode_muler) (err-mode-mul x) ]
mazx_err-mulyr) (err-mul x) ]
box_error_mode_dive ) (err-mode-div x) T
maz_err_divg gy (err-div z) ]
Max_err_eTpy(r) (err-exp x) ]
MaT_err_powery(r) (err-power ) T
Max_err_singr) (err-sin x) ]
mazx_err_tan g (err-tan x) T

where b, x and u are expressions of type CFLT. Several of the parameter functions are constant
for each type (and library), the argument is then used only to differentiate among the floating
point types.

The LIA-3 elementary complex floating point operations are listed below, along with the syntax
used to invoke them:

power;py (b, a) (expt b a) T
powerpy (T, a) (expt = a) * Not LIA-3
capii (@) (exp ) T
ETPi(F) (i-v) (cis v) *
erpe(ry(T) (exp x) *
POwer po(r) (2, ) (exptc o ) }
powery gy (z,Y) (expt z y) t
poweripy p(b,y) (expt b y) f
power gy (b, ) (expt b ) T
poweryry p(b,y) (expt b y) *
power g (r) (b, (expt b x) *
poweri(p) c(r)(b, ) (expt b y) t
powerry i(r)(b, (expt b x) T
power gy (b, y) (expt b y) (deviation: (expt 0.0 0.0) is 1) *
5qrtp_e(r) () (sqrtc x) *
5qrti(py—c(r) () (sqrt z) T
sqrte(py () (sqrt =)

Inp_ery(z) (complex (log (abs z)) (atan (imag x) %))
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Ini(py—e(F) ()
Ini(py—e(r) ()
lnc(F) (m)

logbasep_.q(r)(b, x)
logbase; ) (b, )
logbase;r) p (b, T)
logbaser;(r) (b, )
logbase.(ry (b, T)
logbasep(r)(b, )
logbase;(r) o(r) (b, T)
logbaseq(pyiry (b, x
logbase(r (b, x)

aresing_qr)(r)
aresingpy(z)
arcsing gy (z)
arccongﬂ(pg(x)
arccosi(py—c(r)(T)
arccosq(p) ()
arctan;py(v)
arcta7L(F3_q
)

() ()
arctang ) ()
arccotmpv(
arccoty py—q(r)(T)
arccoty(ry(z)
arcsecy_q(ry ()
areseci(py—c(r)(T)
arcsecy(py(z)
aTCCSCFAﬂiF)(:
arcesc(py(T)

(
)
e
(

Working draft

(complex (log (abs z)) (atan (imag z) {(real z))

(log )

(log )

(logc x b)
(log = b)
(log = b)
(log = b)
(log = b)
(log = b)
(log = b)
(log = b)
(log = b)

(radians z)
(radians z)

(sin
(sin
(cos
(cos
(tan
(tan
(cot
(cot
(sec
(sec
(csc
(csc

(asin
(asin
(asin
(acos
(acos
(acos

(atanx z)

(atan
(atan
(acot
(acot
(acot

(asecc z)
(asecc z)

(asec

(acscc z)

(acsc

x)
x)
x)
x)
x)
x)
x)
x)

x)
x)
x)
x)
x)
x)

x)
x)
x)
x)
x)

x)

x)

(note parameter order)

l

*
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arcescy(ry(T)

arcsinhpy(z)
arcsznh i(F)—c(F)(T)
arcsinhe(py(v)
arccoshpgﬁqu(x)
arccoshi(py—q(r) ()
arccoshe(py(z)
arctanhp_q(p) ()
arctanh; gy ()
arctanhe py(z)
arccothp_q(r) ()
arccoth gy ()
arccoth, F)(x)
arcsechp_q(r) ()
arcsechi(py_q(r)(T)
arcseche g ()
arcesch gy ()
arceschipy_e(r) ()
arcesche(py ()

convert_p ()
convertyry_.q(r)(z)
convertp_qpy()
converty py_c(r) ()
complex I/O!!

Numerals...

C.7 Common Lisp

(acsc x)

(hypradians x)
(hypradians z)
(hypradians z)

(sinh x)
(sinh )
(cosh )
(cosh x)
(tanh x)
(tanh x)
(coth x)
(coth x)
(sech x)
(sech x)
(csch x)
(csch x)

(asinhx =z)
(asinh x)
(asinh x)
(acosh x)
(acosh x)
(acosh )
(atanh x)
(atanh )
(atanh x)
(acoth x)
(acoth x)
(acoth z)
(asech z)
(asech x)
(asech x)
(acschx z)
(acsch x)
(acsch x)

where b, x, y, u, and v are expressions of type CFLT.

(complex z)
(complex x)
(complex x)
(complex x)

— — — — — —F % —F % —F ¥ —+

— = — — — — — — — % —F ¥ ¥ —F ¥ ¥ — —-

Arithmetic value conversions in Common Lisp are can be explicit or implicit.
when implicit conversions are done is implementation defined.

— % — ¥
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imaginary-unitr e 1
imaginary-unitp #C(0 1) *
imaginary -unity gy R 1
imaginary-unit. g #C(0.0 1.0) *

In general two non-complex numerals, a and b, can be composed to a complex numeral #C(a b).
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C.8 ISLisp

The programming language ISLisp is defined by ISO/IEC 13816:1997, Information technology
— Programming languages, their environments and system software interfaces — Programming
language ISLISP [20].

An implementation should follow all the requirements of LIA-3 unless otherwise specified by
this language binding.

The operations or parameters marked “{” are not part of the language and should be provided
by an implementation that wishes to conform to the LIA-3 for that operation. For each of the
marked items a suggested identifier is provided.

ISLisp does not have a single datatype that corresponds to the LIA datatype Boolean. Rather,
NIL corresponds to false and T corresponds to true.

Every implementation of ISLisp has one unbounded integer datatype. Any mathematical in-
teger is assumed to have a representation as a ISLisp data object, subject only to total memory
limitations.

ISLisp has one floating point type required to conform to IEC 60559.

The complex integer (Gaussian integer) operations are listed below, along with the syntax used
to invoke them:

itimes_ir)(z) (CRD) T
itimes;(r) () (i ) T
itimesq(r)(z) (i ) T
rer(x) (realpart z) T
rein () (realpart z) T
reqr)(T) (realpart x) T
imy(x) (imagpart x) T
im;(ry(z) (imagpart x) T
ime(r)(T) (imagpart x) T
plusitimesery(z,y) (complex x y) T
negi(r)(z) (- o) f
nege(r) () (-2 T
conjr(x) (conjugate x) T
conji(r) () (conjugate x) T
conje(r) () (conjugate x) T
add;py (v, y) + 2z y) T
addy 5r)(z,y) + 2y T
add;py,1(z,y) +z y) T
addy o1y (,y) + 2 y) ]
addc([),[(xvy) +z y) T
add;() o(1)(2,y) +z y) T
addy(r)i(n) (T, y +z y) T
addc([)(xay) + z y) T
SUbi(I)(fL‘aZ/) -z y T
SUb],i(I)(x7y) -z y T
SUbi(I),l(x,y) -z y T

C.8 ISLisp
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SUbI,C(I) (ajv y)
Sch(I),I(xv y)
subi(1),e(n) (T,Y)
SquILKI)CUay)
sube(ry(2,Y)

neQC(I),I(xv Yy
neqi(p),e(n) (T, y)
neQdILMD($7y)
neqe(1) (.1‘, y)

absi(r) ()
signumy(x)
signum;p) ()
divides;ry(z,y)
dividesy i) (7,y)
divides;ry,1(7,y)

mai(r)(z, y)
min(p)(z,y)

-z y
-z y
-z y
-z
-z y)
(x x 1)
(x x )
x x )
(x z y)
(x z y)
(x z y)
x z y
(x z y)
=x ¥y
=x ¥y
=x ¥y
=z y)
=z y
=z y
=z
=z y)
(/= z y)
(/= z y)
(/= = y)
(/= = y)
(/= = y)
(/= z y)
(/= z y)
(/= z y)
<z
(k= z y)
Gz
o=z
(abs )

(signum z)
(signum z)
(divides z ¥)
(divides z y)
(divides z y)

(max z )
(min z )

Working draft
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maz_seqi(ry(s) (max.xs) T
min_seqp)(vs) (min.zs) T

where x and y are expressions of type CINT.

The LIA-3 non-transcendental complex floating point operations are listed below, along with
the syntax used to invoke them:

itimesp_i(r)(z) (i ) T
itimes;(py—p () CRD) T
itimese(p () (CRD) T
rep(x) (realpart z) T
reir)(7) (realpart z) T
req(r)(7) (realpart x) T
imp(z) (imagpart z) T
imi(p) () (imagpart z) T
ime(py(T) (imagpart x) T
plusitimes.p) (7, y) (complex x ¥) T
negim (@) (- @ i
neger)(x) -z T
conjp(z) (conjugate x) T
conji(ry(z) (conjugate ) T
conje(py () (conjugate ) T
addi(F)(a:,y) (+ z ) i
addp;(r)(,y) +z y T
add;ry, (7, y) +z y T
addF,c(F)(xvy) +z y T
addc(F),F(x7y) +z y T
add(ry o(r) (T, ) +z y T
addy(pyi(F)(T,y) + z y t
adde (7, y) + x T
subi(py(z,y) -z y) T
subpiry (2, y) -z y T
sub(p),r (T, y) -z y T
SUbF,C(F)(xvy) -z y ]
Subc(F),F@jvy) -z y T
suby(p) o(F) (T, Y) (- z y i
sube(r)i(F) (T, Y) -z y t
sube(p) (7, y) -z T
mulipy(2, y) Gz oy t
mulFl(F)( Y) *x z y) T
sy (2, y) = ) i
W ) :
gy (. 9) = ) :
mul( F)c (F)(x y) (x x y) T
mule(p) i(F) (T, Y) Gz y) !
muzc(F)(I7y) x z y) T
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divi(py(2,y) / x y T
divpr) (T, y) (/ zy T
divi(py p(,Y) (/ zy T
divF,c(F)(xay> (/ z y T
d“)c(F),F(xay) (/ z y T
divy( gy () (T, Y) (/ =y T
dive( gy i) (T, Y) (/ =y T
dive ) (2, y)  z T
eqi(r) (T, y) =Ty T
eqrir)(T,Y) =z y) T
QQF,C(F)(xay) =z y) T
eqi(r),r(,Y) =z y) T
GQC(F),F(ny) =z y) T
eqi(r),c(F) (T, Y) =z y) T
eqe(ry,i(F) (T, Y) =z y) T
6(](:(F)(:va) =z y) T
negir(z,y) (/= 2z y) T
neqrir)(z,y) (/= z y) T
neQF,C(F)(xvy) (/= 2z y) T
negi(r),r(,y) (/= 2z y) T
neQC(F),F(x7y) (/= z y) T
negi(ry o(F)(,y (/= z y) T
neqe(r),i(r)(,y) (/= z 1) T
nGQC(F)($7y) (/= z y) T
Issipy(2,y) <z y T
legiry(z,y) <=2z y) T
gtricry(z,y) Gz oy T
geqiry(z,y) =z y T
absi(ry(z) (abs x) T
absc(ry () (abs x) T
phasep(x) (phase x) T
phase;p)(z) (phase ) T
phase.(r)(z) (phase ) T
phaseur(u, x) (phase u x) T
phaseu;(py(u, r) (phase u x) T
phaseupy(u, r) (phase u x) T
signump(x) (signum ) T
signum; g () (signum z) T
signume(p) () (signum z) T
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polarp(z,y) (polar = ¥) T
polarup(u, z,y) (polaru u x ) T

where z, y and z are data objects of the same floating point type, and where xs is a data objects
that is a list of data objects of (the same, in this binding) floating point type.

The LIA-3 parameters for operations approximating complex real valued transcendental func-
tions can be accessed by the following syntax:

box_error_mode-mule ) (err-mode-mul x) ]
mazx_err-mulyr) (err-mul x) T
box_error_mode_dive (err-mode-div x) ]
mazx_err -dive(r) (err-div z) ]
Maz_err_erpe(r) (err-exp x) T
MaT_err_powery(r) (err-power ) T
MaT_err_sing ) (err-sin x) T
mazx-err_tane ) (err-tan z) ]

where b, x and u are expressions of type CFLT. Several of the parameter functions are constant
for each type (and library), the argument is then used only to differentiate among the floating
point types.

The LIA-3 elementary complex floating point operations are listed below, along with the syntax
used to invoke them:

power;py (b, a) (expt b a) T

powerpy (T, a) (expt = a) T Not LIA-3
expi(r) () (exp ) T

expip (i v) (cis v) T

erpe(ry(T) (exp x) T
powerp_o(py (T, Y) (exptc z y) T

powery(p) (v, y) (expt = y) T
poweripy p(b,y) (expt b y) f
power ) (b, x) (expt b ) T
powerepy, (b, y) (expt b y) T

power g (r) (b, (expt b ) T

poweri(p) c(r)(b, ) (expt b y) t

powerry i(r)(b; (expt b x) T

power g (b, y) (expt b y) (deviation: (expt 0.0 0.0) is 1) T
sqrtp_e(r)(T) (sqrtc x) T
8qrti(py—e(F) (T) (sqrt ) T
sqrtery(z) (sqrt ) T
Inp_ory(z) (complex (log (abs z)) (atan (imag z) z)) §
Ini(py—e(ry(T) (complex (log (abs z)) (atan (imag x) (real x))
Ini(F)—c(r) (2) (log x) T
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logbasep_q(r) (b, x)
logbase;(py(b, )
logbase;(py, p (b, x)
logbaser;r) (b, )
logbase.ry r (b, T)
logbasep,(r)(b, )
logbase;(r) o(r) (b, T)
logbase(pyi(ry (b, )
logbase.(py(b, v)

radmpﬂx)
radcuq(x)

CSCC(Fj(ﬁ)

aresing_qr) ()
arcsznmpw(x)
aresing gy ()
QTCCOSFLﬁdpv(x)
arccosi(py—c(r)(T)

arccosq(p) ()
arctan; g ( )
arctan; py_.q(r)(z)
arctan g ()

arccoti(py ()
arccoti(py_o(r)(T)
arccot e ) ()
arcsecy_q(p) ()
areseci(p)—c(r)(T)
arcsecy(r)(z)
GTCCSCF_ﬂXF)(:
arcesci(py ()
arcesce(py ()

(log )

(logc = b)
(log x b)
(log z b)
(log z b)
(log z b)
(log z b)
(log z b)
(log x b)
(log = b)

(radians z)
(radians z)

(sin x)
(sin x)
(cos x)
(cos )
(tan x)
(tan x)
(cot x)
(cot x)
(sec 1)
(sec 1)
(csc x)
(csc x)

(asinc z)
(asin z)
(asin x)
(acosc x)
(acos x)
(acos x)
(atan x)
(atanc z)
(atan z)
(acot x)
(acotc x)
(acot x)
(asecc x)
(asecc x)
(asec x)
(acscc x)
(acsc x)
(acsc )

(note parameter order)

Working draft
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radhp(x) (hypradians x) T
radh; g () (hypradians ) T
radhe g () (hypradians ) T
sinh; g () (sinh z) T
sinhe(py(z) (sinh x) T
coship () (cosh x) T
coshe(p) () (cosh x) T
tanh; gy (z) (tanh x) T
tanhepy(z) (tanh x) T
coth(g) () (coth z) T
cothe(ry(z) (coth z) T
sechy(p) () (sech z) T
sechq(p) () (sech x) T
cschipy () (csch x) T
csche(ry(T) (csch ) T
aresinh gy () (asinhx x) T
aresinhipy e (T) (asinh x) T
arcsinhe gy () (asinh x) T
arccoshFﬁC(F)(x) (acosh ) T
arccoshipy—e(r)(T) (acosh ) T
arccoshe(py(z) (acosh x) T
arctanhp_,.(p) () (atanh x) T
arctanh; g () (atanh x) T
arctanhe gy(z) (atanh x) T
arccothp_q(r) () (acoth x) T
arccoth; g () (acoth z) T
arccoth () (acoth z) T
arcsechFHC(F)(m) (asech ) T
arcsechy(p)—c(r)(T) (asech ) T
arcsechq(r) () (asech ) T
arccschl(F (x) (acschx x) T
arceschi(py—e(r) () (acsch x) T
arcesche gy () (acsch x) T

where b, x, y, u, and v are expressions of type CFLT.

Arithmetic value conversions in ISLisp are can be explicit or implicit. The rules for when
implicit conversions are done is implementation defined.

C.8 ISLisp

convertr_..(z) (complex x) T
convert;r)_qn () ) T
convert p_(r)(z) (complex x) T
converty gy _q(r)(T) ) T
Numerals...
imaginary-unit; . T
imaginary-uniter #C(0 1) T
imaginary-unit; r) T
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imaginary -unit. g #C(0.0 1.0) 1

In general two non-complex numerals, a and b, can be composed to a complex numeral #C(a b).
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C.9 Modula-2

The programming language Modula-2 is defined by ISO/IEC 10514-1:1996, Information technology
— Programming languages - Part 1: Modula-2, Base Language [21]. An implementation should
follow all the requirements of LIA-3 unless otherwise specified by this language binding.

The operations or parameters marked “{” are not part of the language and should be provided
by an implementation that wishes to conform to the LIA-3 for that operation. For each of the
marked items a suggested identifier is provided.

The Modula-2 datatype Boolean corresponds to the LIA datatype Boolean.

Modula-2 has two floating point datatypes, REAL (and LONGREAL, and two complex datatypes
based on these floating point datatypes, COMPLEX and LONGCOMPLEX.

The LIA-3 complex integer operations are listed below, along with the syntax used to invoke
them:

itimes_;(r)(z) II * 2 T
itimes; () II * 2 T
itimes(r) () II * x T
rer(x) Re () T
reir () Re(z) T
reqr) () Re(x) 1
imy(x) Im(z) T
imiry(z) Im(z) T
ime(r) () Im(x) T
plusitimesery(z,y) x + II * y T
negin(x) -2 :
negen) (@) - :
conjr(x) Conj (x) T
conji(r) () Conj (x) T
conje(r) () Conj (x) T
add;(ry(z,y) Tty f
addy 51)(z,y) Tty T
addypy,1(z,y) T +y T
addl,c([)(xay) Tty T
addc([),[($7y) T +y T
add;() o(1)(,y) Tty T
addc([),l([)(wvy) Tty T
addc([) .%',y) Tty T
subir) (<, y) T -y T
SUbI,i(I)(l‘»Z/) r -y T
SUbi(I),I(fxvy) r -y T
SUb],C(I)(xay) r -y T
sube(r),1(,y) T -y t
subi(r) o(1)(, Y) r -y T
sube(ryi(1)(2,Y) r -y T
sube(r) (T, y T -y ]

C.9 Modula-2 137



ISO/IEC CD 10967-3.1:2002(E)

abs(py(z)
signumy(x)
signum;(r (x)

divides;ry(z,y)
dividesy r)(7,y)
divides;ry,1(7,y)

mawi(r)(x,y)
min;(r) (2, y)
maz_seqi(ry(s)

min_seqry(vs)

8 8 8 8 8 8 8 8
* oK K X X X X *

L e e e e w

8 8 8 8 8 8 8 8
I
L e e e e

8 8 8 8 8 8 8 8
I
L e e e e e

8 8 8 8

abs(x)
signum(x)
signum(x)

divides(z, y)
divides(z, )
divides(x, y)

max(x, y)
min(x, y)
maxseq(zs)
maxseq(xs)

Working draft

—_ = = —- — = — — — — —- —_ = = — — — — —- —_ = = — — — — —-

— = —

— = —-

I
T
I
1

where z and y are expressions of type INT and where xs is an expression of type array [] of

INT.
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The LIA-3 basic complex non-transcendental floating point operations are listed below, along
with the syntax used to invoke them:

itimesp_i(r) ()
itimes;(p)—p ()
itimesq(r)(T)
rep(x)

Teuﬁv(w)
re(Fg(x)
imp(zx)

im;( ) (z)

ime(py ()

plusitimes.p) (7, y)

negupv(x)
nege(ry(z)
conjp(x)
conji(ry(z)
conjery(x)

add;ry(z,y)

' Y)
Y)
much ( )
mulyp )7

(F) y)
mulepyiry(T,y)
mulepy (T, y

divi(ry(z,y)
divgir(,y)

C.9 Modula-2

i*x
i*x
i*x
Re(x)
Re(x)
Re(z)
Im(x)
Im(x)
Im(x)
z+ I x*xy
-z
-z
Conj(x)
Conj(x)
Conj(x)

8 8 8 8 8 8 8 8
+ + + + + 4+ o+ +
TR e R e

8 8 8 8 8 8 8 8
|
L eceree e

T *y
T *y
T *y
ScalarMult(xz, ¥)
T *y

T *y
T * Yy
T * Yy
rry
rrIy

* — — o — — o} — — ¥ — — — — —+

* — — — — — — — * — — — — — — —

* — — — — — — —-

— —
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F(z,y)
d’“)Fc( )(Sﬂ,y)
dwc(F)F( T,y)
divi(F) o(F) Em, Y)

divy(p) F

x,

dwc(F) i(F)\T, Y
dive ) (7, y)
€qi(F )( y)

6QF'l ( )
eqi(r),r(T,y)
6QFC ( x,y )
eqe(r),F(T,Y)

E%(F),C(F) (l‘ Y)
€4c(F),i(F) (z,9)
eqe(r) (T, y)

negi(r)(z,y)
Neqri(F) (z,y
negir),r(,
neqFC(F (‘T’
neqe(r),F (w,y)
neql(F (CB, )
neqc(F (l‘
neqe(r) (@ ( y)

)
)
)

)
)

?

Issi(ry (2, y)
legiry(z,y)
gtricry(z,y)

)
phaseup(u, x)

phaseu;(py(u, r)
phaseupy(u, )

signump(x)
signum;( g ()
signume(g) ()

polarp(z,y)
polarup (u, z,y)

Working draft

/oy 1
x/y T
z/y T
z/y T
z/y T
z /vy *
r =y T
T =y *
T =y (%)
T =y *
x =y *
T =y (%)
T =y (%)
x =y *
/=y T
x /=y *
/=y (%)
x /=y *
x /=y *
x /=y (x)
x /=y (*)
x /=y *
Tz <y 1
T <=y 1
T >y 1
T >=y 1
abs (x) T
abs (z) *
arg(x) T
arg(x) T
arg(x) *
argu(z, u) T
argu(z, u) T
argu(z, u) T
Signum(z) T
Signum(x) T
Signum(z) T
polarToComplex(x, y) *
polarToComplex(x, y, w) T

where z, y and z are expressions of type FLT, and where xs is an expression of type array []
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The LIA-3 parameters for operations approximating real valued transcendental functions can
be accessed by the following syntax:

box_error_mode_mul.

maz_err-mulyp

box _error_mode_div.

maz_err_dive r

Max-err_erpy(r)
MaT-err_power ()

AT _€rT_SiN(F)
max_err_tan g

box_err_mul ()
err_mul (z)

box_err_div(z)
err_div(x)

err_exp(x)
err_power (x)

err_sin(x)
err_tan(x)

t
t

where x and u are expressions of type FLT. Several of the parameter functions are constant for
each type (and library), the argument is then used only to differentiate among the floating point
types.

The LIA-3 elementary floating point operations are listed below, along with the syntax used
to invoke them:

POweTuFUJ(way)

eTPi(F)—c(F) (T)
expe(r)(T)

powerp_.q(r) (.T, y)
power;p(z,y)
poweripy p(b,y)
power ;) (b, T)
power(ry r(b,y)
power g o(py(b, T)
power;y(gy, (F( )
POWET¢(F) i(F) (
poweryr)(z,y)

8qrtp_e(r)(T)
8qrti(p)—c(r) ()
sqrte(ry(x)

lnF—»c JJ)
lnF—)c $)
In; PUA»dP‘(x)
Ini(py—e(Fy(T)
Ingry(z)

lo.gbaseF—)c(F) (b7 .7))
logbase;(py(b, )

C.9 Modula-2

T KRk Yy

exp(x)
exp (x)

powerc(z, )
power (z, y)
power (b, y)
power (b, )
power (b, y)
power (b, x)
power (b, y)
power (b, x)
power(z, y)

sqrtc(x)
sqrt (z)
sqrt (z)

logc(x)
Log(abs(x))+I*Arctan(Im(z),z))
log(x)
Log(abs(z))+I*Arctan(Im(z) ,Re(x))
1n(x)

logc(x, b) (note parameter order)
log(xz, b) (note parameter order)

* — = — — * — — — = — — ¥ — — — —+ *

— —
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logbase;r) (b, T) log(x, b) (note parameter order) T
logbaser ;) (b, ) log(x, b) (note parameter order) T
logbase.(ry r (b, T) log(x, b) (note parameter order) T
logbasep(r)(b, ) log(x, b) (note parameter order) T
logbasei(py c(r) (b, T) log(x, b) (note parameter order) T
logbase(ry i(ry (b, T) log(x, b) (note parameter order) T
logbasec(r (b, x) log(z, b) (note parameter order) T
rad;ry(z) rad(x) T
rade ) () rad(z) T
sini(r) () sin(x) T
sing(r) () sin(x) *
cosi(py(x) cos(x) T
cosq(py () cos(x) *
tan; ) () tan(x) ]
tanypy () tan(x) *
coty(p)(x) cot(z) T
coto(py () cot(x) T
seci(py(T) sec(x) T
secq(ry(T) sec(x) T
eseipy () csc(x) T
cscep) () csc(x) T
aresing_qr)(z) arcsinc(x) T
arcsingpy(z) arcsin(x) T
arcsing gy (z) arcsin(z) *
arccos p_,q(r) () arccosc(x) T
arccosi(py—c(r)(T) arccos (z) T
arccosq(r) () arccos (z) *
arctan;(p ( ) arctan(z) T
arctany py—q(r) () arctan(z) T
arctang gy () arctan(z) *
arccotipy(z) arccot () T
arccoty py—o(r)(T) arccot (z) T
arccote gy () arccot (z) T
arcsecp_o(p) () arcsecc(x) T
arcseci(p)—o(r)(T) arcsec(z) T
arcsecy(py(z) arcsec(z) T
arccscFHC(F)( x) arccscc(x) T
arcesc(py(T) arccsc(x) T
arcescy(py () arccsc(z) T
radhp(z) radh (x) T
radh; gy (z) radh(x) T
radhqry(z) radh (x) T
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sinh; g () sinh(z) T
sinhe(py(z) sinh(x) T
coship () cosh(x) T
coshe(p) () cosh(x) T
tanh;p)(z) tanh (x) T
tanhepy(z) tanh (x) T
coth(g) () coth(x) T
cothe(ry(z) coth(x) T
sechy() () sech(x) T
sechq(p) () sech(x) T
cschipy () csch(z) T
cschepy () csch(x) T
arcsinhpy(z) arcsinh(x) T
aresinhipy_e(r) () arcsinhc (z) T
arcsinhe g () arcsinh(x) T
arccoshF_m(F) (x) arccoshc(x) ]
arccoshipy—q(r)(T) arccosh(x) T
arccoshepy () arccosh(z) T
arctanhp_.op) () arctanhc (z) T
arctanh; gy () arctanh(x) T
arctanhe(py(z) arctanh(x) T
arccothp_q(r) () arccothc (x) T
arccoth; g () arccoth(x) T
arccoth, F)( x) arccoth(x) T
arcsechp_,q(p) () arcSecHc (z) T
arcsechi(py_.q(r)(T) arcsech(x) T
arcsechq(r) () arcsech(x) T
arccschl(p (x) arccsch(x) T
arceschi(py—e(r) () arccschc (x) T
arcesche(py () arccsch(x) T

where b, x, y, u, and v are expressions of type CFLT.

Arithmetic value conversions in Modula-2 are can be explicit or implicit. The rules for when
implicit conversions are applied is not repeated here. The explicit arithmetic value conversions
are usually expressed as ‘casts’, except when converting to/from strings.

convertr_.p () (INT _Complex)x T
convertyr)_q(r)(z) (INT _Complex)x T
convertiny_ir) () (INT2 _Imaginary)z T
convert (])_)C([/)($> (INT2 _Complex)x T
convertp_,c(p) (z) (FLT _Complex)x *
converty py_c(r) () (FLT _Complex)x (%)
converty py_ir) () (FLT2 _Imaginary)x (%)
convert (F)_,C(F/)(:E) (FLT2 _Complex)x *
converty pmy_ir)(T) sscanf...x (%)
convert o pm_q(r)(T) sscanf...x *
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converty gy i () sprintf. ..
convert gy _c(rry(T) sprintf...
converty py_ir)(z) sscanf...
converty py—e(r) () sscanf...
converty py_i(p)(z) sprintf. ..
converte gy —q(p)(T) sprintf...

complex 1077

..T)

..T)
..z
..z

Working draft

where x is an expression of type INT, y is an expression of type FLT, and z is an expression of
type FXD, where FXD is a fixed point type. INT?2 is the integer datatype that corresponds to I'.
A 7 above indicates that the parameter is optional. e is greater than 0. Numerals...:

imaginary -unit; IT or

_Imaginary_II ]

imaginary uniter ((II)) or _Complex II T
imaginary-unit; g I or _Imaginary I (%)
imaginary unit.p ((I)) or _Complex_I *
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C.10 PL/I

The programming language PL/I is defined by ANSI X3.53-1976 (R1998), Programming languages
— PL/I [39], and endorsed by ISO 6160:1979, Programming languages — PL/I [25]. The program-
ming language General Purpose PL/I is defined by ISO/IEC 6522:1992, Information technology —
Programming languages — PL/I general-purpose subset [26], also: ANSI X3.74-1987 (R1998).

An implementation should follow all the requirements of LIA-3 unless otherwise specified by
this language binding.

The operations or parameters marked “i” are not part of the language and should be provided
by an implementation that wishes to conform to the LIA-3 for that operation. For each of the
marked items a suggested identifier is provided.

The LIA datatype Boolean is implemented in the PL/I datatype BIT(1) (1 = true and 0 =
false).

An implementation of PL/I provides at least one integer data type, and at least one floating
point data type. The attribute FIXED(n,0) selects a signed integer datatype with at least n

(decimal or binary) digits of storage. The attribute FLOAT (k) selects a floating point datatype
with at least n (decimal or binary) digits of precision.

The LIA-3 integer operations are listed below, along with the syntax used to invoke them:

itimesr_i(r) () II * x T
itimes; () II * x T
itimes()(z) II * x T
rer(zx) REALPART (z) T
reir(x) REALPART () t
reen (@) REALPART () t
imy(x) IMAGPART (x) T
imi(I) (x) IMAGPART (z) T
imC(I) (z) IMAGPART (z) T
plusitimesry(z,y) z + II * y T
negi (@) -2 :
nege(r)(x) -z T
conjr(x) CONJ(x) T
congi(py(x) CONJ(z) T
conje(ry(x) CONJ (z) T
add;1y(z,y) Tty T
add; ;r)(z,y) Tty T
add;(r) 1(,y) T +y T
addr o(r)(, y) T +y T
addc([),[($7y> Tty T
add;(1) o(1)(2, y) T +y T
adder) i) (7, y) T +y T
add(ry(z,y T +y T
SU'bi(I)(xvy) r -y T
SUbI,i(I)(iﬁay) r -y T
subi(py,1(z,y) x -y T
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mulicpy oy (T, )
mUlc(I),i(I) (z,y)
mulepy (z,y)

eqi(r),e(1)(, y)
€qc(1),i(I) (z,9)
eqe(r) (T, y)

neqy(r)(z,y)
neqri(r (.CU, y)
ne(:ll (x’ y)
RGQIC(I($,
neqe(r,i(

absi(r)(x)
signumy(x)
signumy(p) ()
divides;ry(z,y)
dividesy (%, y)
divides;(p) 1(,y)

Max;i() (z,9)

8 8 8 8 8
|
fLere

8 8 8 8 8 8 8 8
* X X ¥ X X* X *
L eceerteew

8 8 8 8 8 8 8 8
I
SN SISO S SN S SN

8 8 8 8 8 8 8 8
I
L e et ew

8 8 8 8

abs (x)
signum(z)
signum(x)

divides(x, %)
divides(z, )
divides(z, )

max(x, ¥y)

Working draft
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min(r) (2, y)
maz_seqi(ry(s)
min_seqry(vs)

min(x, y)
maxseq(zs)
maxseq(zs)

where x and y are expressions of type CINT.
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The LIA-3 non-transcendental floating point operations are listed below, along with the syntax

used to invoke them:

itimesp_i(r(T)
itimes;(p)— ()
itimesq(p)(z)
rep(x)

Tei(F) (z)

ree(r) ()
imp(x)
)

“ﬂcuw(w)

plusitimesq ) (z,y)

negi(r) (z)
nege(r) ()
conjp(x)
congiry(x)
conje(ry(z)

SUbl(F) (I’ y)

subpi(ry (T, y
SUbl(F (.f,
SUch(F (z,
sube(p) p (T
Subl(Fxc(F)
sube(r)i(r) (T
SUbC(F) (%, y)

C.10 PL/I

i*xx or j*xux
i*xx or j*xux
i*xx or j*xux

REALPART (z)
REALPART (z)
REALPART (z)
IMAGPART (z)
IMAGPART ()
IMAGPART ()
COMPLEX (x,¥)
=X

=X

CONJ (x)
CONJ(x)
CONJ(x)

8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8
| + + + + + + + o+
TR TR R

8 8 8 8 8 8 8
* ¥ X X ¥ ¥ *
Cf e

¥ — — o — o o o — o — — — — —-

* — = o o — — —- * — = o o — — —-

— = % ¥ — — —-

147



ISO/IEC CD 10967-3.1:2002(E) Working draft

mule gy (z,y) T *y *
divi(ry(z,y) x /'y f
divgr(z,y) z/y T
d“)l(F),F(x7y) z/y T
dZUF,c(F)(x7y) z/y T
dive(ry, (7, Y) x /vy *
divi(py,c(r) (T, Y) /vy t
dZUC(F),l(F)(x7y) r/y T
dive(py(z,y) z/y *
€Qi(F)(907y) T =Yy T
€(JF,1(F)($ Y) T =Yy T
e%(F),F(xhy) T =y T
BQF,C(F)(xvy) T =Yy *
BQC(F),F(m)y) T =Yy *
eqi(ry,e(F) (T, Y) T =y f
6C]c(F),l(F)(xvy) r =Yy T
€4c(F) .T,y) r =Y *
neg;(r) (2, y) T /=y t
neqFl ( 7y) x /= Yy T
neqi(r), F( 7y) T /=Y T
Neqr.c F)( 7y) T /=Y *
neqe F)F( ' Y) z /=y *
negi(r) o(F) () T /=y t
ne(k( i(F) (CC, r /=Yy T
neqe(r) (ajv ) r /=Yy *
Issiry(2,y) r <y T
legi(r) (7, y) r <=y T
gtricry(z,y) r >y T
geqiry(z,y) T >=y t
absi(r)(z) abs () T
abse(ry(z) abs (x) *
phaser(x) ARG (x) T
phase;(py(x) ARG () T
phaseC(F)( x) ARG (x) *
phaseup (u, x) ARG(z, w) T
phaseu;py(u, ) ARG(x, w) T
phaseuqpy(u, ) ARG(x, u) T
signump(x) SIGN(x) T
signum; g () SIGN(x) T
signume g () SIGN(x) T
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where z, y and z are expressions of type FLT, and where xs is an expression of type array of
FLT.

The parameters for operations approximating real valued transcendental functions can be ac-
cessed by the following syntax:

box_error_mode-mul. box_err mul (x) T
mazx_err_mulyp) err mul (z) T
box_error_mode_div. ) box_err div(x) T
max_err_dive g err_div(x) t
MAT_err_exp.(r) err_exp(x) T
MAT_€rT_Power (r) err_power (z) T
Max_err_singr) err_sin(x) t
max-err tang r) err_tan(x) T

where x and u are expressions of type CFLT. Several of the parameter functions are constant for
each type (and library), the argument is then used only to differentiate among the floating point
types.

The LIA-3 elementary floating point operations are listed below, along with the syntax used
to invoke them:

poweripy 1(z,y) T KRk T
powercp) 1(z,y) T Kk Yy *? Not LIA-3
eTPi(F)—c(F)(T) EXP () t
expe(r)(T) EXP (z) N
powerp_e(p) (T, Y) T KEkE Y 1
powery(p) (T, y) T KRk y 1
power;(g) r(b,y) b *x y T
power (b, ) b x* x 1
powersgpy r(b.) boas y e
power (b, ) b x* «?
poweripy (r) (b, y) b *% y t
powerp) i(r) (b, T) b ** x T
powere(r)(z,y) TRk Y *
sqrtp_c(r)(T) SQRTC () T
sqrti(p)_,c(p)(:c) SQRT (x) T
sqrte(py () SQRT (x) *
lnp_m(p)(az) LOGC(x) T
Inp_c(r) () LOG(ABS(x))+I*arctan2(IMAGPART (x) ,x)) %
ln1(F)—>c(F)(l') LOG(x) t
15y () (@) LOG(ABS (2))+I*arctan2 (IMAGPART () ,REALPART (z))
Ingry(z) LOG (z) N
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logbasep_.q(r)(b, ) LOGC(x, b) (note parameter order) T
logbase; ) (b, ) LOG(z, b) (note parameter order) T
logbase; ) p(b, x) LOG(z, b) (note parameter order) T
logbaser;r (b, x) LOG(z, b) (note parameter order) T
logbase(ry,r (b, ) LOG(z, b) (note parameter order) T
logbase () (b, ) LOG(z, b) (note parameter order) T
logbase;(y o(r)(b; ) LOG(xz, b) (note parameter order) T
logbasec(ry i(ry (b, ) LOG(xz, b) (note parameter order) T
logbase(py (b, r) LOG(xz, b) (note parameter order) T
rad; g () RAD(x) T
rade gy (z) RAD(x) T
sin; gy () SIN(x) T
sinepy () SIN(x) *
cosi(p) () CoS(x) T
cose(py () cos(x) *
tan;(p)(x) TAN (x) T
tanypy(v) TAN (z) *
coty(ry(T) COT(x) T
coto(py () COT (x) *
seci(r)(T) SEC(x) T
sece(r) () SEC(x) T
csci(p) () CSC(x) T
csce(ry () CSC(x) T
arcsing_q(r) () ARCSINC(x) T
arcsing g () ARCSIN(x) T
arcsing gy(z) ARCSIN(x) *
arccosp_o(p) () ARCCOSC () T
arccosi(py—c(r) () ARCCOS () T
arccosq(g) () ARCCOS () *
arctan; g () ARCTAN(x) T
arctan; p)—q(r)(T) ARCTAN () T
arctangpy(z) ARCTAN () *
arccoty ) () ARCCOT (x) T
arccoti(py—e(r)() ARCCOT () T
arccot g () ARCCOT (z) *
arcsecp_o(p)(T) ARCSECC () T
arcseci(py—c(r) () ARCSEC () T
arcsecq(p) () ARCSEC () T
arcesCrp_q(r)(T) ARCCSCC(x) T
arcesc(py(T) ARCCSC(x) T
arccscc (F)(T) ARCCSC(x) T
radhp(x) RADH (x) T
radh; gy(z) RADH (x) T
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radhqpy(z) RADH () T
sinhir)(z) SINH(x) T
sinhe(py(z) SINH(x) *
coshipy(x) COSH(z) T
coshe(p) () COSH(x) *
tanh;py(z) TANH(z) T
tanhe ) () TANH(x) *
coth(py(x) COTH(x) T
cothe gy () COTH(x) *
sechi(py(z) SECH(x) T
seche(py () SECH(x) T
cschypy(T) CSCH(x) T
cschepy () CSCH(x) T
arcsinhi g () ARCSINH(x) T
aresinhi(py o) () ARCSINHC(x) T
arcsinhepy () ARCSINH(x) *
arccoshp_,c(p) (x) ARCCOSHC () T
arccoshi(py—e(r) () ARCCOSH (x) T
arccoshq(py(z) ARCCOSH () *
arctanhp_,q(r) () ARCTANHC () T
arctanhg)(z) ARCTANH (x) T
arctanhepy(z) ARCTANH (x) *
arccothp_q(r) () ARCCOTHC () T
arccothpy(z) ARCCOTH (z) T
arccothe py(z) ARCCOTH () *
arcsechp_q(p) () ARCSECHC () T
arcsechi(py—o(r)(x) ARCSECH () T
arcsechq(py(z) ARCSECH () T
arceschi g () ARCCSCH () ]
arceschi(py—e(r) () ARCCSCHC () T
arcesche gy () ARCCSCH (x) T

where b, x, y, u, and v are expressions of type CFLT.

Arithmetic value conversions in PL/I are can be explicit or implicit. The rules for when implicit
conversions are applied is not repeated here. The explicit arithmetic value conversions are usually
expressed as ‘casts’, except when converting to/from strings.

(mockup so far')

convert .y (x) Compose_From _Cartesian(z) t
converty(p HC(I) (x) Compose From Cartesian(x) T
converty i) () Compose From Cartesian(x) T
converty(ry—e(ry () Compose_From Cartesian(x) T
convertp_opy(T) Compose_From Cartesian(x) *
convertp_opy(z) x +1i* Im(x) or x + j * Im(x) T
converty py_.e(r) () Compose_From Cartesian(x) *
converty gy _o(r) () REALPART(z) + =z *
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convertypy_ir) () Compose _From Cartesian(z) T
convert oy _c(r)(T) Compose _From Cartesian(z) T
converti py_i(p) () Compose From Cartesian(x) T
converte p)y—c(p)y(T) Compose From Cartesian(z) T
converty py_ir)(z) Compose From Cartesian(r) T
converty py—c(r) () Compose_From Cartesian(x) T

complex I/O!!

where x is an expression of type INT, y is an expression of type FLT, and z is an expression of
type FXD, where FXD is a fixed point type. INT2 is the integer datatype that corresponds to I’.
A 7 above indicates that the parameter is optional. a is greater than 0.

Numerals...:

imaginary-unit;r ]
imaginary-uniter ]
imaginary-unit; g i or j *
imaginary-unit. g -0+i or -0+j *
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C.11 SML

The programming language SML is defined by The Definition of Standard ML (Revised) [59].
An implementation should follow all the requirements of LIA-2 unless otherwise specified by
this language binding.

The operations or parameters marked “i” are not part of the language and should be provided
by an implementation that wishes to conform to the LIA-3 for that operation. For each of the
marked items a suggested identifier is provided.

The SML datatype Boolean corresponds to the LIA datatype Boolean.

Every implementation of SML has at least one integer datatype, int, and at least one floating
point datatype, real. The notation INT is used to stand for the name of one of the integer
datatypes, and FLT is used to stand for the name of one of the floating point datatypes in what
follows.

The LIA-2 integer operations are listed below, along with the syntax used to invoke them:

itimesy_ip) () I*x T
itimes;(r)—() Ix*xuz T
itimes(r)(z) Ix*xx T
rer(x) real x T
re;(ry () real = T
req(r) () real z= T
imp(x) imag x T
im;(p) () imag x T
ime(ry(T) imag x T
plusitimes(ry(z,y) z+ 1%y T
negi(ry(x) -z T
nege(ry(x) -z T
conjr(x) conj = T
conjipy () conj x T
conjer) () conj x T
add;ry(z,y) T +y T
addr ) (,y) T +y T
addy(r) 1(,y) T +y T
addl,c([)(xay) Tty T
addc([),[(xay) Tty T
addi(py c(r) (7, y T +y T
addery i) (7, y) Tty T
addc([) :z,y) Tty f
sub(r)(z,y) r -y T
SUbI,l(I)(xay) r -y T
subi(r) 1(z,y) r -y T
SUbI,C(I)(x7y) r -y T
Sch(I),I(x7y) r -y T
subi(py,c(r) (T, y) T -y T
sube(r) i) (T, Y) T -y T
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sube(r) (z,y)

absiry(z)
signumy(x)
signumyp) ()

divides;ry(z,y)

dividesy () (7, y)
divides;ry,1(%,y)

maz;(r) (v, y)
mini([) (33, y)
maz_segi(ry(s)
min_seq;p(vs)

8
|
<

8 8 8 8 8 8 8 &
* K K X X X X ¥

ESEEN S SN SN S SN

8 8 8 8 8 8 8 &
I
I

L e e ew

8 8 8RR R
"
TR e’

8 8 8 8

abs(x)
signum(x)
signum(x)

divides(x, y)
divides(x, ¥)
divides(x, ¥)

max(x, y)
min(x, y)
maxseq(xs)
maxseq(zs)

where x and y are expressions of type CINT.

154

Working draft

—

— — — — — — — —F — — — — — — — —F

— — — — — — — —F

— = — — — — — = — —

— — — —

Ezxample bindings for specific languages



Working draft ISO/IEC CD 10967-3.1:2002(E)

The LIA-3 non-transcendental floating point operations are listed below, along with the syntax
used to invoke them:

itimesp(x) Ix*xx
itimes;(py— () Iz
itimes.(p () Ix*x
rep(z) real x
reir) () real x
reo(r)(T) real x
zmp( ) imag =
() imag x
im (F) (x) imag x
plusitimesp(z,y) complex (z, y)
neg ) () a
nege(r)(z) -
conjp(zx) conj x
conji(r) () conj =«
conje(py () conj x

—_ = = = — — — — — — — — — — —

8 8 8 8 8 8 8 8
+ 4+ 4+ + + + + o+
NSEENSEINSIIE S SN S SNy
— — — — — — — —

SUbl(F) (z,9)
subri(r) (z,y)
subpo(r)(2,Y)
SUbl(F ( )
sube(p ,Y)
SUbl(F),C(F) (90 Y)
sube(py,i(r) (T, Y)
Sch(F) (CE, y)

8 8 8 8 8 8 8 8
|
e e w
—_ = = = — — — —-

mUli(F) (z,9)

O K X X X ¥ ¥

e e w
—_ = = = — — — —-

88 8 8 8 8 8 8

8
~
<

divi(ry(z,y)
divpir (T, y)

8
~
<
— —
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d“)FC(F (.’E,y)
dZ,Ul(F ( Y )
dZUc(F ( T,y )
divy ) o(F)
divc(F),i(F (
divery(2,y)

T,y
z,y)

9

\_/v

€qi(F) (l’ y)
BQFI (33 y)
€qi(F),F ( )
€4F c(F) (z,y)
€qc(F),F (‘T y)
eqi(r)o(F) (T, )
€4c(F),i(F) (z,9)
€qc(F) (l’, y)

neqi(r)(,y)
neqriry (T, y)
neg; F)F( )
neqr,o(r) (T, y)
neqe(r),r(,y)
negi(r),e(r) (T, Y)
neqe(ryi(rF) (T, y)
neqe(r) (T, y)

T,y
T,y
Y

—~

phase; g ()
phasey (x)
phaseup(u, x)
phaseu;py(u, r)
phaseupy(u, )

signump(x)
signum;(g) ()
signume(g) ()

polarp(z,y)
polarup (u, z,y)

8 8 8 8 8 8
NN NN NN NN
L e e

88 8 8 8 8 8 8
|
|

L e e e e e

B R 88888 R
"
T el e R e

8 8 8 8

abs x
abs x

arg x
arg o
arg o
argu (u, x)
argu (u, )
argu (u, )

sign x
sign
sign =

polar (z,y)
polaru (u, x,y)

where z, y and z are expressions of type CFLT.
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The binding for the floor, round, and ceiling operations here take advantage of the unlimited
Integer type in SML, and that Integer is the default integer type.

The parameters for operations approximating real valued transcendental functions can be ac-

cessed by the following syntax:

box _error_mode_mulg
mazx_err-muly r

box_error_mode_dive )

max_err_dive r)

MAT_err_erpe(r)
MAT_€TT_POWET ¢( )

Max_err_singr)

max_err_tanc(g)

box_err_mul x
err_mul x

box_err_div x
err_div x

err_exp &
err_power T

err_sin x
err_tan x

1
I

where = and u are expressions of type FLT. Several of the parameter functions are constant for
each type (and library), the argument is then used only to differentiate among the floating point

types.

The LIA-3 elementary floating point operations are listed below, along with the syntax used

to invoke them:

powery(ry 1(b,y)

eTP;i(F) ()
expe(r) ()

pO’UJGTF_n F) €, y)

(
power;(py (fc Y)
powery gy, r(b,y)
powerg;(r) (b, )
powery gy, p(b,y)
powerg oy (b, )
power(F) c
powere(ryi(F)
powery gy (b, y)

sqrtp_c(r)(T)
$qTti(F)—e(F) (T)
sqrt(ry(x)

Inp_c(r) ()
ln’l( F)— CF)(:L‘)
Ini(py—e(r) (T)

(
Ingry(z)

logbase ()b, 7)

logbase; ) (b, )

C.11 SML

)
7 (b, y
(b,x

poweri (b, y)

exp r
exp x

powc (x, y)
pow (z, y)
pow (b, y)
pow (b, x)
pow (b, y)
pow (b, z)
pow (b, )
pow (b, z)
b pow y
sqrtc x
sqrt =
sqrt «

log (abs z) +:
log (abs z) +:

—_ = — — — — — — % — —

—_ = —-

arctan2 (imag x, x) f
arctan2 (imag x, real z)

log x t
log = T
Logc(z, b) (note parameter order) T
Log(x, b) (note parameter order) T
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logbase;(r) p (b, x)
logbaser;r (b, x)
logbasey(r) p (b, x)
logbasep () (b, )
logbase;(py o(ry(b; )
logbasec(ry i(ry(b; )
logbase(py (b, T)

arcsing_q(r) ()
arcsing g ()
arcsing gy (z)
arccos p_o(r) ()
arccosq(p ()
arctan;py(v)
arctan; p)—c(r)(T)
arctanggy(z)
arccoty ) ()
arccot( F)—e(F)(T)
arccoty() ()
arcsecp_o(py(T)
arcseci(py—c(r) ()
arcsecy(py ()
arcesCrp_q(r)(T)
arcesc(py(T)
arcescy(ry(T)
radhp ()
radh; gy(z)
radhe py()

Sﬂlhnpg(x)

Log(x, b)
Log(x, b)
Log(x, b)
Log(x, b)
Log(z, b)
Log(x, b)
logbase b x

radian x
radian x

sin
sin
cos
cos
tan
tan
cot
cot
sec
sec
csc

8 8 8 8 8 8 8 8 8 8 8 8

cscC

arcsinc x
arcsin x
arcsin x
arccosc T
arccos T
arctan x
atanc(x)
arctan «
arccot «
acotc(x)
arccot «
arcsecc T
arcsecc T
arcsec T
arccscc T
arccsc T
arccsc T

radianh x
radianh x

radianh x

sinh x

Working draft

(note parameter order) T
(note parameter order) T
(note parameter order) T
(note parameter order) T
(note parameter order) T
(note parameter order) T
T
T
T
]
T
]
T
T
T
T
T
T
T
T
T
T
T
T
T
T
T
T
T
T
]
]
]
]
T
T
T
T
T
T
T
T
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seche(r)(
cschipy ()
csch@(p)(x)

aresinhi gy ()
aresinhipy_e(r) ()
arcsinhe g ()
arccoshp_q () ()
arccoshpy(r) ()
arccoshe(py(z)
amﬁanthwuq(x)
arctanh; g ()
arctanhq gy(z)
arccothp_q(p) ()
arccoth; ) ()
arccothqpy(z)
arcsechp_,q(p) ()
arcsechi py_q(r)(T)
arcseche ) ()
arceschy gy ()
arceschi_q(r) ()
arceschy(p) ()

sinh
cosh
cosh
tanh
tanh
coth
coth
sech
sech
csch
csch

8 8 8 8 8 8 8 8 8 8 &

arcsinh x
arcsinhc z
arcsinh x
arccoshc «
arccosh z
arccosh x
arctanhc =
arctanh x
arctanh x
arccothc =
arccoth x
arccoth =
arcsechc =
arcsech x
arcsech x
arccsch x
arccschc z
arccsch x

Type conversions in SML are always explicit.

converty_qp) ()
convertyry_q(r) ()
convertp_py()
converthgﬁcln(x)

complex 10...77

x
.. x
r - I %0
-0 +x

or z - _Imaginary.I * O
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—_ = = = = = = — — — —-

—_ = = = = = — — — — — — — — — — — —i

where b, x, y, u, and v are expressions of type FLT, and z is an expressions of type INT

—_ = = —

where x is an expression of type INT, y is an expression of type FLT, and z is an expression of
type FXD, where FXD is a fixed point type. INT?2 is the integer datatype that corresponds to I’.
Numerals...:

imaginary-unityr ITI or _Imaginary II T
imaginary unity(r ((II1)) or _Complex II T
imaginary-unit; gy I or _Imaginary.I (%)
imaginary - unile gy ((I)) or _Complex._I *
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Annex E
(informative)

Possible changes to part 2

This annex indicates possible changes to ISO/IEC 10967-2:2001. A revision of part 2 is not
limited to the items listed below, nor guaranteed to be done as described below.

a) For the arcp operation, clause 5.3.8.15, the range limitation function should be redefined as
follows, so that the returned angle in for the proper quadrant:

arcﬁf (z,y) = max{upp(—n), min{arcy(z,y), downp(—7n/2)}}

ifr<Oandy<0

= max{upr(—7/2), min{arcy(z,y), downp(m/2)}}
ifxz>=0

= max{upp(7/2), min{arcy(z,y), downp(r)}}
ifr<Oandy >0

and the arcp specification should say (correcting the range limitation):

arcp(z,y) = result}(arcﬁ(m,y),nearestp)
if x,y € Fand (x # 0 or y # 0)
=0 ifr=0and y=0
= downp(m) ifr=—-0andy=0
= upp(m/2) ifr=—-0and ((y € F and y > 0) or y = +00)
= downp(—m/2) ifz=—0and ((y € Fand y < 0) or y = —00)
= negr(arcp(z,0)) ify=—0and z € FU{—00,—0,+00}
=0 ifr=4oc0candy € Fandy >0
=-0 ifr=4occandye€ Fand y <0
= nearestp(n/4) if z = 400 and y = 400
= upp(m/2) ifx € Fand y=+o0 and x <0
= downp(mw/2) ifre Fand y=+4o00 and x >0
= nearestp(3 - 7/4) if x = —00 and y = 400
= downp(m) ifr=—-occandye Fandy >0
= upp(—m) ifr=—-o0cand ye€ F and y <0
= nearestp(—3 - w/4) if + = —o00 and y = —o0
= downp(—m/2) ifz€ Fand y=—o00 and x < 0
= upp(—m/2) ifreFandy=—ooand x>0
= nearestp(—m/4) if 2 =400 and y = —00
= no_result2r(z,y) otherwise
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b) For the arcup operation, clause 5.3.9.15, the range limitation function should be redefined
as follows, so that the returned angle in for the proper quadrant:

arcuﬁ (u,z,y) = max{upp(—u/2), min{arcu},(u,z,y),downp(—u/4)}}
ifr<0andy<0
= max{upp(—u/4), min{arcu}(u, z,y), downp(u/4)}}
ifz>0
= max{upp(u/4), min{arcuj(u, z,y), downp(u/2)}}
ifr<Oandy >0

and the arcup specification should say (correcting the < vs. # typo as well as the range

limitation):
arcup(u,x,y) = result*F(arcuﬁ (u,x,y),nearestp)
ifue Gp and z,y € F and (x #0 or y # 0)

= mulp(u,0) ifue Gpandx € Fand x >0 and y =0
= downp(u/2) ifueGrpand x =—0and y =0and u >0
= upp(u/2) ifueGrpand x =—0and y=0and u <0
= upp(u/4) if ue Gp and z = —0 and

(ye Fandy >0)ory=+o00) and u >0
= downp(—u/4) if u € Gp and x = —0 and

((ye Fand y <0) or y =—00) and u > 0
= downp(u/4) if u € Gp and x = —0 and

((ye Fand y > 0) or y =+400) and u < 0
= upp(—u/4) if u € Gp and x = —0 and

(e Fandy <0)ory=—o0)and u<0
= negrp(arcup(u,x,0)) if u€ Gp and y=—0 and x € F U {—00,—0,400}

= mulp(0,u) ifueGrandx=4occandy € Fandy >0

= mulp(0, —u) ifueGrpand z =400 and y € Fand y <0

= nearestr(u/8) if u e Gp and © = 400 and y = +00

= upp(u/4) ifue Grpand z € F and y =400 and z-u < 0

= downp(u/4) ifue Grpand x € Fand y =400 and z-u >0

= nearestp(3 - u/8) if ue Gr and z = —o0 and y = +00

= downp(u/2) if u € Gp and x = —o00 and y € F and
y=20andu >0

= upp(—u/2) if ue Gp and x = —o0 and y € F and
y<0andu>0

= upp(u/2) if ue Gp and © = —o0 and y € F and
y>0and u<0

= downp(—u/2) if u€ Gp and z = —o0 and y € F and
y<0and u <0

= nearestp(—3 - u/8) ifue Gp and z = —o0 and y = —00

= downp(—u/4) ifueGrand x € Fand y=—oo and z-u <0

= upp(—u/4) ifue Gpand z € F and y = —o00 and z-u > 0

= nearestp(—u/8) if ue Gr and £ = 400 and y = —o0

= no_result3r(u, x,y) otherwise
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