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Foreword

ISO (the International Organization for Standardization) and IEC (the International Electrotech-
nical Commission) form the specialised system for world-wide standardization. National bodies
that are members of ISO or IEC participate in the development of International Standards through
technical committees established by the respective organization to deal with particular fields of
technical activity. ISO and IEC technical committees collaborate in fields of mutual interest.
Other international organisations, governmental and non-governmental, in liaison with ISO and
IEC, also take part in the work.

International Standards are drafted in accordance with the rules in the ISO/IEC Directives,
Part 3.

In the field of information technology, ISO and IEC have established a joint technical commit-
tee, ISO/IEC JTC 1, Implementation of information technology. Draft International Standards
adopted by the joint technical committee are circulated to national bodies for voting. Publication
as an International Standard requires approval by at least 75 % of the national bodies casting a
vote.

Attention is drawn to the possibility that some of the elements of this part of ISO/IEC 10967
may be the subject of patent rights. ISO and TEC shall not be held responsible for identifying
any or all such patent rights.

International Standard ISO/IEC 10967-3 was prepared by Joint Technical Committee ISO/IEC
JTC 1, Implementation of information technology, Subcommittee SC 22, Programming languages,
their environments and system software interfaces.

ISO/TEC 10967 consists of the following parts, under the general title Information technology
— Language independent arithmetic:

— Part 1: Integer and floating point arithmetic
— Part 2: Elementary numerical functions

— Part 8: Complex floating point arithmetic and complex elementary numerical functions

Additional parts will specify other arithmetic datatypes or arithmetic operations.

Annex B is informative and is intended to be read in parallel with the main
normative text of the standard.

Notes and Annexes B, C, and D as well as notes are informative.

vii
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Introduction

The aims

Portability is a key issue for scientific and numerical software in today’s heterogeneous com-
puting environment. Such software may be required to run on systems ranging from personal
computers to high performance pipelined vector processors and massively parallel systems, and
the source code may be ported between several programming languages.

Part 1 of ISO/IEC 10967 specifies the basic properties of integer and floating point types that
can be relied upon in writing portable software.

Part 2 of ISO/IEC 10967 specifies a number of additional operations for integer and floating
point types, in particular specifications for numerical approximations to elementary functions on
reals.

The content

The content of this part is based on part 1 and part 2, and extends part 1’s and part 2’s
specifications to specifications for operations approximating integer complex (Gaussian integers)
arithmetic, real complex arithmetic, and real complex elementary functions.

The numerical functions covered by this part are computer approximations to mathematical
functions of one or more complex arguments. Accuracy versus performance requirements often
vary with the application at hand. This is recognised by recommending that implementors support
more than one library of these numerical functions. Various documentation and (program avail-
able) parameters requirements are specified to assist programmers in the selection of the library
best suited to the application at hand.

The benefits

Adoption and proper use of this part can lead to the following benefits.

Language standards will be able to define their arithmetic semantics more precisely without
preventing the efficient implementation of their language on a wide range of machine architectures.

Programmers of numeric software will be able to assess the portability of their programs in
advance. Programmers will be able to trade off program design requirements for portability in
the resulting program.

Programs will be able to determine (at run time) the crucial numeric properties of the imple-
mentation. They will be able to reject unsuitable implementations, and (possibly) to correctly
characterize the accuracy of their own results. Programs will be able to extract apparently imple-
mentation dependent data (such as the exponent of a floating point number) in an implementation
independent way. Programs will be able to detect (and possibly correct for) exceptions in arith-
metic processing.

End users will find it easier to determine whether a (properly documented) application program
is likely to execute satisfactorily on their platform. This can be done by comparing the documented
requirements of the program against the documented properties of the platform.

Finally, end users of numeric application packages will be able to rely on the correct execution
of those packages. That is, for correctly programmed algorithms, the results are reliable if and
only if there is no notification.

viii
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Information technology —
Language independent arithmetic —

Part 3: Complex arithmetic and complex elementary numerical functions

1 Scope

This part of ISO/IEC 10967 defines the properties of numerical approximations for complex arith-
metic operations and many of the complex elementary numerical functions available in standard
libraries for a variety of programming languages in common use for mathematical and numerical
applications.

An implementor may choose any combination of hardware and software support to meet the
specifications of this part. It is the computing environment, as seen by the programmer /user, that
does or does not conform to the specifications.

The term implementation of this part denotes the total computing environment pertinent to this
part, including hardware, language processors, subroutine libraries, exception handling facilities,
other software, and documentation.

1.1 Inclusions

The specifications of part 1 and part 2 are included by reference in this part.

This part provides specifications for numerical functions for which operand or result values are
of complex integer or complex floating point datatypes constructed from integer and floating point
datatypes satisfying the requirements of part 1. Boundaries for the occurrence of exceptions and
the maximum error allowed are prescribed for each specified operation. Also the result produced
by giving a special value operand, such as an infinity, or a NalN, is prescribed for each specified
floating point operation.

This part provides specifications for

a) basic complex integer (Gaussian integer) operations,

b) non-transcendental Cartesian complex floating point operations,

)
¢) exponentiations, logarithms, hyperbolics, and
d) trigonometric operations for Cartesian complex floating point.

This part also provides specifications for

e) the results produced by an included floating point operation when one or more operand
values include IEC 60559 special values, and

f) program-visible parameters that characterise certain aspects of the operations.

1. Scope 1
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1.2 Exclusions

This part provides no specifications for:

a) Datatypes and operations for polar complex floating point. This standard neither requires
nor excludes the presence of such polar complex datatypes and operations.

b) Numerical functions whose operands are of more than one datatype. This standard neither
requires nor excludes the presence of such “mixed operand” operations.

c) A complex interval datatype, or the operations on such data. This standard neither requires
nor excludes such data or operations.

d) A complex fixed point datatype, or the operations on such data. This standard neither
requires nor excludes such data or operations.

e) A complex rational datatype, or the operations on such data. This standard neither requires
nor excludes such data or operations.

f) Matrix, statistical, or symbolic operations. This standard neither requires nor excludes such
data or operations.

g) The properties of complex arithmetic datatypes that are not related to the numerical process,
such as the representation of values on physical media.

h) The properties of integer and floating point datatypes that properly belong in language
standards or other specifications. Examples include

1) the syntax of numerals and expressions in the programming language,

2) the syntax used for parsed (input) or generated (output) character string forms for
numerals by any specific programming language or library,

3) the precedence of operators,

4) the consequences of applying an operation to values of improper datatype, or to unini-
tialised data,

5) the rules for assignment, parameter passing, and returning value,

6) the presence or absence of automatic datatype coercions.

Furthermore, this part does not provide specifications for:

i) how numerical functions should be implemented,

j) which algorithms are to be used for the various operations.

2 Conformity

It is expected that the provisions of this part of ISO/IEC 10967 will be incorporated by reference
and further defined in other International Standards; specifically in language standards and in
language binding standards.

A binding standard specifies the correspondence between one or more datatypes, operations,
and parameters specified in this part and the concrete language syntax of some programming
language. More generally, a binding standard specifies the correspondence between certain oper-
ations and the elements of some arbitrary computing entity. A language standard that explicitly
provides such binding information can serve as a binding standard.

2 Conformity
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Conformity to this part is always with respect to a specified set of datatypes and set of opera-
tions. Conformity to this part implies conformity to part 1 and part 2 for the integer and floating
point datatypes and operations used.

When a binding standard for a language exists, an implementation shall be said to conform to
this part if and only if it conforms to the binding standard. In case of conflict between a binding
standard and this part, the specifications of the binding standard takes precedence.

When a binding standard covers only a subset of the datatypes and operations defined in this
part, an implementation remains free to conform to this part with respect to other datatypes or
operations independently of that binding standard.

When no binding standard for a language and some operations specified in this part exists, an
implementation conforms to this part if and only if it provides one or more datatypes and one or
more operations that together satisfy all the requirements of clauses 5 through 8 that are relevant
to those datatypes and operations. The implementation shall then document the binding.

An implementation is free to provide datatypes or operations that do not conform to this part,
or that are beyond the scope of this part. The implementation shall not claim or imply conformity
to this part with respect to such datatypes or operations.

An implementation is permitted to have modes of operation that do not conform to this part.
A conforming implementation shall specify how to select the modes of operation that ensure
conformity.
NOTES

1 Language bindings are essential. Clause 8 requires an implementation to supply a binding
if no binding standard exists. See annex C for suggested language bindings.

2 A complete binding for this part will include (explicitly or by reference) a binding for
part 2 and part 1 as well, which in turn may include (explicitly or by reference) a binding
for TEC 60559 as well.

3 It is not possible to conform to this part without specifying to which set of datatypes and
set of operations conformity is claimed.

3 Normative references

The following standards contain provisions which, through reference in this text, constitute pro-
visions of this part. At the time of publication, the editions indicated were valid. All standards
are subject to revision, and parties to agreements based on this part are encouraged to investigate
the possibility of applying the most recent edition of the standards indicated below. Members of
IEC and ISO maintain registers of currently valid International Standards.

TEC 60559:1989, Binary floating-point arithmetic for microprocessor systems.

ISO/IEC 10967-1:2002, Information technology — Language independent arithmetic
— Part 1: Integer and floating point arithmetic.

ISO/IEC 10967-2:2000, Information technology — Language independent arithmetic
— Part 2: Elementary numerical functions.

3. Normative references 3
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4 Symbols and definitions

4.1 Symbols
4.1.1 Sets and intervals

In this part, Z denotes the set of mathematical integers, G denotes the set of Gaussian integers
(complex integers), R denotes the set of classical real numbers, and C denotes the set of complex
numbers over R. Note that Z C R C C.

[x, z] designates the interval {y € R | x <y < z},
|z, 2] designates the interval {y € R | z < y < z},
[z, z] designates the interval {y € R | z < y < z}, and
|z, z[ designates the interval {y € R | z <y < z}.

NOTE - The notation using a round bracket for an open end of an interval is not used, for
the risk of confusion with the notation for pairs.

4.1.2 Operators and relations

All prefix and infix operators have their conventional (exact) mathematical meaning. The con-
ventional notation for set definition and manipulation is also used. In particular this part uses

= and < for logical implication and equivalence
+, —, /, and |z| on complex values

- for multiplication on complex values

<, &, =, #, >, and > between reals

U, N, x, € ¢, C, C, ¢, #, and = with sets

x for the Cartesian product of sets

— for a mapping between sets

4.1.3 Mathematical functions

This part specifies properties for a number of operations numerically approximating some of the
elementary functions. The following ideal mathematical functions are defined in Chapter 4 of the
Handbook of Mathematical Functions with Formulas, Graphs, and Mathematical Tables [43] (e is
the Napierian base):

€T

e”, z¥, /[, In, log,,
sinh, cosh, tanh, coth, sech, csch, arcsinh, arccosh, arctanh, arccoth, arcsech, arccsch,
sin, cos, tan, cot, sec, csc, arcsin, arccos, arctan, arccot, arcsec, arccsc.

Many of the inverses above are multi-valued. The selection of which value to return, the
principal value, so as to make the inverses into functions, is done in the conventional way. E.g.,
Vz € [0,00] when z € [0, co].

4.1.4 Datatypes and exceptional values

The datatype Boolean consists of the two values true and false.
Integer datatypes and floating point datatypes are defined in part 1.

Let I be the non-special value set for an integer datatype conforming to part 1. Let F' be the
non-special value set for a floating point datatype Conforming to part 1. The following symbols
are defined in part 1 or part 2, and used in this part.

4 Symbols and definitions
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Exceptional values:
overflow, underflow, invalid, infinitary, and absolute_precision_underflow.
Integer operations:
negr, addy, suby, and mul;y.
Floating point helper functions:
er, up, resulty, and rndp.
Floating point operations from part 1:
signg, negr, addr, subp, mulr, and divp.
Floating point operations from part 2:
sqrtg, hypotr, expr, powerr, Ing, logbaser
sinhg, coshp, tanhg, cothp, sechp, cschp,
arcsinhp, arccoshp, arctanhp, arccothy, arcsechr, arccschp,
radrp, sing, cosg, tang, cotp, secp, cscp,
arcsing, arccosy, arctanp, arccotp, arcsecr, arccsScr, arcp.

Floating point datatypes that conform to part 1 shall, for use with this part, have a value for
the parameter pr such that prp > 2 - max{l,log,.(2- )}, and have a value for the parameter
eming such that eming < —pp — 1.

NOTES

1 This implies that fminNp < 0.5 - epsilong/rp in this part, rather than just fminNp <
epsilong.

2 These extra requirements, which do not limit the use of any existing floating point datatype,

are made so that angles in radians are not too degenerate within the first two cycles, plus
and minus, when represented in F'.

3 F should also be such that pr > 2+4log,.(1000), to allow for a not too coarse angle resolution
anywhere in the interval [—big_angle_rp, big_.angle_rr]. See clause 5.3.9 of part 2.

The following symbols represent floating point values defined in IEC 60559 and used in this
part:

—0, 400, —00, gNaNN, and sNaN.
These floating point values are not part of the set F, but if iec_559r has the value true, these
values are included in the floating point datatype corresponding to F'.

NOTE 4 — This part uses the above five special values for compatibility with IEC 60559. In
particular, the symbol —0 (in bold) is not the application of (mathematical) unary — to the
value 0, and is a value logically distinct from 0.

The specifications cover the results to be returned by an operation if given one or more of the
IEC 60559 special values —0, +00, —o0, or NaNNs as input values. These specifications apply only
to systems which provide and support these special values. If an implementation is not capable
of representing a —0 result or continuation value, the actual result or continuation value shall be
0. If an implementation is not capable of representing a prescribed result or continuation value
of the IEC 60559 special values 400, —00, or qNaN, the actual result or continuation value is
binding or implementation defined.

4.2 Definitions of terms

For the purposes of this part, the following definitions apply:

accuracy: The closeness between the true mathematical result and a computed result.
arithmetic datatype: A datatype whose non-special values are members of Z, G, R, or C.

continuation value: A computational value used as the result of an arithmetic operation when
an exception occurs. Continuation values are intended to be used in subsequent arithmetic

4.2 Definitions of terms 5
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processing. A continuation value can be a (in the datatype representable) value in R or an
IEC 60559 special value. (Contrast with ezceptional value. See 6.1.2 of part 1.)

denormalisation loss: A larger than normal rounding error caused by the fact that subnormal
values have less than full precision. (See 5.2.5 of part 1 for a full definition.)

error: (1) The difference between a computed value and the correct value. (Used in phrases like
“rounding error” or “error bound”.)

(2) A synonym for ezception in phrases like “error message” or “error output”. Error and
exception are not synonyms in any other context.

exception: The inability of an operation to return a suitable finite numeric result from finite
arguments. This might arise because no such finite result exists mathematically, or because
the mathematical result cannot be represented with sufficient accuracy.

exceptional value: A non-numeric value produced by an arithmetic operation to indicate the
occurrence of an exception. Exceptional values are not used in subsequent arithmetic pro-
cessing. (See clause 5 of part 1.)

NOTES

1 Exceptional values are used as part of the defining formalism only. With respect to
this part, they do not represent values of any of the datatypes described. There is no
requirement that they be represented or stored in the computing system.

2 Exceptional values are not to be confused with the NaNs and infinities defined in
IEC 60559. Contrast this definition with that of continuation value above.

helper function: A function used solely to aid in the expression of a requirement. Helper func-
tions are not visible to the programmer, and are not required to be part of an implementation.

implementation (of this part): The total arithmetic environment presented to a programmer,
including hardware, language processors, exception handling facilities, subroutine libraries,
other software, and all pertinent documentation.

literal: A syntactic entity denoting a constant value without having proper sub-entities that are
expressions.

monotonic approximation: An floating point operation opg : ... x F' x ... — F, for a floating
point datatype with non-special value set F', where the other arguments are kept constant,
is a monotonic approximation of a predetermined mathematical function h : R — R if, for
every a € Fandbe F, a <b,

a) h is monotonic non-decreasing on [a, b] implies opp(...,a,...) < opp(..., b, ...),
b) h is monotonic non-increasing on [a, b] implies opp(...,a,...) = opr(..., b, ...).
monotonic non-decreasing: A function h : R — R is monotonic non-decreasing on a real

interval [a,b] if for every z and y such that a < z < y < b, h(z) and h(y) are well-defined
and h(z) < h(y).

monotonic non-increasing: A function h : R — R is monotonic non-increasing on a real
interval [a,b] if for every z and y such that « < z < y < b, h(z) and h(y) are well-defined
and h(z) > h(y).

normalised: The non-zero values of a floating point type F' that provide the full precision allowed
by that type. (See Fy in 5.2 of part 1 for a full definition.)

notification: The process by which a program (or that program’s end user) is informed that an
arithmetic exception has occurred. For example, dividing 2 by 0 results in a notification.
(See clause 6 of part 1 for details.)

6 Symbols and definitions
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numeral: A numeric literal. It may denote a value in Z or R, —0, an infinity, or a NaN.

numerical function: A computer routine or other mechanism for the approximate evaluation of
a mathematical function.

operation: A function directly available to the programmer, as opposed to helper functions or
theoretical mathematical functions.

pole: A mathematical function f has a pole at xg if z is finite, f is defined, finite, monotone,
and continuous in at least one side of the neighbourhood of xp, and lim f(z) is infinite.
T—TQ

precision: The number of digits in the fraction of a floating point number. (See clause 5.2 of
part 1.)

rounding: The act of computing a representable final result for an operation that is close to the
exact (but unrepresentable) result for that operation. Note that a suitable representable
result may not exist (see 5.2.6 of part 1). (See also A.5.2.6 of part 1 for some examples.)

rounding function: Any function rnd : R — X (where X is a given discrete and unlimited sub-
set of R) that maps each element of X to itself, and is monotonic non-decreasing. Formally,
if x and y are in R,

reX=>rndlz)==z
z <y = rnd(z) < rnd(y)

Note that if u € R is between two adjacent values in X, rnd(u) selects one of those adjacent
values.

round to nearest: The property of a rounding function rnd that when u € R is between two
adjacent values in X, rnd(u) selects the one nearest u. If the adjacent values are equidistant
from u, either may be chosen deterministically.

round toward minus infinity: The property of a rounding function rnd that when v € R is
between two adjacent values in X, rnd(u) selects the one less than w.

round toward plus infinity: The property of a rounding function rnd that when u € R is
between two adjacent values in X, rnd(u) selects the one greater than w.

shall: A verbal form used to indicate requirements strictly to be followed in order to conform to
the standard and from which no deviation is permitted. (Quoted from the directives [1].)

should: A verbal form used to indicate that among several possibilities one is recommended as
particularly suitable, without mentioning or excluding others; or that (in the negative form)
a certain possibility is deprecated but not prohibited. (Quoted from the directives [1].)

signature (of a function or operation): A summary of information about an operation or func-
tion. A signature includes the function or operation name; a subset of allowed argument
values to the operation; and a superset of results from the function or operation (including
exceptional values if any), if the argument is in the subset of argument values given in the
signature.

The signature
addr : I x I — I U {overflow}

states that the operation named add; shall accept any pair of I values as input, and (when
given such input) shall return either a single I value as its output or the exceptional value
overflow.

4.2 Definitions of terms 7
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A signature for an operation or function does not forbid the operation from accepting a
wider range of arguments, nor does it guarantee that every value in the result range will
actually be returned for some input. An operation given an argument outside the stipulated
argument domain may produce a result outside the stipulated result range.

subnormal: The non-zero values of a floating point type F' that provide less than the full precision
allowed by that type. (See Fp in 5.2 of part 1 for a full definition.)

ulp: The value of one “unit in the last place” of a floating point number. This value depends on
the exponent, the radix, and the precision used in representing the number. Thus, the ulp
of a normalised value z (in F), with exponent ¢, precision p, and radix r, is r/"?, and the
ulp of a subnormal value is fminDp. (See 5.2 of part 1.)

5 Specifications for complex datatypes and operations

This clause specifies Gussian integer (complex integer) datatypes, complex floating point datatypes
and a number of helper functions and operations for complex integer and complex floating point
datatypes.

Each operation is given a signature and is further specified by a number of cases. These cases
may refer to other operations (specified in this part, in part 1, or in part 2), to mathematical
functions, and to helper functions (specified in this part, in part 1, or in part 2). They also use
special abstract values (—oo, +00, —0, qNalN, sNaN). For each datatype, two of these abstract
values may represent several actual values each: qINalN and sNalN. Finally, the specifications
may refer to exceptional values.

The signatures in the specifications in this clause specify only all non-special values as input
values, and indicate as output values a superset of all non-special, special, and exceptional values
that may result from these (non-special) input values. Exceptional and special values that can
never result from non-special input values are not included in the signatures given. Also, signatures
that, for example, include IEC 60559 special values as arguments are not given in the specifications
below. This does not exclude such signatures from being valid for these operations.

5.1 Complex integer datatypes and operations

Clause 5.1 of part 1 and clause 5.1 of part 2 specify integer datatypes and a number of operations
on values of an integer datatype. In this clause complex integer (Gaussian integer) datatypes and
operations on values of a complex integer datatype are specified.

A complex integer datatype is constructed from an integer datatype. For each integer datatype,
there is one complex integer datatype.

1 is the set of non-special values, I C Z, for an integer datatype conforming to part 1. Integer
datatypes conforming to part 1 often do not contain any NalN or infinity values, even though they
may do so. Therefore this clause has no specifications for such values as arguments or results.

i(I) is the set of non-special values in a imaginary integer datatype, constructed from the
datatype corresponding to I.

i(I)={i-4' | </’ eI}
c(I) is the set of non-special values in a complex integer datatype, constructed from the datatype

corresponding to I.
cl)={z+1i-2' | =2 €I}

8 Specifications for complex datatypes and operations
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5.1.1 The complex integer result helper function

The result.r) helper function:
resultery : G — ¢(I) U {overflow }
resultery(z) = result;(Re(z)) +1- result;(Im(z))

NOTE - If one or both of the result; function applications on the right side returns overflow,
then the result. ) application returns overflow. Similarly below for the specifications that
do not use result. ;) but specify the result parts directly.

5.1.2 Complex integer operations

itimesy : I — i(I) U {overflow}

itimesy(x) =1z

itimesc(ry : ¢(I) — c¢(I) U {overflow}
itimese(r)(z +1- ')
=negr(z')+1-z

ref: I — 1T

rer(z) =z

7"61([) : I(I) i

ey (- x') =0

reqn(z+i-z) ==
imyp: I — 1
imp(zx) =0

imypy (- z') =z

imc(]) : C(I) — 1

~

imyp(z+1i-2')==

plusitimesery : I x I — c(I)
plusitimes,r)(z,y)

=z4+1i-y

negyr : i(I) — i(I) U {overflow}

negyry(i-z')  =1i-negr(z')

nege(r) : ¢(I) — ¢(I) U {overflow}

5.1.1 The complex integer result helper function 9
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nege(ry(z+1- ')
=negr(z) +1-negr(z’)

conjr : I — I U {overflow}

conjr(x) =z

conji(ry : i(I) — i(I) U {overflow}
1

conjin(i-z') =1-negr(a’)

conjer : ¢(I) = c(I) U {overflow}

conjory(z+1- ')
=z +1-negr(z')

addyry = i(I) x i(I) — i() U {overflow }
/
=1-add;(z',y)
add gy : ¢(I) x c(I) = ¢(I) U {overflow}
addery(z+1-2',y+1-9)

= addp(z,y) +1-addp(z',y')

subypy : i(I) x i(I) —i(I) U {overflow}
suby(ry (T, y) = addy(ry(z, negir)(y))

sube(ry : ¢(I) x ¢(I) — ¢(I) U {overflow}
subery(z,y) = addepy(z,neger)(y))

mulery : c(I) x ¢(I) — ¢(I) U {overflow}

mulyry(z+1i-2',y+1-9)
= resultypy((z +1i-2') - (y+1-9))

if z,y € c(I)
eqe(r) : c(I) x ¢(I) — Boolean
eqe(r) (7, y) = true ifz,y€c(l)andz =y
= false ifz,y €c(l)and z #y
neqqry : ¢(I) x ¢(I) — Boolean
neqe(ry (=, y) = true ifz,y €c(l)and z #y
= false ifz,y€c(l)and z =y

Working draft
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5.2 Complex floating point datatypes and operations

Clause 5.2 of part 1 and clause 5.2 of part 2 specify floating point datatypes and a number of
operations on values of a floating point datatype. In this clause complex floating point datatypes
and operations on values of a complex floating point datatype are specified.

NOTE - Further operations on values of a complex floating point datatype, for elementary
complex floating point numerical functions, are specified in clause 5.3.

F' is the non-special value set, F' C R, for a floating point datatype conforming to part 1.
Floating point datatypes conforming to part 1 often do contain —O0, infinity, and NalN values.
Therefore, in this clause there are specifications for such values as arguments.

i(F) is the set of non-special values in a imaginary floating point datatype, constructed from
the datatype corresponding to F.

i(F)={i-y | yeF}
c(F) is the set of non-special values in a complex floating point datatype, constructed from the
datatype corresponding to F.

c(Fy={z+1-2' | 2,2/ € F}

5.2.1 The complex floating point result helper functions

resulty gy : C % (R — F*) — F U{underflow, overflow}

resulty p (z,rnd)
= result},(Re(z), rnd) + 1 - result},(Im(z), rnd)
overflow, underflow, ... combination...!, (inexact)??77?
resulty is defined in part 2.
Define the no_resuli,ry and no_result2. ) helper functions:
no_resultypy : ¢(F) — {invalid}
no_resully py(z +1- z')
= gNaN +1-qNaN if z is a quiet NaN and 2’ is not a signalling NaN
= qNaN + 1. qNaN if / is a quiet NaN and z is not a signalling NaN
= invalid(gNaN + i - gNaN)
if z,2' € FU{—00,—0,400}
= invalid(gNaN + i - gNaN)
if z is a signalling NaN or z’ is a signalling NaN

no_resultZ,ry : ¢(F) x ¢(F) — {invalid }

no_resultZpy(z +1- o',y +1-y')
= gNaN +1-qNaN if z is a quiet NaN and neither z’, y, nor
y' is a signalling NaN
=gNaN +1-qNaN if / is a quiet NaN and neither z, y, nor
y' is not a signalling NaN
=gNaN +1-qNaN if y is a quiet NaN and neither z, 2/, nor
y' is not a signalling NaN
= qNaN +1i-gNaN if ' is a quiet NaN and neither z, z’, nor
y is not a signalling NaN
= invalid(gNaN + 1 - gNaN)
ifz,2',y,y € FU{—00,—0,+00}
= invalid(gNaN + i - gNaN)
if at least one of z, 2, y, or ¢ is a signalling NaN

5.2 Complez floating point datatypes and operations 11
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These helper functions are used to specify both NaN argument handling and to handle non-NaN-
argument cases where invalid(qNaN + i- gNaN) is the appropriate result.

NOTE - The handling of other special values, if available, is left unspecified by this part.
5.2.2 Basic arithmetic for complex floating point
itimesp : F' — i(F) U {overflow }
x

itimesy (x) =1

itimesc(ry : ¢(F) — ¢(F) U {overflow}
itimese(p)(z +1- ')
=negp(z')+1-z

rep: F — F

rep(z) =z

’imc(p) : C(F) — F

imery(z+1-2)

plusitimesypy : F' X F' — c(F)
plusitimes, gy (7, y)
=z4+1-y

negipy : i(F) — i(F)
negip)(i-2')  =1-negrp(z’)
nege(ry : ¢(F) — c(F)
negery(z +1- ')

= negr(z) +1- negr(z')

conjp: F = F

12 Specifications for complex datatypes and operations
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conj p(x) =z

congy gy : i(F) = i(F)

confipy(i-2') =1-negr(z)

conjopy : c(F) = c(F)

conjo(py(z+1-2')
=z+4+1-negp(z)

add;py : i(F) x i(F) = i(F) U {overflow }

!/

addipy(i- o',y

addp(z,2") +1- addp(y,y')

subypy i(F) x i(F) = i(F) U {overflow }

subypy(i-2',1-y')
=1.subp(z,y)

sube(ry : ¢(F) X ¢(F) — ¢(F) U {overflow }
Sch(F) (]77 y) = addc(F) (:L‘, nege(r) (y))

mulipy 2 i(F) x i(F) — F U {overflow}
mulip) (- z,1-2")
= negr(mulp(z,1'))

NOTE 1 — mul.p) is specified in clause 5.2.3

divi(py - i(F) xi(F) — F U {overflow}
divipy(i-z,1-2")

= divp(z, ")
NOTE 2 - div.(r) is specified in clause 5.2.3

eqe(r) : ¢(F) x ¢(F) — Boolean

eqe(r) (2, y) = true ifr,y€c(F)and z =y
= false ifr,y €c(F) and z #y

Neqe(F) : c(F) x ¢(F) — Boolean
neqery(z,y) = true ifz,y € c(F)and z #y

= false ifr,y€c(F)and z =y

absi(F) : I(F) — F

absypy(i-2') = absp(a')

5.2.2 Basic arithmetic for complex floating point 13
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abse(p) : ¢(F) — F U {underflow, overflow }
absepy(r+1- 1)
= hypotp(z,')

phasep : F — F

phasep(x) = arcp(z,—0)

phaseypy 1 i(F) — F

phaseipy(i-z') = arcp(—0,1')

phasery : ¢(F) — F U {underflow}

phasecpy(rz+1- ')
= arcp(z, ')

signi(py : i(F) — i(F)

signypy(i-a2') =1-signp(z)

signe(ry * ¢(F) = ¢(F) U {underflow}

signe(py (T +1-2')
= sinp(arcp(z,2')) + 1+ cosp(arcp(z, ')

5.2.3 Complex multiplication and division

There shall be two maximum error parameters for complex multiplication and division.

maz_error_muly gy € F
maz_error divypy € F

no monotonicity requirements? no sign requirements? dependency on argument values?
The mul:( ) approximation helper function:
mul:(F) :CxC—C
mulz( F) (x,y) returns a close approximation to z -y in C with maximum error mazx_error_muly g).
Further requirement on the mulz( F) approximation helper function are:
muly ) (2, 2') = mul;k(F)(z’, z) if z,2/ €C
mul:(F)(—z,z') = —muly p (2,2") if 2,2 €C
muly (conj(z), conj(z')) = conj (mulé‘(F) (2,2"))
if 2,2/ €C
The mul.ry operation:
mulepy : ¢(F) X ¢(F) — ¢(F) U{—0...,underflow, overflow}
mulepy(z+1-2',y+1-y)
= result{ (mul:(F) (z+i-2y+1i-y))
ifz+i-z'y+i-y €c(F)andz+i-2' #0andy+1-y' #0

= subp(mulp(z,y), mulp(z',y")) + 1+ addp (mulp(z,y"), mulp(z', y))
otherwise

The div(’f( ) approximation helper function:
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Working draft ISO/IEC WD 10967-3.1:2000(E)

divf py :C X C = C

dz’vz( F) (z,y) returns a close approximation to z/y in C with maximum error maz_error dive ).
Further requirement on the div(’f( ) approximation helper function are:
divz‘(F)(—z,z') = —div:(F)(z, 2" if 2,27 €Cand 2 #0
divy (2, -2 = —divyp (2,7) if z,2/ €Cand 2 #0
divy ) (conj(z),conj(z')) = conj (dz’vz‘(F) (2,2"))
if 2,2/ €Cand 2 #0

[«]

The diver) operation:
divepy 1 ¢(F) x ¢(F) = ¢(F) U{—0...,underflow, overflow, infinitary, invalid }
divepy(z+i-2y+i-y')
= result;p, (div:(F) (x+1-2y+1-v))
ifr+i-2,y+1i-y €c(F)and |y| # |y]
=777 otherwise

5.3 Elementary transcendental complex floating point operations
5.3.1 Operations for exponentiations and logarithms

There shall be two maximum error parameters for complex exponentiations and logarithms.

maz_error expyry € F
maz_error_poweryry € F

no monotonicity requirements? no sign requirements? dependency on argument values?

5.3.1.1 Natural exponentiation

The ewp:( ) approximation helper function:
eacp’ck( P C—¢C
expz( F)(z) returns a close approximation to € in C with maximum error maz_error_erp. r).
A further requirement on the e:z:p’ck( ) approximation helper function is:
emp:(F)(conj(z)) = conj(epo(F) (2)) ifzeC

The relationship to the cos},, siny, and exp}, approximation helper functions in an associated
library for real-valued operations shall be:

TPy () (i-2') = cosi(z') +1- sin¥(z') ifz' eR
€Ty () () = expy(x) ifreR
...cyclic rep. in general...
The ezp.(r) operation:
erpe(ry : ¢(F) — ¢(F) U {underflow, overflow, absolute_precision_underflow }
expe(py(r +1- ')
= result:(F)(epr(F) (x +1-2"),nearestr)
ifx+1-2' € ¢(F) and |2'| < big_angle_rp
= exper)(0+1-2") ifzx=-0

= CO"jc(F) (6$pc(F) (]7 +1i- 0))
ifz/ =—0and z # —0
= mulp(0,cosp(z")) +1 - mulp(0, sinp(z'))

5.3 Elementary transcendental complez floating point operations 15
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if z =—o00 and #’ € F and |2'| < big_angle_rp
= mulp(+00, cosp(z')) + 1 - mul p(+00, smF( )
if z =400 and 2’ € F and |2z'| < big_angle_rp and 2’ # 0
=400+4+1:0 ifz =400 and 2’ € F and 2’ =0
= radhypy(z +1-2') otherwise
NOTE - radher) is specified in clause 5.3.3.1.

5.3.1.2 Complex exponentiation of argument base

The power:( ) approximation helper function:
power;k(F) :CxC—C
powerz‘( F) (b, z) returns a close approximation to b* in C with maximum error Max_error_power (r).
A further requirement on the power:( ) approximation helper function is:
Powery p (conj(b), conj(z)) = conj (power;k(F) (b, 2))
ifb,zeC
The power,r) operation:
powerpy : ¢(F) X ¢(F) — ¢(F) U{underflow, overflow, absolute precision_underflow, invalid }

powerypy(z+1-2',y+1i-y)
= result:(F) (power:(F) (x4+1-2',y+1-y'),nearesty)
ifz+i-2',y+1-9 € c(F) and z # 0 and
|y' - In(|z])| is not too large...?
= poweryp)(0+1- 2",y +1-y')

ifx=-0(?7)
=777777 if '/ =—0and z # —0
= powerypy(z+1i-2',0+1-9)
ify=—
= conjo(py(powerypy(z+1-2',y+1-0))
ifyy =—0 (7)
= expe(p) (mulepy(Ingry(z +1-2'),y +1-¢'))
otherwise
NOTE - Complex raising to a power is multi-valued. The principal result is given by

b? = e, The b? function branch cuts at {z | z € R and = < 0} x C (except when ¢ is in
Z). Thus powerqpy(z +1-0,y) # powerypy(z+1-(=0),y).

5.3.1.3 Complex square root

The sqrtz( F) approximation helper function:
sqrt:(F) :C—>C
sqrtﬁ( F)(z) returns a close approximation to y/z in C with maximum error MAL_error_eTPe(r)-

Further requirements on the sqrt:( ) approximation helper function are:

sqrt*(F)(conJ( z)) = conj(sqrt:(F)(z)) itzeC

sqrt*(F)( ) =z ifreRandz >0
Sqriy g () =1- sqrtz(F)(—w) ifreRand z <0
%e(sqrt:(F) (i-2) = Sm(sqrt:(F) (i-2') ifz’ eRand 2’ >0

The sqrt.r) operation:
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sqric(ry 2 ¢(F) — ¢(F)
sqrcry(z +1-2')
= result:(F)(sqrtZ(F) (x +1-2'),nearestp)
ifz+1-2' €c(F)
= sqrtep) (0 +1- ') ifz=—-0and 2’ € FU{—00,+00}
=—-0+1-(-0) if z = negz and ' = —0
= conje(p)(sqricr)(z+1-0))
ifx € FU{—o00,+00} and ' = —0

=+o00+1-(400) ifz € FU{—00,—0,400} and 2’ = 400
=4004+1:0 ifxr=4occand 2’ € Fand 2z >0
=+4+o00+1i-(-0) if z =400 and ((¢' € F and 2/ <0 or 2’ = —0)
=+o00+1-(—00) ifx € FU{—00,—0,400} and 2’ = —00
=0+1-(+00) ifz=—o00and 2’ € Fand z >0
=0+4+1-(—00) ifz =—o00 and ((z' € F and 2’ <0 or '’ = —0)
= no_resultpy(z+1-z')
otherwise
NOTE - The inverse of complex square is multi-valued. The principal result is given by

Vb = 0-51n(b)  The / function branch cuts at {z | z € R and = < 0}. Thus sqrtc(r)(z+i-0) #
sqrtepy(z +1-(=0)) when z < 0.

5.3.1.4 Natural logarithm

The lnz( F) approximation helper function:
lni( F) - cC—>¢C
ln:( F)(z) returns a close approximation to In(z) in C with maximum error maz_error_exp.(r).

A further requirement on the ln:( F) approximation helper function is:
Ing ) (conj(z)) = conj(lni(F)(z)) ifzeC
The relationship to the arcy, and In} approximation helper functions in an associated library
for real-valued operations shall be:
Jm(Ing (41 z')) = arcy(z,z') ifz, 2’ e R
SRe(an(F)(w +i-2")) =lnk(jz +1-2'|) ifz, 2’ € Rand (x =0 or 2’ = 0)
The In¢r) operation:
Ingpy : ¢(F) — ¢(F) U {infinitary}
Ingpy(z+1i-2') = resulty (ln:(F) (x +1-2'),nearestp)
ifz+4+1-2' € ¢(F) and (z # 0 or 2’ #0)
= infinitary(—oo +1 - arcp(z,z'))
if z,2' € {-0,0}
= conje(p)(Iner) (z +1-0))
if £/ =—0
=Inyr)(0+1i-2) ifr=—0and z € F and 2/ #0
=+4oo+1i-arcp(z,z') ifz € {—00,4+00} and z' € F U {—00,+00}
=+4o00+1-arcp(z,z') ifz € F and 2’ € {—o00,+00}
= no_resultpy(z+1-z')
otherwise
NOTES

5.3.1 Operations for exponentiations and logarithms 17
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1 The inverse of natural exponentiation is multi-valued: the imaginary part may have any
integer multiple of 2-7 added to it, and the result is also in the solution set. The In function
(returning the principle value for the inverse) branch cuts at {z | z € R and z < 0}, is
continuous on the rest of C, and In(z) € R if x € R and = > 0. Thus Ingpy(z +1-0) #
Ingpy(xz +1-(=0)) when z <O0.

2 reqr)(Inepy(z +1-2")) = Inp(hypotr(z,2')) and
ime(py(Ing(ry(® +1-2')) = arcp(x,2") when there is no notification.

5.3.1.5 Argument base logarithm

The logbasei( ) approximation helper function:
logbase:(F) :CxC—=>C
logbasez( F) (b, z) returns a close approximation to log,(z) in C with maximum error max_error_power(r).
A further requirement on the logbasei( ) approximation helper function is:
logbase:(F)(conj(b), conj(z)) = conj(logbaseZ(F) (b, 2))
ifb,z€eC
The logbase )y operation:
logbasec(py : ¢(F) x ¢(F) — ¢(F) U {infinitary, invalid }
logbase,py(z +1-2',y+1-9)
= resultZ(F)(logbaseZ(F) (x+1-2,y+1-y),nearestr)
ifz+i-2',y+1-9y €c(F) and z # 0 and
|Re(ln(z+1-2"))| # [Im(ln(z +1-2))]

= divep)(Ingpy (Y +1-9), Inery(z +1- 2"))
otherwise

NOTE - Complex logarithm with argument base is multi-valued. The principal result is
given by log,(¢) = In(q)/In(b). Apart from the poles, the log,(¢) function branch cuts at
{zlzeRandz <0} xC)U(C x{z |z € R and z < 0}).

5.3.2 Operations for radian trigonometric elementary functions

There shall be two maximum error parameters for complex trigonometric operations.
maz_error_sing gy € F
maz_error_tan.ry € F

no monotonicity requirements? no sign requirements? dependency on argument values?

5.3.2.1 Radian angle normalisation

radiry : i(F) — i(F) U {absolute_precision_underflow }

radypy(i-2') =1i-a'

radepy : ¢(F) — c(F) U {absolute_precision_underflow}
radepy(z+1-1')
=radp(z)+1-2' if ' € FU{—00,—0,400} and radpr(z) € F U {—-0}
= absolute_precision_underflow(qNaN + 1 - gNaN)
if ' € FU{—00,—0,+00} and
radp(z) = absolute_precision_underflow
= no_result(p) (v +1- 2') otherwise
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5.3.2.2 Radian sine

The sin;ry operation:
sinypy * i(F) — i(F) U {overflow}
sinypy(i-2')  =1-sinhp(z’)
The sz’nz( F) approximation helper function:
sinz(F) :C—>C
SN () () returns a close approximation to sin(z) in C with maximum error maz_error_singr).
Further requirements on the sin:( F) approximation helper function are:
sin:(F)(conj(z)) = conj(sin’ck(F)(z)) ifzeC
sinZ(F)(—z) = —sin:(F) (2) ifzelC

The relationship to the sin}, and sinh}, approximation helper functions in an associated library
for real-valued operations shall be:

sz’n:(F) () = sinf(x) ifreR
sing gy (1- z') =1-sinhp(z') ifz' eR
The requirements implied by these relationships and the requirements from part 2 (GENER-
ALISE?) remain even if there is no sinp or sinhp operations in any associated library for real-
valued operations or there is no associated library for real-valued operations.
The sing gy operation:
singr) : ¢(F) — ¢(F) U {underflow, overflow, absolute precision_underflow }
singpy(r+1-2")
= result:(F)(sinZ(F) (x +1-2"),nearestp)
ifz+1-2" € c¢(F) and |z| < big-angle_rp
= conje(p)(siner)(z+1-0))
if £/ =—0
= nege(r) (sinem) (0 +1- negr(z')))
ifz=—0and 2’ #—0
=0+41-(4+00) if z =0 and 2/ =400
=041 (—00) ifz=0and 2/ = —o00
= mulp (400, sinp(x)) + 1+ mulp(+00, cosp(x))
if ' = 400 and z ¢ {—0,0}
= mulp(+00, sinp(z)) + 1+ mulp(—00, cosp(z))
if 2/ = —o0 and z ¢ {—0,0}
= radypy(z+1-2') otherwise

5.3.2.3 Radian cosine

The cos;jr) operation:
cosi(r) : i(F) — F U {overflow }
cosyp)(i-2') = coshp(z')
The cosﬁ( F) approximation helper function:
cosZ(F) :C—=C
cosy F)(z) returns a close approximation to cos(z) in C with maximum error maz_error_sing().

Further requirements on the cosz( ) approximation helper function are:
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€Oy (conj(z)) = conj(cos’ck(F)(z)) ifzeC
cosz(F)(—z) = oS () (2) itzeC
The relationship to the cos}, and cosh?, approximation helper functions in an associated library
for real-valued operations shall be:
€Oy py () = cosT(z) ifreR
cosy ) (i-2') = coshp(z') ifz/ €R
The cos.(r) operation:
cosy(py : ¢(F) — ¢(F) U{underflow, overflow, absolute precision_underflow }
cosqpy(z+1-2')
= result:(F)(cosi(F) (z +1-2"),nearestr)
ifz+1-2' € ¢(F) and |z| < big_angle_rp

= conjo(ry(cose(p) (T +1-0))

if 2/ =-0
= cosy(p) (0 + 1+ negr(a'))

ifz =—0and 2’ #—0
=+400+1-(—0) if '/ =4o00and =0
=400+1-0 if '/ =—o00 and z =0
= mulr(+00, cosp(z)) +1 - mulp(—o0, sinp(z))

if ' =400 and = ¢ {—0,0}
= mulr(+00, cosp(z)) +1 - mulp (4o, sinp(z))

if ' = —o0 and = ¢ {—0,0}
= radyry(z+1-2') otherwise

5.3.2.4 Radian tangent

The tan; ) operation:
tanypy 1 i(F) — i(F) U {overflow}
tanypy(i-2')  =1-tanhp(z')
The tanz( ) approximation helper function:
tcm:(F) :C—>C
tang p () returns a close approximation to tan(z) in C with maximum error maz_error_tang().
Further requirements on the tan:( ) approximation helper function are:
tan:(F)(conj(z)) = conj(tan:(F) (2)) itzeC
tanZ(F)(—z) = —tanZ(F)(z) ifzeC
The relationship to the tan}, and tanh}, approximation helper functions in an associated library
for real-valued operations shall be:
tang p () = tanp(x) ifreR
tanZ(F)(i-:Jc') =1-tanhp(z') ifz' €R
The tan.r) operation:
tangpy : ¢(F) — ¢(F) U {underflow, overflow, absolute_precision_underflow }
tanepy(r+1- ")
= resulty p (tan:(F) (x +1-2"),nearestp)
ifz+1.-2' € c(F) and |z| < big_angle_rp

= conjo(p)(tanery(z +1-0))
if 2/ =—0

20 Specifications for complezx datatypes and operations



Working draft ISO/IEC WD 10967-3.1:2000(E)

— nege (tanee) (0+1- nege(s'))
if r =—0and 2’ # —0
= mulp(0,tanp(z)) +1-1

if #’ = 400
= mulp(0,tanp(z)) +1- (—1)

if ' = —o00
= radypy(z+1-2') otherwise

5.3.2.5 Radian cotangent

The cot;() operation:
cotyry : i(F) — i(F) U {underflow, infinitary }
cotypy(i-2') = negir)(i- cothp(z'))
The coti( ) approximation helper function:
cot:(F) :C—C
coty () returns a close approximation to cot(z) in C with maximum error maz_error_tang ).
Further requirements on the cot:( ) approximation helper function are:
cotﬁ(F)(conj(z)) = conj(cot:(F)(z)) ifzeC
cot:(F)(—z) = —cot:(F) (2) ifzeC
The relationship to the cot}, and coth?, approximation helper functions in an associated library
for real-valued operations shall be:
COt oy (x) = cot¥(z) ifreR
coty ) (i-2') = —1-cothp(z') ifz' e R
The cot () operation:
cotypy : ¢(F) — c¢(F) U {underflow, overflow, infinitary, absolute _precision_underflow}
cotopy(z+1-2')
= result (cot:(F) (x +1-2"),nearestr)
ifz+1-2' € ¢(F) and |z| < big_angle_rp and
(z #£0or z' #£0)
= conje(p)(tanyr)(z+1-0))
if £/ =—0
— negr(tang(r) (0 + 1 - negi(&')))
ifr =—0and 2’ # —0
= mulp(0,tanp(z)) +1- (—1)
if 2’ = 400
= mulp(0,tanp(z)) +1-1
if 2’ = —00
= infinitary(+o00 +1 - (+00))
ifz=0and 2/ =0

= radepy(z +1-2') otherwise

5.3.2.6 Radian secant

The sec;r) operation:
secy(py : i(F) — ¢(F) U {overflow}

secypy(i-2') = negip)(i- sechp(z'))
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The secz( F) approximation helper function:
secz( K c—>¢C
secy F)(z) returns a close approximation to sec(z) in C with maximum error maz_error_tangp).

Further requirements on the secz( F) approximation helper function are:

sec:(F) (conj(z)) = conj(sec:(F) (2)) ifzeC
secZ(F)(—z) = —secj(F)(z) itzeC
The relationship to the secy, and sech}, approximation helper functions in an associated library
for real-valued operations shall be:
secZ(F)( z) = secy(x) ifzeR
secyp(i-@ x') = —i-sechp(z') ifz' eR
The sec(r) operation:
)
)

sece(ry 1 ¢(F) = ¢(F) U {underflow, overflow, absolute_precision_underflow}

secery(z +1- ')
= resultZ(F)(sec:(F) (x +1-2"),nearestr)
ifz+1.-2' € c(F) and |z| < big_angle_rp
= conjpy(secery(z +1-0))
if 2/ =-0
= sec(py (0 + 1 negr(z'))
ifz =—0and 2/ # —0
= mulp (0, cosp(z)) + 1 mulp(—0, sinp(z))

if ' =400

= mulp (0, cosp(z)) + 1 mulp(0, sinp(z))
if ' = —o0

= radepy (v +1- ') otherwise

5.3.2.7 Radian cosecant

The csc;(p)y operation:
csepy 2 i(F) — c(F) U {overflow, infinitary }
esciry() = negyr)(1 - cschp(z'))
The cscﬁ( F) approximation helper function:
csc:(F) :C—=C
cscz( ) () returns a close approximation to csc(z) in C with maximum error maz_error_tan p.
Further requirements on the cscz( ) approximation helper function are:
csc:(F)(conj(z)) = conj(csc:(F) (2)) ifzeC
csci(F)(—z) = —csci(F)(z) ifzeC

The relationship to the cscy and csch}. approximation helper functions in an associated library
for real-valued operations shall be:

csc:(F)( x) = cscp(x) ifzeR
sy (i-@ z') = —1-cschp(x) ifz' eR
The cscy(py operation:
)

csce(py : ¢(F) — ¢(F) U{underflow, overflow, infinitary, absolute precision_underflow }
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cscepy(z+1-a')
= result; p, (csc:(F) (x +1-2"),nearestp)
ifz+1-2" € ¢(F) and |z| < big_angle_rr and
(x #0 or z' #0)
= conj(p)(cscepy(z +1-0))
ifz/ =-0
— negr(esear)(0+1- negp(a'))
ifz=—0and 2’ #—0
= mulp (=0, sinp(z)) + 1+ mulp(—0, cosp(z))

if ' = 400
= mulp(—0,sinp(z)) + 1 mulp(0, cosp(x))
if ' = —o00

= infinitary(+o0 +1 - (+00))
ifr=0and 2/ =0
= radypy(z+1-2') otherwise

5.3.2.8 Radian arc sine

The arcsin;ry operation:
arcsiny gy : i(F) = i(F)
arcsinypy(i-2') =1+ arcsinhp(z')
The arcsinz( F) approximation helper function:
arcsini(F) :C—=C
arcsing p () returns a close approximation to arcsin(z) in C with maximum error maz _error_singp).
Further requirements on the arcsz’nz( F) approximation helper function are:
arcsing g (conj(z)) = conj(arcsin’ck(F)(z)) ifzeC
arcsz’n:(F)(—z) = —arcsing ) (2) ifzeC
) =—m/2 ifreRand z < —1
) =7/2 ifreRandz >1

The relationshlp to the arcsiny and arcsinh}, approximation helper functions in an associated
library for real-valued operations shall be:

S‘ie(arcsin (
%e(arcsin (

arcsz’n:(F) () = arcsinf(x) ifz€eRand |z| <1
aresing p (i- z') =1-arcsinh},(z') ifz' eR

#

o(F) Tange limitation helper function:

The arcsin

arcsz’nfEF) (2) = max{upp(—=n/2), min{Re(arcsin},(z)), downrp(w/2)}} +1- Im(arcsin}.(z))
The arcsing gy operation:
arcsingpy : ¢(F) — ¢(F) U {underflow}
arcsingpy(z +1-z')
= result; p, (arcsinjm (x +1-2"),nearestr)
ifz+1-2' € c(F)
= nege(r)(arcsing py (0 +1- negr(z'))
ifx=-0
= conj (g (arcsingpy(z +1-0)
if ' = =0 and z # —0
=arcp(z’,z) +1- (+o00) if 2’ =400 and z € {—00,—0,+00}
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= arcp(negr(z'),z) +1- (—00)
if ' = —o0 and = € {—00,—0,+00}
=arcp(z',z)+1:(+00) if z € {—00,+00} and 2/ € F and 2’ > 0
= arcp(negr(z'),z) +1- (—00)
if z € {—00,+00} and ' € F and 2/ < 0
= no-resultpy(z+1-2')
otherwise
NOTE - The inverse of sin is multi-valued, the real part may have any integer multiple of
2 - added to it, and the result is also in the solution set. The arcsin function (returning the
principal value for the inverse) branch cuts at {z | # € R and |z| > 1}. Thus arcsin.r)(z +
i-0) # arcsinepy(z+1i-(=0)) when |z| > 1.

5.3.2.9 Radian arc cosine

The arccos* o approximation helper function:

F)
arccosi( Py c—=¢C
arccosy (#) returns a close approximation to arccos(z) in C with maximum error maz_error_singr).

Further requirements on the arccosz( ) approximation helper function are:

arccosi(F)(conj(z)) = conj(arccosi(F)(z)) itzeC
%e(arccosZ(F) () =m ifzeRand z < —1

The relationship to the arccos}, and arccosh}, approximation helper functions in an associated
library for real-valued operations shall be:

arccos () = arccosp(x) ifz€Rand |z| <1

The arccos#é ) Tange limitation helper function:

arccos’ oF (z +1-2') = min{Re(arccosy,(z +1- '), downp(m)} +1- Im(arccos}.(z +1- z'))

)

The arccos.(r) operation:

arccos(ry : ¢(F) — c(F)
)

arccose(py(r+1-2')
= resultz(F)(arccosﬁF) (x +1-2"),nearestr)
ifz+1-2' €c(F)
= arccosqpy (0 +1- negr(z')
ifx=-0
= conj(py(arccoscpy(z +1-0)
if '/ =—0and z # —0
= arcp(z,2')+1- (—o0) if 2’ =400 and z € {—00,—0, 400}
= arcp(z,negr(z')) +1- (+00)
if ' = —oo0 and z € {—00,—0, 400}
=arcp(z,z')+1:(—00) if z € {—00,+00} and 2/ € F and 2’ > 0
= arcp(z,negp(z')) +1- (+00)
if z € {—00,+00} and ' € F and 2/ <0
= no-result.py(z+1-2')
otherwise
NOTE - The inverse of cos is multi-valued, the real part may have any integer multiple of
2 - added to it, and the result is also in the solution set. The arccos function (returning the
principal value for the inverse) branch cuts at {z | € R and |z| > 1}. Thus arccos.r)(z +
i-0) # arccose(py(z +1-(—0)) when |z| > 1.
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5.3.2.10 Radian arc tangent

The arctan;ry operation:
arctany gy : i(F) — i(F) U {underflow, infinitary}
arctan;py(i-z') = 1- arctanhp(z')
The arctanz( F) approximation helper function:
arctcm:;(F) :C—=C
arctang p (#) returns a close approximation to arctan(z) in C with maximum error maz_error_tang(g).

Further requirements on the arctan:( F) approximation helper function are:

arctan:(F)(conj(z)) = conj(arctani(F)(z)) ifzeC
arctang p, (—2) = —arctang p (2)
ifzeC
%e(arctan:(m(i-m’) =m/2 if 2/ € R and |2'| > 1
The relationship to the arctany and arctanh}, approximation helper functions in an associated
library for real-valued operations shall be:

arctan:(F) () = arctany(x) ifreR
arctany p (1 z') =1-arctanh},(z) ifz/ € R and |2'| < 1

The arctanfé ) range limitation helper function:

F
arctanf(F)(z) = max{upp(—n/2), min{Re(arctan},(z)), downr (rw/2)}} +1- Im(arctani.(z))
The arctanr) operation:
arctanypy : ¢(F) — c¢(F) U {underflow, infinitary}
arctancpy(z +1- 2')
= result; p, (arctanfEF) (x +1-2")),nearestr)
ifz+1-2' €c(F)and ((z' #1 and 2’ # —1) or x #0)
= nege(r)(arctancpy(0+1- negr(z'))
ifx=-0
= conj (g (arctancpy(z +1-0)
if /' = =0 and z # —0
= signbp(z) - downp(m/2)
if (z € {—00,400} and 2’ € F U {—00,+00}) or
(z € FU{—00,4+00} and z’ € {—00,+00})
= infinitary (downp(7/2) +1- (+00))
ifr=0and 2’ =1
= infinitary (downp(7/2) +1- (—00))
ifz=0and 2/’ = -1
= noresult.py(z+1- ')
otherwise
NOTE - The inverse of tan is multi-valued, the real part may have any integer multiple of
2 -7 (even any integer multiple of 7) added to it, and the result is also in the solution set.

The arctan function (returning the principal value for the inverse) branch cuts at {i-z' | 2’ €
F and |z'| > 1}. Thus arctancp)(0+1-2') # arctancpy(—0+1-2') when |z'| > 1.
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5.3.2.11 Radian arc cotangent

The arccot; ) operation:
arccoty gy + i(F) — i(F) U {underflow, infinitary}
arccotypy(i-2') =1-arccothp(z')
The arccot:( F) approximation helper function:
arccot’ck(F) :C—=C
arccoty py (#) returns a close approximation to arccot(z) in C with maximum error maz_error_tang ).

Further requirements on the arccotz( F) approximation helper function are:
arccoti(F)(conj(z)) = conj(arccot’ck(F) () ifzeC
arccot:(F)(—z) = —arccot:(F)(z) ifzeC
Re(arccoty p (i- x')) =m/2 ifz/ € R and |2'| < 1
The relationship to the arccot}, and arccoth}. approximation helper functions in an associated
library for real-valued operations shall be:

arccoty () = arccot}:(x) ifreR
arccoty p (i-2') =1-arccoth(—x'") ifz' €R

The arccotﬁé ) Tange limitation helper function:

arccotﬁ (2) = max{upp(—m/2), min{Re(arccot}.(z)),downp(mw/2)}} +1- Im(arccoty,(z))

F)
The arccot ) operation:

arccotypy : ¢(F) — ¢(F) U {underflow, infinitary }

)

arccotepy(r+1-z')
= resultz(F)(arccothF) (x +1-2)),nearestr)
ifz+1-2' €c(F)
= nege(r)(arccotepy (0 +1 - negr(z'))
ifz=-0
= conjo(py(arccotepy(z +1-0)
if '/ =—0and z # —0
= mulp(signbp(z),0) + 1 - mulp(signbp(z'),0)
if (z € {—o00,4+00} and 2’ € F U {—00,+00}) or
(z € FU{—o00,+00} and z' € {—00,+00})
= infinitary (downp(7/2),z) +1- (+00)
ifz/=—-landz=0
= infinitary (downp(7/2),z) +1- (—00)
ifz/=1land z=0
= no-resultpy(z+1-2')
otherwise
NOTE - The inverse of cot is multi-valued, the real part may have any integer multiple of
2 - (even any integer multiple of ) added to it, and the result is also in the solution set.
The arccot function (returning the principal value for the inverse) branch cuts at {i-z' | ' €
R and |2'| < 1}. Thus arccotyry(0+1-2') # arccot.r)(—0+1-2') when |2'| < 1or 2’ = —0.
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5.3.2.12 Radian arc secant

The arcseci( ) approximation helper function:

arcsecZ(F) :C—>C
arcsecz( ) () returns a close approximation to arcsec(z) in C with maximum error max_error_tan. p.
Further requirements on the arcseci( ) approximation helper function are:
arcsecy p) (conj(z)) = conj(arcsecZ(F)(z)) ifzeC
The relationship to the arcsecy, and arcsech}, approximation helper functions in an associated
library for real-valued operations shall be:

arcsec:(F) (z) = arcsecy(z) ifreR
The arcsecfé ) Tange limitation helper function:

arcsecféF) (z) = min{Re(arcsecy;(z)), downp(n/2)} +1- Im(arcsecy.(z)) if Re(z) > 1
= min{Re(arcsecy;(z)), downp(r)} +1- Im(arcsecy(z)) if Re(z) < —1
= arcsecy(py(2) otherwise

The arcsecypy operation:

arcsecypy 1 ¢(F) = ¢(F) U {underflow, infinitary}

arcsecepy(z +1-2')
= resultp, (arcsecﬁF) (x+1-2')),nearestr)

ifz+1-2" €c(F)
= arcsecpy (0 +1- negr(z'))

ifr=-0
= conjo(p)(arcsecpy(z +1-0))

ifz' =—0and z # —0
= arccosq(p)(divepy (1, z +1- 1'))

if x € {—00,400} and &' € F U {—00,+00}
= arccosc(p)(divepy (1, z + 1+ 3'))

if ¥/ € {—o00,+00} and z € F U {—00,+00}
= infinitary(? +1- (+00))

ifz'=0and z =0
= noresult.py(z+1-2')

otherwise

NOTE - The inverse of sec is multi-valued, the real part may have any integer multiple of
2 - 7 added to it, and the result is also in the solution set. The arcsec function (returning
the principal value for the inverse) branch cuts at {z | z € Rand —1 < z < 1}. Thus
arcsece(py(x +1-0) # arcsecepy(z +1-(—0)) when -1 <z <1orz = -0,

5.3.2.13 Radian arc cosecant

The arccsci(y operation:
arcescpy : i(F) — i(F) U {underflow, infinitary }
arccscip)(i-a') =1+ arceschr (')
The arccscz( ) approximation helper function:
arccsci(F) :C—=C
arccscz( F) (#) returns a close approximation to arccsc(z) in C with maximum error max_error_tan r.

Further requirements on the arccsc:( ) approximation helper function are:
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arcescy p) (conj(z)) = conj(arccsc:(F) (2)) ifzeC
arccsc:(F)(—z) = —arccsci(F)(z) itzeC

The relationship to the arcescy, and arcesch}, approximation helper functions in an associated
library for real-valued operations shall be:

arccscy p) () = arcescy(x) ifreR
arcescy p (i-2') =1-arceschy,(—a') ifz/ €R

The arcesCy py range limitation helper function:

)

The arcesc,(ry operation:
)
)

arccscfﬁ (2) = max{upp(—n/2), min{Re(arccscy(z)),downp(m/2)}} +1- Im(arcesci(z))

arcescepy : ¢(F) — ¢(F) U{underflow, infinitary }

arccscypy(z +1-1')
= result:(F)(arccscfEF) (z+1-2')),nearestr)
ifz+1.-2' €c(F)
= nege(r)(arcescypy (0 + 1+ negr(x'))
ifx=-0
= conjo(py(arcescypy(z +1-0)
if '/ =—0and z # —0
= arcsingp)(divepy (1,2 +1-2'))
if z € {—00,+00} and 2’ € F U {—00,+00}
= arcsing gy (divepy (1, z +1-2))
if ' € {—00,+00} and z € F U {—00,+00}
= infinitary(? +1- (—00))
ifz=0and 2/ =0
= no-result.py(z+1-2')
otherwise
NOTE - The inverse of csc is multi-valued, the real part may have any integer multiple of
2 - 7 added to it, and the result is also in the solution set. The arccsc function (returning
the principal value for the inverse) branch cuts at {z | € R and — 1 < z < 1}. Thus
arcescopy(x +1+0) # arcescepy(z +1- (—0)) when —1 <z <1or z = —0.

5.3.3 Operations for hyperbolic elementary functions

The complex trigonometric operations which are used in the specifications below are specified in
clause 5.3.2. Note that the correspondences specified here are exact, not approximate.

5.3.3.1 Hyperbolic normalisation

28

radhp : F — F
radhp(z) =z

radh; gy : i(F) — i(F) U {underflow, absolute_precision_underflow}

radhypy(1-2') =1-radp(z’)

radhepy : ¢(F) — ¢(F) U {underflow, absolute_precision_underflow}
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NOTE - rad.) is defined in clause 5.3.2.1.

5.3.3.2 Hyperbolic sine

sinhipy 1 i(F) = i(F) U {underflow, absolute_precision underflow }

sinhypy(-2') =1 (sinp(s'))
sinhepy : ¢(F) — ¢(F) U {underflow, overflow, absolute_precision_underflow }
sinhe(p) ( +1 )

— 5+ (sinegm (2’ + - negr(2)))

5.3.3.3 Hyperbolic cosine

coshipy : i(F) — F'U {underflow, absolute_precision_underflow}

coshypy(i-2') = cosp(x')

coshe(py : ¢(F) — ¢(F) U {underflow, overflow, absolute _precision_underflow}
coshepy(z +1- ')
= cose(py(z' +1-negr(z))

5.3.3.4 Hyperbolic tangent
tanhypy 1 i(F) — i(F) U {underflow, overflow, absolute_precision_underflow}

tanhypy(i-2') =1- (tanp(z'))

tanhepy @ ¢(F) — ¢(F) U {underflow, overflow, absolute_precision_underflow}
tanhy(py(z +1-2'
=1 (tancr) (2’ +1- negr(z)))

~—

5.3.3.5 Hyperbolic cotangent
cothipy : i(F) — i(F) U {underflow, overflow, infinitary, absolute _precision_underflow }

cothyp)(i-2') =1-(cotp(negr(z')))

cothe(ry : ¢(F) — ¢(F) U {underflow, overflow, infinitary, absolute_precision_underflow}
cothe(py(z +1- 2
=1 (cotepy(negr(z') +1- 1))
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5.3.3.6 Hyperbolic secant

sechi(py 1 i(F) — F U {underflow, overflow, absolute_precision_underflow}

sechypy(i-2') = secp(negr(z'))

seche(py @ ¢(F) = ¢(F) U {underflow, overflow, absolute_precision_underflow}
sechepy(z +1- ')
= secq(ry(negr(a') +1- )

5.3.3.7 Hyperbolic cosecant

cschipy : i(F) — i(F) U {underflow, overflow, infinitary, absolute_precision_underflow}

cschyp(i-3') =1 (cscp(negr(z')))

cschepy 2 ¢(F) — ¢(F) U {underflow, overflow, infinitary, absolute_precision_underflow}
csche(py(z +1-2')
5 (escogp (negr (/) + 1+ 2)

5.3.3.8 Inverse hyperbolic sine

arcsinhypy :
)

i(F) — i(F) U {underflow}
i)

arcsinhyp
=1 (arcsinp(z'))

arcsinhepy : ¢(F) — ¢(F) U {underflow}
arcsinhgp)(z +1- ')
=1 (arcsingpy(z' +1- negr(z)))
NOTE - The inverse of sinh is multi-valued, the imaginary part may have any integer
multiple of 2 - 7 added to it, and the result is also in the solution set. The arcsinh function

(returning the principal value for the inverse) branch cuts at {i-z' | 2’ € R and |2'| > 1}.
Thus arcsinhepy(0+1-2') # arcsinhe(py(—0+1i-2') when [2'| > 1.

5.3.3.9 Inverse hyperbolic cosine

arccoshe(py : ¢(F) — c(F)
arccoshe(py(z +1- 2')

=1 (arccosyp)(z +1-1'))

if (¢/ € F and 2/ > 0) or 2’ = 400
= nege(r)(i- (arccospy(z +1-2')))
if (z/ € F and 2’/ < 0) or 2’ € {—00,—0}

NOTE - The inverse of cosh is multi-valued, the imaginary part may have any integer
multiple of 2 - 7 added to it, and the result is also in the solution set. The arccosh function
(returning the principal value for the inverse) branch cuts at {z | + € R and < 1}. Thus
arccoshe(py(x +1-0) # arccoshe(py(z +1-(—0)) when z < 1 or z = —0.
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5.3.3.10 Inverse hyperbolic tangent

arctanhi gy 1 i(F) — i(F) U {underflow, infinitary}

arctanh;p(i- z')
=1 (arctanp(z'))

arctanhe gy : ¢(F) — ¢(F) U {underflow, infinitary }

"

arctanhypy(z +1- 2')
=1 (arctanypy(z' +1- negr(r)))

NOTE The inverse of tanh is multi-valued, the imaginary part may have any integer
multiple of 2 - 7 (even any integer multiple of 7) added to it, and the result is also in the
solution set. The arctanh function (returning the principal value for the inverse) branch cuts
at {z | * € R and || > 1}. Thus arctanhery(z +1-0) # arctanher)(z + 1+ (—0)) when
|z > 1.

5.3.3.11 Inverse hyperbolic cotangent

arccothi gy : i(F') — i(F) U {underflow, infinitary }
arccothypy(i- z')
=1 (arccotp(negp(z')))

arccothypy : ¢(F) — ¢(F) U {underflow, infinitary}
arccothepy(z +1-z')
=1 (arccotypy(negr(z') +1-z))

NOTE The inverse of coth is multi-valued, the imaginary part may have any integer
multiple of 2 - 7 (even any integer multiple of 7) added to it, and the result is also in the
solution set. The arccoth function (returning the principal value for the inverse) branch cuts
at {z | x € R and |z| < 1}. Thus arccothep)(x+1-0) # arccothpy(z+1-(—0)) when [2] <1
or z = —0.

5.3.3.12 Inverse hyperbolic secant

arcsechypy : ¢(F) — ¢(F) U {underflow, infinitary}
arcsechepy(z +1- ')

=1 (arcsecyp)(z+1-12'))

if (' € F and 2/ > 0) or 2/ = 400
= neger)(i- (arcsecepy(z+1-2')))
if (' € F and 2/ < 0) or 2’ € {—00,—0}

NOTE - The inverse of sech is multi-valued, the imaginary part may have any integer multiple
of 2 - m added to it, and the result is also in the solution set. The arcsech function (returning

the principal value for the inverse) branch cuts at {z | x € R and < 0 or z > 1}. Thus
arcseche py(z +1-0) # arcsechepy(z +1-(=0)) when z <O or z = —0or z > 1.

5.3.3.13 Inverse hyperbolic cosecant

arceschypy 1 i(F) — i(F) U {underflow, infinitary }
arccschip)(i- ')
=1 (arcescp(negr(z')))
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)

arceschepy @ ¢(F) — ¢(F) U {underflow, infinitary}
x/
i-(arcescypy(negr(z') +1-z))

arccschepy(z +1-

NOTE - The inverse of csch is multi-valued, the imaginary part may have any integer
multiple of 2 - 7 added to it, and the result is also in the solution set. The arccsch function
(returning the principal value for the inverse) branch cuts at {i-z' | 2’ € R and |2'| < 1}.
Thus arccschepy(0+1-2') # arceschepy(—0+1-2') when —1 <z’ <1 or 2’ = —0.

5.4 Operations for conversion between numeric datatypes
5.4.1 Integer to complex integer conversions

Let I be the non-special value set for an integer datatype.
converty oy I — c(I)

converty_qr) ()
=z+1-0

convertyry_er (1) — (I)

convertyry_or)(1-z)
=0+1i-z

5.4.2 Floating point to complex floating point conversions

Let F' be the non-special value set for a floating point datatype.
The convertp_,.r) operation:
convertp_opy s F — c(F

convertp_o(ry(z)
=z4+1:0

The convert; p)_,¢(r) operation:
convertypysory : H(F) — c(F)

converti gy o)l - z)

=04i-z

6 Notification

Notification is the process by which a user or program is informed that an arithmetic operation
cannot return a suitable numeric result. Specifically, a notification shall occur when any arith-
metic operation returns an exceptional value. Notification shall be performed according to the
requirements of clause 6 of part 1.

An implementation shall not give notifications for operations conforming to this part, unless
the specification requires that an exceptional value results for the given arguments.

The default method of notification should be recording of indicators.
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6.1 Continuation values

If notifications are handled by a recording of indicators, in the event of notification the imple-
mentation shall provide a continuation value to be used in subsequent arithmetic operations.
Continuation values may be in i(I), c¢(I), i(F) or c¢(F) (as appropriate), or be special values
(where the real or imaginary component is —0, —oo, 400, or a qNalN).

Floating point datatypes that satisfy the requirements of IEC 60559 have special values in
addition to the values in F. These are: —0, +00, —oo, signaling NaNs (sNaN), and quiet
NaNs (qNalN). Such values may be components of complex floating point datatypes, and may
be included in values passed as arguments to operations, and used as results or continuation values.
Floating point types that do not fully conform to TEC 60559 can also have values corresponding
to —0, +00, —o0o, or NaNN.

7 Relationship with language standards

A computing system often provides some of the operations specified in this part within the context
of a programming language. The requirements of the present standard shall be in addition to those
imposed by the relevant programming language standards.

This part does not define the syntax of arithmetic expressions. However, programmers need to
know how to reliably access the operations specified in this Part.
NOTE 1 — Providing the information required in this clause is properly the responsibility of

programming language standards. An individual implementation would only need to provide
details if it could not cite an appropriate clause of the language or binding standard.

An implementation shall document the notation that should be used to invoke an operation
specified in this Part and made available. An implementation should document the notation that
should be used to invoke an operation specified in this Part and that could be made available.

NOTE 2 — For example, the complex radian arc sine operation for an argument z (arcsin.r)(z))
might be invoked as

arcsin(z) in Ada [7]

casin(x) in C [13]

asin(z) in Fortran [18] and C++ [14]
(asin z) in Common Lisp [38]

with a suitable expression of the argument ().

An implementation shall document the semantics of arithmetic expressions in terms of compo-
sitions of the operations specified in clause 5 of this Part and in clause 5 of Part 1.

Compilers often “optimize” code as part of compilation. Thus, an arithmetic expression might
not be executed as written. An implementation shall document the possible transformations of
arithmetic expressions (or groups of expressions) that it permits. Typical transformations include

a) Insertion of operations, such as datatype conversions or changes in precision.

b) Replacing operations (or entire subexpressions) with others, such as “cos(-x)” — “cos(x)”
(exactly the same result) or “pi - arccos(x)” — “arccos(-x)” (more accurate result).

¢) Evaluating constant subexpressions.

d) Eliminating unneeded subexpressions.

Only transformations which alter the semantics of an expression (the values produced, and the
notifications generated) need be documented. Only the range of permitted transformations need
be documented. It is not necessary to describe the specific choice of transformations that will be
applied to a particular expression.
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The textual scope of such transformations shall be documented, and any mechanisms that
provide programmer control over this process should be documented as well.

8 Documentation requirements

In order to conform to this Part, an implementation shall include documentation providing the
following information to programmers.

NOTE 1 — Much of the documentation required in this clause is properly the responsibility of
programming language or binding standards. An individual implementation would only need
to provide details if it could not cite an appropriate clause of the language or binding standard.

A list of the provided operations that conform to this part.

For each maximum error parameter, the value of that parameter or definition of that param-
eter function. Only maximum error parameters that are relevant to the provided operations
need be given.

The value of the parameters big_angle_rr and big_angle_up. Only big angle parameters that
are relevant to the provided operations need be given.

For the nearestp function, the rule used for rounding halfway cases, unless iec_559F is fixed
to true.

For each conforming operation, the continuation value provided for each notification condi-
tion. Specific continuation values that are required by this Part need not be documented.
If the notification mechanism does not make use of continuation values (see clause 6), con-
tinuation values need not be documented.

NOTE 2 — Implementations that do not provide infinities or NaNs will have to document
any continuation values used in place of such values.

For each conforming operation, how the results depend on the rounding mode, if rounding
modes are provided. Operations may be insensitive to the rounding mode, or sensitive to it,
but even then need not heed the rounding mode.

For each conforming operation, the notation to be used for invoking that operation.
For each maximum error parameter, the notation to be used to access that parameter.
The notation to be used to access the parameters big_angle_rr and big_angle_up.

For each of the provided operations where this Part specifies a relation to another operation
specified in this Part, the binding for that other operation.

For numerals conforming to this Part, which available string conversion operations, including
reading from input, give exactly the same conversion results, even if the string syntaxes for
‘internal” and ‘external’ numerals are different.

Since the integer and floating point datatypes used in conforming operations shall satisfy the
requirements of Part 1, the following information shall also be provided by any conforming imple-
mentation.

)

m)

34

The means for selecting the modes of operation that ensure conformity.

The translation of arithmetic expressions into combinations of the operations provided by
any part of ISO/TEC 10967, including any use made of higher precision. (See clause 7 of
Part 1.)
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n) The methods used for notification, and the information made available about the notification.
(See clause 6 of Part 1.)

0) The means for selecting among the notification methods, and the notification method used
in the absence of a user selection. (See clause 6.3 of Part 1.)

p) When “recording of indicators” is the method of notification, the datatype used to represent
Ind (see clause 6.1.2 of Part 1), the method for denoting the values of Ind, and the notation
for invoking each of the “indicator” operations. F is the set of notification indicators. The
association of values in Ind with subsets of £ must be clear. In interpreting clause 6.1.2 of
Part 1, the set of indicators F shall be interpreted as including all exceptional values listed
in the signatures of conforming operations. In particular, £ may need to contain infinitary
and absolute_precision_underflow.
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Annex A

(normative)

Partial conformity

If an implementation of an operation fulfills all relevant requirements according to the main
normative text in this Part, except the ones relaxed in this Annex, the implementation of that
operation is said to partially conform to this Part.

Conformity to this Part shall not be claimed for operations that only fulfill Partial conformity.

Partial conformity shall not be claimed for operations that relax other requirements than those
relaxed in this Annex.

A.1 Maximum error relaxation

This part has the following maximum error requirements for conformity.

maz_error muly gy € [0.5,77]
maz_error_div, gy € [0.5,77]
maz_error_exp.r) € [0.5,77]
maz_error_powerry € [0.5,77]
maz_error _sing gy € [0.5,77]
maz_error tan.py € [0.5,77]
In a partially conforming implementation the maximum error parameters may be greater than
what is specified by this part. The maximum error parameter values given by an implementation

shall still adequately reflect the accuracy of the relevant operations, if a claim of partial conformity
is made.

A partially conforming implementation shall document which maximum error parameters have
greater values than specified by this part, and their values.

A.2 Extra accuracy requirements relaxation

This Part has a number of extra accuracy requirements. These are detailed in the paragraphs
beginning “Further requirements on the op} approximation helper function are:”.

In a partially conforming implementation these further requirements need not be fulfilled. The
values returned must still be within the maximum error bounds that are given by the maximum
error parameters, if a claim of partial conformity is made.

A partially conforming implementation shall document which extra accuracy requirements are
not fulfilled by the implementation.

A.3 Partial conformity to part 1 or to part 2
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Annex B

(informative)

Rationale

This annex explains and clarifies some of the ideas behind Information technology — Language
independent arithmetic — Part 2: Elementary numerical functions (LIA-2).

B.1 Scope
B.1.1 Inclusions

LIA-2 is intended to define the meaning of some operations on integer and floating point types
as specified in LIA-1 (ISO/TEC 10967-1), in addition to the operations specified in LIA-1. LIA-2
does not specify operations for any additional arithmetic datatypes, though fixed point datatypes
are used in some of the specifications for conversion operations.

The specifications for the operations covered by LIA-2 are given in sufficient detail to

a) support detailed and accurate numerical analysis of arithmetic algorithms,
b) enable a precise determination of conformity or non-conformity, and

c) prevent exceptions (like overflow) from going undetected.

LIA-2 does in no way prevent language standards or implementations including further arith-
metic operations, other variations of included arithmetic operations, or the inclusion of further
arithmetic datatypes, like rational number or fixed point datatypes. Some of these may become
the topic of standardisation in other parts of LIA.

B.1.2 Exclusions

LIA-2 is not concerned with techniques for the implementation of numerical functions. Even
when an LIA-2 specification is made in terms of other LIA-1 or LIA-2 operations, that does not
imply a requirement that an implementation implements the operation in terms of those other
operations. It is sufficient that the result (returned value or returned continuation value, and
exception behaviour) is as if it was implemented in terms of those other operations.

LIA-2 does not provide specifications for operations which involve no arithmetic processing, like
assignment and parameter passing, though any implicit conversions done in association with such
operations are in scope. The implicit conversions should be made available to the programmer as
explicit conversions.

LIA-2 does not cover operations for the support of domains such as linear algebra, statistics,
and symbolic processing. Such domains deserve separate standardisation, if standardised.

LIA-2 only covers operations that involve integer or floating point datatypes, as specified in
LIA-1, and in some cases also a Boolean datatype, but then only as result. The operations covered
by LIA-2 are often to some extent covered by programming language standards, like the operations
sin, cos, tan, arctan, and so on.
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B.2 Conformity

Conformity to this standard is dependent on the existence of language binding standards. Each
programming language committee (or other organisation responsible for a programming language
or other specification to which LIA-1 and LIA-2 may apply) is encouraged to produce a binding
covering at least those operations already required by the programming language (or similar) and
also specified in LIA-2.

The term “programming language” is here used in a generalised sense to include other comput-
ing entities such as calculators, spread sheets, page description languages, web-script languages,
and database query languages to the extent that they provide the operations covered by LIA-2.

Suggestions for bindings are provided in Annex C. Annex C has partial binding examples
for a number of existing programming languages and LIA-2. In addition to the bindings for the
operations in LIA-2, it is also necessary to provide bindings for the maximum error parameters
and big angle parameters specified by LIA-2. Annex C contains suggestions for these bindings. To
conform to this standard, in the absence of a binding standard, an implementation should create
a binding, following the suggestions in Annex C.

B.3 Normative references

The referenced IEC 60559 standard is identical to the IEEE 754 standard and the former IEC 559
standard.

B.4 Symbols and definitions
B.4.1 Symbols
B.4.1.1 Sets and intervals

The interval notation is in common use. It has been chosen over the other commonly used interval
notation because the chosen notation has no risk of confusion with the pair notation.

B.4.1.2 Operators and relations

Note that all operators, relations, and other mathematical notation used in LIA-2 is used in their
conventional exact mathematical sense. They are not used to stand for operations specified by
TEC 60559, LIA-1, LIA-2, or, with the exception of programme excerpts which are clearly marked,
any programming language. E.g. z/u stands for the mathematically exact result of dividing x by
u, whether that value is representable in any floating point datatype or not, and z/u # divp(z,u)
is often the case. Likewise, = is the mathematical equality, not the eqr operation: 0 # —0, while
eqr(0,—0) = true.

B.4.1.3 Mathematical functions

The elementary functions named sin, cos, etc., used in LTA-2 are the exact mathematical functions,
not any approximation. The approximations to these mathematical functions are introduced in
clauses 5.3 and 5.4 and are written in a way clearly distinct from the mathematical functions. E.g.,
51N}, cosy, etc., which are unspecified mathematical functions approximating the targeted exact
mathematical functions to a specified degree; sinp, cosp, etc., which are the operations specified
by LIA-2 based on the respecitive approximating function; sin, cos, etc., which are programming
language names bound to LIA-2 operations. sin is thus very different from sin.
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B.4.1.4 Datatypes and exceptional values

The sequence types [I] and [F'] appear as input datatypes to a few operations: max_seqr, min_seqr,
gcd_seqr, lem_seqr, max_seqr, min_seqr, mmazx_seqr, and mmin_seqr.

In effect, a sequence is a finite linearly ordered collection of elements which can be indexed
from 1 to the length of the sequence. Equality of two or more elements with different indices
is possible. Sequences are used in LIA-2 as an abstraction of arrays, lists, other kinds of one-
dimensional sequenced collections, and even variable length argument lists. As used in LTA-2 the
order of the elements and number of occurrences of each element, as long as it is more than one,
does not matter, so multi-sets (bags) and sets also qualify.

LIA-2 uses a modified set of exceptional values compared to LIA-1. Instead of LIA-1’s un-
defined, LIA-2 uses invalid and infinitary. TEC 60559 distinguishes between invalid and di-
vide_by_zero (the latter is called infinitary by LIA-2). The distinction is valid and should be
recognised, since infinitary indicates that an infinite but ezact result is (or can be, if it were
available) returned, while invalid indicates that a result in the target datatype (extended with
infinities) cannot, or should not, be returned with adequate accuracy.

LIA-1 distinguished between integer overflow and floating overflow. This distinction is
moot, since no distinction was made between integer_undefined and floating_undefined. In
addition, continuing this distinction would force LIA to start distinguishing not only integer_
overflow and floating_overflow, but also fixed_overflow, complex_floating_overflow, com-
plex_integer_overflow, etc. Further, there is no general consensus that maintaining this distinc-
tion is useful, and many programming languages do not require a distinction. A binding standard
can still maintain this distinction, if desired.

LIA allows for three methods for handing notifications: recording of indicators, change of
control flow (returnable or not), and termination of program. The preferred method is recording of
indicators. This allows the computation to continue using the continuation values. For underflow
and infinitary notifications this course of action is strongly preferred, provided that a suitable
continuation value can be represented in the result datatype.

Not all occurrences of the same exceptional value need be handled the same. There may be
explicit mode changes in how notifications are handled, and there may be implicit changes. E.g.,
invalid without a specified (by LIA-2 or binding) continuation value to cause change of control
flow (like an Ada [7] exception), while invalid with a specified continuation value use recording
of indicators. This should be specified by bindings or by implementations.

The operations may return any of the exceptional values overflow, underflow, invalid,
infinitary, or absolute_precision_underflow. This does not imply that the implemented op-
erations are to actually return any of these values. When these values are returned according to
the LIA specification, that means that the implementation is to perform a notification handling
for that exceptional value. If the notification handling is by recording of indicators, then what is
actually returned by the implemented operation is the continuation value.

B.4.2 Definitions of terms

Note the LIA distinction between exceptional values, exceptions, and exception handling (hand-
ling of notification by non-returnable change of control flow; as in e.g. Ada). LIA exceptional
values are not the same as Ada exceptions, nor are they the same as IEC 60559 special values.

Note also the LIA distinction between denormal and subnormal. Subnormal include zero values,
while denormal does not.
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B.5 Specifications for the complex datatypes and operations
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Annex C

(informative)

Example bindings for specific languages

This annex describes how a computing system can simultaneously conform to a language stan-
dard (or publicly available specification) and to LIA-3. It contains suggestions for binding the
“abstract” operations specified in LTA-3 to concrete language syntax. The format used for these
example bindings in this annex is a short form version, suitable for the purposes of this annex. An
actual binding is under no obligation to follow this format. An actual binding should, however,
as in the bindings examples, give the LIA-3 operation name, or parameter name, bound to an
identifier by the binding.

Portability of programs can be improved if two conforming LIA-3 systems using the same
language agree in the manner with which they adhere to LIA-3. For instance, LTA-3 requires that
the parameter big_angle_rp be provided (if any conforming radian trigonometric operations are
provided), but if one system provides it by means of the identifier BigAngle and another by the
identifier MaxAngle, portability is impaired. Clearly, it would be best if such names were defined
in the relevant language standards or binding standards, but in the meantime, suggestions are
given here to aid portability.

The following clauses are suggestions rather than requirements because the areas covered are
the responsibility of the various language standards committees. Until binding standards are in
place, implementors can promote “de facto” portability by following these suggestions on their
own.

The languages covered in this annex are

Ada

C

C++
Fortran
Haskell
Java,
Common Lisp
ISLisp
Modula-2
PL/1
SML

This list is not exhaustive. Other languages and other computing devices (like ‘scientific’

calculators, ‘web script’ languages, and database ‘query languages’) are suitable for conformity to
LIA-2.

In this annex, the parameters, operations, and exception behaviour of each language are ex-
amined to see how closely they fit the requirements of LIA-2. Where parameters, constants, or
operations are not provided by the language, names and syntax are suggested. (Already provided
syntax is marked with a *.)

This annex describes only the language-level support for LIA-2. An implementation that wishes
to conform must ensure that the underlying hardware and software is also configured to conform
to LIA-2 requirements.

A complete binding for LIA-2 will include, or refer to, a binding for LIA-1. In turn, a complete
binding for the LTA-1 may include, or refer to, a binding for IEC 60559. Such a joint LIA-2/LIA-
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1/IEC 60559 binding should be developed as a single binding standard. To avoid conflict with
ongoing development, only the LIA-2 specific portions of such a binding are examplified in this
annex.

Most language standards permit an implementation to provide, by some means, the parameters
and operations required by LIA-2 that are not already part of the language. The method for ac-
cessing these additional parameters and operations depends on the implementation and language,
and is not specified in LIA-2 nor examplified in this annex. It could include external subroutine
libraries; new intrinsic functions supported by the compiler; constants and functions provided as
global “macros”; and so on. The actual method of access through libraries, macros, etc. should
of course be given in a real binding.

Most language standards do not constrain the accuracy of elementary numerical functions, or
specify the subsequent behaviour after an arithmetic notification occurs.

In the event that there is a conflict between the requirements of the language standard and
the requirements of LIA-2, the language binding standard should clearly identify the conflict and
state its resolution of the conflict.

C.1 Ada

The programming language Ada is defined by ISO/IEC 8652:1995, Information Technology —
Programming Languages — Ada [7].

An implementation should follow all the requirements of LIA-3 unless otherwise specified by
this language binding.

The operations or parameters marked “i” are not part of the language and should be provided

by an implementation that wishes to conform to LIA-3 for that operation or parameter. For each
of the marked items a suggested identifier is provided.

The Ada datatype Boolean corresponds to the LIA datatype Boolean.

Every implementation of Ada has at least one integer datatype, and at least one floating point
datatype. The notations INT and FLT are used to stand for the names of one of these datatypes
(respectively) in what follows.

Ada has an overloading system, so that the same name can be used for different types of
arguments to the operations.

The LIA-3 complex integer operations are listed below, along with the syntax used to invoke
them:

itimes;(r) () - T
itimesc(r) () - T
rer(x) re(x) T
reir) () re(z) T
reqr) () re(z) T
imr(x) im(x) T
imi(]) (z) im(x) T
imc(I) (z) im(x) T
plusitimesy(x,y) LTy T
Negi(r) (x) T 1
nege(r)(z) - T
conjr(x) conj(x) T
conjiry(z) conj () T
conjery(z) conj () T
add;r)(,y) Tty T
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add.ry(z,y) T +y f
suby(r) (7, y) T -y f
sube(ry(z,y) T -y f
mulir) (z,y) T *y t
muler)(z,y) T *y t
GQi(I)(ﬁUa?J) r =Yy T
eqc(I)(x,y) r =Yy T
neqi(I)(x’y) T /=y T
HBQC(I)(xay) T /=y T
.abs;ry(z) abs(z) T
-8ignry(z) sign(z) T

where z and y are expressions of type CINT.

The LIA-3 basic complex floating point operations are listed below, along with the syntax used
to invoke them:

itimesp(x) i*xx or jo*xuz T
rep(z) Re () T
re;ry () Re(z) T
reqr)(z) Re(z) *
imp(x) Im(z) T
img(r) () Im(z) T
ime(p) () Im(z) *
plusitimesp(x,y) Compose From Cartesian(z,y) *
plusitimesp(x,y) xT+1i*xy or xz+Jxy *
wr(z,y) Compose From Polar(z,y) *
ver (Uy ) Compose From Polar(z,y,u) *
negi(r) () -z *
nege(r) () -z *
conjp(z) Conjugate (x) T
conjiry(z) Conjugate (z) *
conjory(T) Conjugate (x) *
addpip (T, y) Tty *
addF,c(F)($7y) Tty *
add ) p(z,Yy) Tty *
adde 7 (2,Yy) T +y *
add;(py,c(ry (7, Y) T+ y *
addery i(ry (T, Y) T+ y *
add; ) (z,y) T +y *
adde(py (7, y) T +y *
SUbF,i(F)(xay) z -y *
SUbF,c(F)((I;ay) r -y *
suby(py, (T, Y) T -y *
sube(r) F(2,y) T -y *
subi(py,c(r) (2, Y) T -y *
Sch(F),z(F)($7y) r -y *
subipy (7, y) T -y *
sube(ry(z,Yy) T -y *
mulpiry(z,y) T *y *
mulp ey (,Y) T kY *
mulypy,r(2,Yy) z*y *
mulepy, (T, y) T *y *
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abs(z) or Modulus(zx)

muli(r) e(r) (2, Y) T *y
mule(ry i) (2, Y) T *y
mulipy (2, y) T *y
divg,iry (2, y) z /vy
diUF,c(F)((I;ay) z /vy
divi(py,r (2, y) z/y
dive(ry,F(7,Y) z/y
divy(Fy,o(r) (T, Y z/y
dive(ryi(r) (%, Y) z/y

divy ) (7, y) z/y
GQi(F)(xay) r =y

eqe(r) (T, y) T =y
negi(ry(z,y) T /=y
neqq(r) (T, y) x /=y

..It, gt, leq, geq on imaginary...

abs;(r) () abs(z)
absc(F)(x)

phasep(x) Argument (z)
phase;py () Argument ()

phase,ry(z)
phaseur)(u, 7)
sign;(p) ()
signe(ry ()

Argument ()
Argument (z,u)
Sign(x)
Sign(x)

where z, y, and z are expressions of type CFLT.

mazx_err-muly g
maz_err_dive g
MaT_erT_eTPy(F)

AT _err_POwer ()

AT _€rT _SiN(F)
max_err tan g

Err_Mul (x)
Err Div(z)
Err Exp(z)
Err Power (x)
Err_Sin(z)
Err_Tan(z)

Working draft
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The parameters for LTA-3 operations approximating real complex valued functions can be
accessed by the following syntax:

—_ = = = —-

where z is an expression of type CFLT. Several of the parameter functions are constant for each
type (and library), the argument is then used only to differentiate among the floating point types.

to invoke them:
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mul, ) (T, y)
divc(F) (377 y)

-€TPi(F) (z)
expe(r) ()
power;r) 1(b,a
power ey, (7, a)
power () r(b,y)
power g qr)(b, )
pbower g (xa y)

~—

sqrtery()

T *y
Tz /vy

Exp(z)
Exp(z)
b xx ¢
** q
**y
*% T

8 oS8

**y

Sqrt (z)

The LIA-3 elementary floating point operations are listed below, along with the syntax used

* %

b S D T i

%
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Ine(ry(z)

dogbase(ry (b, )

arcsinh; g (

arcsinh
arccoshe(r
arctanh;p
arctanhp
arccothyp

)
arccothr

arcsech,,

arcesch g
arccsche(r)

rad; ) ()

arcsing r)
arccos ()
(F)

arctan; g (¢

C.1 Ada

3
s

Log(z)
Log(z, b)

RadH(z)
RadH(zx)
RadH(z)

SinH(x)
SinH(x)
CosH(x)
CosH(x)
TanH(z)
TanH(zx)
CotH(x)
CotH(x)
SecH(x)
SecH(x)
CscH(x)
CscH(x)

ArcSinH(z)
ArcSinH(xz)
ArcCosH(xz)
ArcTanH(z)
ArcTanH(z)
ArcCotH(xz)
ArcCotH(xz)
ArcSecH(xz)
ArcCscH(z)
ArcCscH(z)

Rad(z)
Rad(z)

Sin(z)
Sin(z)
Cos(x)
Cos(x)
Tan(zx)
Tan(zx)
Cot (x)
Cot (x)
Sec(x)
Sec(x)
Csc(x)
Csc(x)

ArcSin(x)
ArcSin(x)
ArcCos (z)
ArcTan(x)

(note parameter order)

— — = = % — % — ¥ — ¥ — —_ — — = = % — % — % % — —_ = = = % — O — % — % —- —_ = —

> —= > —-
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arctan(ry(z) ArcTan(x) T
arccoty(py () ArcCot () *
arccoty(py(z) ArcCot (z) T
arcsece(py(z) ArcSec(x) T
arcescipy(z) ArcCsc(x) T
arcescypy () ArcCsc(x) T
where z and y are expressions of type CFLT.
Arithmetic value conversions in Ada are always explicit.
convertr_,.p () Compose From Cartesian(x) T
convert; ry_r () Compose From Cartesian(z) T
convertp_,qpy(z) Compose From Cartesian(x) *
com)ertp_>c (7 () x=-1i*0 or z -3 *0 *
convertypy_so(r)(T) Compose From Cartesian(z) *
convertypy_so(r)(T) -0 + x *
complex IO
Numerals...:
imaginary _unitp i or j *
c2 C

The programming language C is defined by ISO/IEC 9899:1999, Information technology — Pro-
gramming languages — C [13].

An implementation should follow all the requirements of LIA-3 unless otherwise specified by
this language binding.

The operations or parameters marked “i” are not part of the language and should be provided

by an implementation that wishes to conform to the LIA-3 for that operation. For each of the
marked items a suggested identifier is provided.

The LIA datatype Boolean is implemented by the C datatype int (1 = true and 0 = false),
or the new _Bool datatype.

Every implementation of C has integral datatypes int, long int,unsigned int, and unsigned
long int. INT is used below to designate one of the integer datatypes.

C99 has three complex floating point datatypes: _Complex float, _Complex double, and
_Complex long double. CFLT is used below to designate one of the complex floating point
datatypes. These datatypes are, however, not required for all C99 implementations.

The LIA-3 complex integer operations are listed below, along with the syntax used to invoke
them:

itimes;(r) () - T
itimesc(r) () - T
rer(x) re(x) T
reir) () re(x) T
reqr) () re(x) T
imr(x) im(x) T
zmZ y(7) im(x) T

() im(x) T
plusztzmesj(x,y) LTy T
negi([)(ﬂﬂ) -z T
nege(r)(z) -z T
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conjr(x) conj(z) T
conjir)(z) conj (z) T
conjor () conj (z) T
add;ry(z,y) Tty T
addc([) ($7y) Tty T
subi(ry(z,y) T -y t
sube(ry(,y) T -y t
mulyry(z, y) T *y t
mulyr)(z,Yy) T *y t
GQi(I)(QUa?J) r =Yy T
eqc(I)(x,y) r =Yy T
”€Qi(1)($ay) T /=y T
nGQC(I)(xay) T /=y T
.absi(p(z) abs (x) T
-8ignry () sign(z) T

where = and y are expressions of type CINT. The LIA-3 non-transcendental complex floating
point operations are listed below, along with the syntax used to invoke them:

itimesp(x) i*xzx or jx*xz
rer(z) Re (2)
T€i(F) (r) Re(x)
recr) () Re (z)
imp(z) Im(z)
ch(p)((L‘) Im(x)

plusitimesp(x,y)
plusitimesp(z,y)

Compose From Cartesian(xz,y)
z+1i*xy or =+ j*y

T

T

T

*

T

T

*

*

*

wer (2, y) Compose From Polar(z,y) *
v (U, z,y) Compose From Polar (z,y,u) *
negi(r) () -z *
nege(r) () -z *
conjp(x) Conjugate (z) T
conjir) () Conjugate (x) *
conjo(r) () Conjugate (x) *
addp, iy (2, y) Tty *
addp, () (T, y) T+ y *
add; ), p(,y) Tty *
adde(ry,r(2,Y) Tty *
addz(F),c(F)((I;ay) Tty *
adde(ry i(r) (7, Y) Tty *
add; 7y (z,y) T +y *
adde(py (T, y) T +y *
subg.i(ry (@, y) T -y *
subr,(r)(,y) T -y *
subp) F(z,Y) T -y *
Sch(F),F(xay) r -y *
subi(py,e(r) (T, Y) T -y *
suber) i(r) (T, Y) T -y *
subipy(7,y) T -y *
sube(ry (T, y) T -y *
T *y *

c2cC
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where z, y and z are expressions of the same complex floating point type.

N Y N U K R R B R
ASEEN SISO S SN S SO S S SN S S S~

Y
Y

8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8

\?II

Wt gty leq, geq on imaginary...

abs(r)(z)
abscpy(z)
phasep(x)
phase;py ()
phase, F)(:E)
phaseu ) (u, 7)
signie ()
signup ()

abs(z)

abs(z) or Modulus(zx)

Argument ()
Argument ()
Argument ()
Argument (z,u)
Sign(x)
Sign(x)

tions can be accessed by the following syntax:

maz-err_muly g
maz_err_dive g
MaT_erT_eTP.(F)

AT _err_Power ()

AT _€rT _SiN(F)
max_err_tang)

where ¢ ...

used to invoke them:
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mule(r) (e, y)
divery(z,Yy)

poOwery (g
expe(r)(

dogbase (b, )

err_cmult
err_cdivt
err_cexpt
err_cpowert
err_csint
err_ctant

T *y
z /vy

cpowerit(b, z)
cexpt(z)
cpowert(b, y)
cpowt (b, y)

clogt(x)
clogbaset (b, x)

Working draft
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The LIA-3 parameters for operations approximating complex real valued transcendental func-

—_ = = — — —

The LIA-3 elementary complex floating point operations are listed below, along with the syntax

%

» —= X —

Not LIA-3!
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arcsz’nh o
arccoshep
arctanh;p
arctanhp
arccoth; g (x

arccothpy(z

o
arceschi g
arcesche(r)

rad; p) (x)
rade py (z)

VA
I3
S
o
—~
B
— ~—
—
8
~— O —

arcsing g (v
arcsing g (z
(

arctan; gy (x

)
(7))
arccos () ()

(r)(2)
arctan.p(v)
arccoty(py(z)

arccot () ()

c2cC

sinht(x)
sinht(x)
coshit (x)
coshit (x)
tanht(x)
tanht(x)
cotht (x)
cotht (x)
secht (x)
secht (x)
cschi(x)
cschi(x)

radianht(z)
radianht(x)
radianht(x)

asinht(x)
asinhit(x)
acosht(x)
atanht(x)
atanht(x)
acotht(x)
acotht(x)
asecht(x)
acscht(x)
acscht(x)

radiant(z)
radiant(z)

sint(x)
sint(x)
cost(x)
cost(x)
tant (x)
tant (z)
cott(x)
cott(x)
sect(x)
sect(x)
csct(x)
csct(x)

asint(x)
asint(x)
acost(x)
atant(x)
atant(x)
acott(x)
acott(x)
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arcsece(py () asect(x) T
arcescipy(z) acsct(x) T
arcescy(py () acsct(x) T

where b, x, and y are expressions of the same complex floating point type. ¢ is a string, part of
the operation name, and is “f” for _Complex float, the empty string for _Complex double, and
“1” for _Complex long float.

Arithmetic value conversions in C can be explicit or implicit. The explicit arithmetic value
conversions are usually expressed as ‘casts’, except when converting to/from strings. The rules for
when implicit conversions are applied is not repeated here, but work as if a cast had been applied.

converty_q(r) () .. () T
convertiry_.er () .. () T
convertpﬁc y () 2z - I *0 or z - _IMAGINARYI * O  *
convertypy_q(r)(T) -0 + x *
complex IO

where x is an expression of type INT, y is an expression of type FLT, and z is an expression of
type FXD, where FXD is a fixed point type. INT2 is the integer datatype that corresponds to I'.
A 7 above indicates that the parameter is optional. e is greater than 0.

Numerals...:

imaginary _unitp I or _IMAGINARY I *

C99 has two ways of handling arithmetic errors. One, for backwards compatibility, is by
assigning to errno. The other is by recording of indicators, the method preferred by LIA-3, which
can be used for floating point errors. For C99, the absolute_precision_underflow notification
is ignored.

C3 C++

The programming language C++ is defined by ISO/IEC 14882:1998, Programming languages —
C++ [14].

An implementation should follow all the requirements of LIA-2 unless otherwise specified by
this language binding.

The operations or parameters marked “i” are not part of the language and should be provided
by an implementation that wishes to conform to the LIA-2 for that operation. For each of the
marked items a suggested identifier is provided.

This example binding recommends that all identifiers suggested here be defined in the names-
pace std: :math.

The LIA-1 datatype Boolean is implemented by the C++ datatype bool.

Every implementation of C++ has integral datatypes int, long int, unsigned int, and
unsigned long int. INT is used below to designate one of the integer datatypes.

C++ has three floating point datatypes: float, double, and long double. F LT is used below
to designate one of the floating point datatypes.

The LIA-2 integer operations are listed below, along with the syntax used to invoke them:
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where z and y are expressions of the same integer type and where zs is an expression of type
valarray of an integer type.

The LIA-2 non-transcendental floating point operations are listed below, along with the syntax
used to invoke them:

where z, y and z are expressions of the same floating point type, and where zs is an expression
of type valarray of a floating point type.

The parameters for operations approximating real valued transcendental functions can be ac-
cessed by the following syntax:

maz_err_mul. g err mul<CFLT>() T
maz_err_divg r err_div<CFLT>() T
AT _ErT_eTPe(F) err_exp<CFLT>() T
MaT_err_powere(r) err _power<CFLT>() T
AT _erT _Sing ) err_sin<CFLT>() T
Mazx_err_tan g err_tan<CFLT>() T

where u is an expression of a floating point type. Several of the parameter functions are constant
for each type (and library).

The LIA-2 elementary floating point operations are listed below, along with the syntax (type
generic macros) used to invoke them:

erpe(ry(z) exp(z) *
power,r)(b,y) power (b, ) T
powe(r (b, y) pow(b, y) * Not LIA-2! (See C.)
Iner) () log(z) *
logbase(py(b, ) logbase (b, x) T
radh g () radh(z) T
sinhepy () sinh(z) *
coshe(ry(z) cosh(z) *
tanh(ry(z) tanh (z) *
cothe(ry(z) coth(z) T
sechq(ry(7) sech(z) T
csche(ry () csch(z) T
arcsinhe g () asinh(x) *
arccosh(r)(z) acosh(x) *
arctanhgy(z) atanh (x) *
arccothry(z) acoth(x) T
arcseche(r)(7) asech(x) T
arcescher) () acsch(xz) T
rady ) () rad(z) T
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sine(ry(z) sin(x) *
cos.(r)(7) cos(x) *
tang () tan(z) *
coto(py (1) cot (x) T
sece(ry(z) sec(x) T
cscory () csc(x) T
arcsingpy(z) asin(x) *
arccos(ry(z) acos(x) *
arctan(ry(z) atan(x) *
arccotypy(z) acot (z) T
arcctge(ry(z) actg(z) T
arcsece(py(z) asec(x) T
arcescypy () acsc(x) T

where b, z, y, u, and v are expressions of type CFLT.

Arithmetic value conversions in C++ are can be explicit or implicit. The rules for when implicit
conversions are applied is not repeated here. The explicit arithmetic value conversions are usually
expressed as ‘casts’, except when converting to/from strings.

where x is an expression of type INT, y is an expression of type FLT, and z is an expression of
type FXD, where FXD is a fixed point type. INT2 is the integer datatype that corresponds to I'.
A 7 above indicates that the parameter is optional. e is greater than 0.

C++ provides non-negative numerals for all its integer and floating point types in base 10.
Numerals for different integer types are distinguished by suffixes. Numerals for different floating
point types are distinguished by suffix: f for float, no suffix for double, 1 for long double.
Numerals for floating point types must have a ‘.’ in them. The details are not repeated in
this example binding, see ISO/IEC 14882, clause 2.9.1 Integer literals, and clause 2.9.4 Floating
literals.

C.4 Fortran

The programming language Fortran is defined by ISO/TEC 1539-1:1997, Information technology
— Programming languages — Fortran — Part 1: Base language [18].

An implementation should follow all the requirements of LIA-2 unless otherwise specified by
this language binding.

The operations or parameters marked “i” are not part of the language and should be provided
by an implementation that wishes to conform to the LIA-2 for that operation. For each of the
marked items a suggested identifier is provided.

The Fortran datatype LOGICAL corresponds to the LIA datatype Boolean.

Every implementation of Fortran has one integer datatype, denoted as INTEGER, and two float-
ing point data type denoted as REAL (single precision) and DOUBLE PRECISION.

An implementation is permitted to offer additional INTEGER types with a different range and
additional REAL types with different precision or range, parameterised with the KIND parameter.

The LIA-2 integer operations are listed below, along with the syntax used to invoke them:
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adde(r) (v, y) T +y T
sube(ry(7,y) T -y T
mulyr)(2,Yy) T *y T

where z and y are expressions of type CINTEGER and where zs is an expression of type array of
CINTEGER.

The additional non-transcendental floating point operations are listed below, along with the
syntax used to invoke them:

addry(z,y) T+ y *
sube(ry (2, Y) T -y *
mule(ry(7,Y) T *y *

where z, y and z are expressions of type FLT, and where zs is an expression of type array of FLT.

The LIA-3 parameters for operations approximating real valued transcendental functions can
be accessed by the following syntax:

mazx_err_mulp ERR_MUL (z) T
maz_err_divp ERR DIV (z) T
MaT_err_erpr ERR_EXP (z) T
MAT_Err_powerp ERR_POWER (%) T
max_err_sing ERR_SIN(z) T
mazx_err_tang ERR_TAN (z) T

where b, z and u are expressions of type CFLT. Several of the parameter functions are constant
for each type (and library), the argument is then used only to differentiate among the floating
point types.

The LIA-3 elementary floating point operations are listed below, along with the syntax used
to invoke them:

divery (2, y) /'y *
sqrt. () () SQRT (x) *
expe(r) () EXP(x) *
power(p)(b,y) b *x y *
lnc(p)((L‘) LOG(z) *
logbase(ry(b, ) LOGBASE(b, z) T
sinhe gy () SINH(z) *
coshe(ry(z) COSH(x) *
tanh(ry(z) TANH(x) *
coth(ry(z) COTH(z) T
sechq(ry(7) SECH(x) T
cschery () CSCH(x) T
radh.ry(z) RADH () T
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arcsinhe () ASINH(z) T
arccosh(ry(z) ACOSH(x) T
arctanhry(z) ATANH(z) T
arccoth . py(z) ACOTH(x) T
arcsech,(p)(z) ASECH () T
arcesche(py () ACSCH(x) T
radypy(z) RAD(x) T
sine(ry(z) SIN(x) *
cos () () C0S(x) *
tan.py(z) TAN(z) *
cot oy () COT(x) T
secq(r)(T) SEC(x) T
csce(ry (T) CSC(x) T
arcsingry(z) ASIN(x) *
arccos(ry(z) ACOS () *
arctanry(z) ATAN () *
arccot gy () ACOT () T
arcctgery () ACTG (x) T
arcsecep () ASEC(x) T
arcescyp) () ACSC(x) T

where b, z, y, u, and v are expressions of type CFLT.

Arithmetic value conversions in Fortran are always explicit, and the conversion function is
named like the target type, except when converting to/from strings.

where x is an expression of type INT, y is an expression of type FLT, and z is an expression of
type FXD, where FXD is a fixed point type. INT2 is the integer datatype that corresponds to
I.

C.5 Haskell

The programming language Haskell is defined by Report on the programming language Haskell 98
[56], together with Standard libraries for the Haskell 98 programming panguage [57].

An implementation should follow all the requirements of LIA-2 unless otherwise specified by
this language binding.

The operations or parameters marked “i” are not part of the language and should be provided
by an implementation that wishes to conform to the LIA-3 for that operation. For each of the
marked items a suggested identifier is provided.

The Haskell datatype Bool corresponds to the LTA datatype Boolean.

Every implementation of Haskell has at least two integer datatypes Integer, which is unlimited,
and Int, and at least two floating point datatypes, Float, and Double. The notation INT is used
to stand for the name of one of the integer datatypes, and FLT is used to stand for the name of
one of the floating point datatypes in what follows.

The LIA-2 integer operations are listed below, along with the syntax used to invoke them:
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adde(r) (v, y) x+y or (+) zy
sube(r) (7, y) x -y or (=) zuy
mulery (2, y) x *xy or () zy

where x and y are expressions of type complez INT [not in Haskell98].

—_ = —

The LIA-3 non-transcendental floating point operations are listed below, along with the syntax

used to invoke them:

addry(z,y) T +y or (+) zy
sube(r)(T,Yy) z -y or (=) 7y

where x, y and z are expressions of type complex FLT.

The LIA-3 parameters for operations approximating real valued transcendental functions can

be accessed by the following syntax:

max_err_mulp errmul z
max_err_divg err div z
mar_err_erpp err_exp &
MGT_erT_powery err_power z
Max_err_sing err_sin z
max_err_tang err_tan z

T
T

where x is an expression of type complex FLT. Several of the parameter functions are constant
for each type (and library), the argument is then used only to differentiate among the floating

point types.

The LIA-3 elementary floating point operations are listed below, along with the syntax used

to invoke them:

mulepy(z,y) x *xy or () zy
sqrtory(z) sqrt x

erpe(ry(z) exp

powery ) (b, y) b *x y or (x*x) by
lnc(p)(:v) log =
logbasec(p)(b,x) logBase b  or b ‘logBase‘ z
radhe () hypradians =z
sinhepy () sinh z

coshe(ry(z) cosh z

tanh(ry(z) tanh x

coth(ry(z) coth z

sechq(ry(7) sech

cschery () csch z

arcsinhpy(z) asinh z

arccoshep) () acosh z

C.5 Haskell
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arctanhry(z) atanh 1z *
arccothq(py(z) acoth z T
arcsech,(r)(7) asech z T
arceschepy () acsch z T
radpy(z) radians z T
sine(r)(z) sin *
cos(r)(7) cos & *
tan, () tan x *
cot oy () cot x T
sec(r)(T) sec & T
cscy(ry(7) csc & T
arcsingry(z) asin z *
arccosq(ry(z) acos *
arctanry(z) atan z *
arccot (ry(z) acot = T
arcctgry(z) actg = T
arcsecep () asec x T
arcescyry(T) acsc x T

where b, z, y, u, and v are expressions of type complex FLT.

Arithmetic value conversions in Haskell are always explicit. They are done with the overloaded
fromIntegral and fromFractional operations.

where x is an expression of type INT, y is an expression of type FLT, and z is an expression of
type FXD, where FXD is a fixed point type.

C.6 Java

The programming language Java is defined by The Java Language Specification [55].

An implementation should follow all the requirements of LIA-3 unless otherwise specified by
this language binding.

The operations or parameters marked “i” are not part of the language and should be provided
by an implementation that wishes to conform to the LIA-3 for that operation. For each of the
marked items a suggested identifier is provided. The LIA-3 operations that are provided in Java
2 (marked “x” below) are in the final class java.lang.Math [not in Java 2...].

The Java datatype boolean corresponds to the LIA datatype Boolean.
Every implementation of Java has the integral datatypes int, and long.
Java has two floating point datatypes, float and double, which must conform to TEC 60559.

The LIA-3 integer operations are listed below, along with the syntax used to invoke them:

adder) (7, y) add(z, y) *
sub(ry(z,Yy) sub(z, vy) *
mul(r) (7, y) mul (z, y) *
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where z and y are expressions of type CINT.

The LIA-3 non-transcendental floating point operations are listed below, along with the syntax
used to invoke them:

adde(py (7, y) add(z, y) *
sube(ry(z,Yy) sub(z, y) *

where z, y and z are expressions of type FLT, and where zs is an expression of type array of
FLT.

The LIA-2 parameters for operations approximating real valued transcendental functions can
be accessed by the following syntax:

maz_err-mul. g err mul (x) T
maz_err_divg( g err_ div(x) T
AT _err_eTp.(F) err_exp(x) T
maz_err_power . r)(b, ) err_power (b, ) T
Maz_err_sing r) err_sin(x) T
maz_err_tan r) err_tan(x) T

where b, z and u are expressions of type FLT. Several of the parameter functions are constant for
each type (and library), the argument is then used only to differentiate among the floating point

types.

The LIA-2 elementary floating point operations are listed below, along with the syntax used
to invoke them. These are defined only for double not for float.

mulepy(,y) mul(z, ) *
dive(ry (T, y) div(z, y) *
erpo(ry(z) exp(z) *
poweryry(b,y) power (b, y) T
powe(r (b, y) pow (b, y) * Not LIA-2!
Inem) () log(x) *
logbase(py(b, ) log(b, x) T
radhe () hypradian(z) T
sinhe ) () sinh(z) T
coshpy () cosh(z) T
tanh, py(z) tanh (x) T
coth(ry(z) coth(z) T
sechq(ry(7) sech(z) T
cschepy () csch(z) T
arcsinhp () asinh(x) T
arccoshry(z) acosh(z) T
arctanh g)(r) atanh (x) T
arccothe gy () acoth(x) T
arcsechp) () asech(x) T
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arcesche(ry () acsch(z) T
rad.p) () radian(x) T
sine(ry(z) sin(x) *
cos.(r)(7) cos(x) *
tang () tan(z) *
coto(p (1) cot (x) T
sece(r)(z) sec(x) T
cscory () csc(x) T
arcsingpy(z) asin(x) *
arccos(ry(z) acos(x) *
arctan(ry(z) atan(x) *
arccoty(py(z) acot (z) T
arcctgepy(z) actg(x) T
arcsece(py(z) asec(x) T
arcescypy () acsc(x) T

where b, z, y, u, and v are expressions of type CFLT.

Arithmetic value conversions in Java can be explicit or implicit. The rules for when implicit
conversions are applied is not repeated here. The explicit arithmetic value conversions are usually
expressed as ‘casts’, except when converting to/from strings.

where z is an expression of type INT, y is an expression of type FLT, and z is an expression of
type FXD, where FXD is a fixed point type. INT2 is the integer datatype that corresponds to I'.
A 7 above indicates that the parameter is optional. e is greater than 0.

C.7 Common Lisp

The programming language Common Lisp is defined by ANSI X3.226-1994, Information Technol-
0gy — Programming Language — Common Lisp [38].

An implementation should follow all the requirements of LIA-3 unless otherwise specified by
this language binding.

The operations or parameters marked “i” are not part of the language and should be provided
by an implementation that wishes to conform to the LIA-2 for that operation. For each of the
marked items a suggested identifier is provided.

Common Lisp does not have a single datatype that corresponds to the LIA-1 datatype Boolean.
Rather, NIL corresponds to false and T corresponds to true.

Every implementation of Common Lisp has one unbounded integer datatype. Any mathemat-
ical integer is assumed to have a representation as a Common Lisp data object, subject only to
total memory limitations.

Common Lisp has four floating point types: short-float, single-float, double-float, and
long-float. Not all of these floating point types must be distinct.

The additional integer operations are listed below, along with the syntax used to invoke them:
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adde(r) (v, y) + z 1y *
sube(r) (7, y) -z *
mulery(,y) (*x z 1y *

where z and y are expressions of type CINT.

The LIA-3 non-transcendental floating point operations are listed below, along with the syntax
used to invoke them:

add, (7, ) + 7 y) .
sube(r) (2, 9) - = y) .

where z, y and z are data objects of the same floating point type, and where zs is a data objects
that is a list of data objects of (the same, in this binding) floating point type. Note that Common
Lisp allows mixed number types in many of its operations. This example binding does not explain
that in detail.

The LIA-2 parameters for operations approximating real valued transcendental functions can
be accessed by the following syntax:

mazx_err_mulp (err-mul z) T
maz_err_divp (err-div z) T
MaT_err_erpr (err-exp z) T
Max_err_powery (err-power x) T
max_err_sing (err-sin z) T
mazx_err_tang (err-tan z) T

where b, z and u are expressions of type CFLT. Several of the parameter functions are constant
for each type (and library), the argument is then used only to differentiate among the floating
point types.

The LIA-3 elementary floating point operations are listed below, along with the syntax used
to invoke them:

mulepy(z,y) (x z 1y *
divepy (T, y) (/ *
sqrt. () () (sqrt z) *
erpo(ry(z) (exp ) *
powerq(ry(b,y) (expt b y) (deviation: (expt 0.0 0.0) is 1) *
Inry(z) (log =) *
logbase,ry(b, T) (log = b) (note parameter order) *
radhe () (hypradians ) T
sinhe ) () (sinh z) *
cosh(py () (cosh z) *
tanh(ry(z) (tanh z) *
cothp(z) (coth z) T

C.7 Common Lisp 61



ISO/IEC WD 10967-3.1:2000(E) Working draft

sechp(x) (sech ) T
csche(ry(T) (csch x) T
arcsinhe () (asinh ) *
arccosh(ry(z) (acosh ) *
arctanhry(z) (atanh z) *
arccoth py(z) (acoth ) T
arcsech,(p)(z) (asech 1) T
arceschepy () (acsch ) T
radpy(z) (radians ) T
sine(ry(z) (sin z) *
cos () () (cos x) *
tanqpy(z) (tan ) *
cot oy () (cot x) T
secq(r)(T) (sec x) T
csce(ry (T) (csc x) T
arcsingy(z) (asin x) *
arccos(ry(z) (acos x) *
arctanry(z) (atan ) *
arccot gy () (acot x) T
arcctgery () (actg x) T
arcsece(p () (asec ) T
arcescyry(T) (acsc x) T

where b, z, y, u, and v are expressions of type CFLT.

Arithmetic value conversions in Common Lisp are can be explicit or implicit. The rules for
when implicit conversions are done is implementation defined.

where z is an expression of type INT, y is an expression of type FLT, and z is an expression
of type FXD, where FXD is a fixed point type. Convertion from string to numeric value is in
Common Lisp done via a general read procedure, which reads Common Lisp ‘S-expressions’.

C.8 1ISLisp

The programming language ISLisp is defined by ISO/IEC 13816:1997, Information technology
— Programming languages, their environments and system software interfaces — Programming
language ISLISP [20].

An implementation should follow all the requirements of LIA-2 unless otherwise specified by
this language binding.

The operations or parameters marked “i” are not part of the language and should be provided
by an implementation that wishes to conform to the LIA-2 for that operation. For each of the
marked items a suggested identifier is provided.

ISLisp does not have a single datatype that corresponds to the LIA datatype Boolean. Rather,
NIL corresponds to false and T corresponds to true.
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Every implementation of ISLisp has one unbounded integer datatype. Any mathematical in-
teger is assumed to have a representation as a ISLisp data object, subject only to total memory

limitations.

ISLisp has one floating point type required to conform to TEC 60559.

The additional integer operations are listed below, along with the syntax used to invoke them:

min(z,y)
maz(z,y)
min_seqr(xs)
maz_seqr(zs)

dim[ (177 y)
sqrir(zx)
powery(z,y)
shift2;(z,y)

shift10r(x,y)

dividesr(x,y)
eveny(z)
oddr(x)
divfy(x,y)
modar(z,y)
groupr(z,y)
padr(z,y)
quotr(x,y)
remrr(z,y)
gedr ((II, y)
lemyp(z,y)
gcd_seqr(zs)
lem_seqr(xs)

add_wrapy(z,y)
add_ovr(x,y)
subwrapy(z,y)
sub_ovr(z,y)
mul _wrapr(z,y)
mul_ovr(z,y)

where z and y are expressions of type INT and where zs is an expression of type list of INT.

(min x y)
(max = y)

(min . zs) or (min z1 zo ...
(max . zs) or (max z1 z9 ...

(dim x y)
(isqrt z)

(expt z y) (deviation: (expt 0 0) is 1)

(shift2 z )
(shift10 z 1)

(dividesp z y)
(evenp x)

(oddp x)

(div x y)

(mod z y)
(group = y)
(pad = )

(quot z ¥)
(remainder z y)

(ged = y) (deviation: (gcd 0 0) is 0)

(lem x y)
(gcds zs)
(lems zs)
(add_wrap z y)
(add_over z y)
(sub_wrap z y)
(sub_over z y)
(mul _wrap z y)
(mul_over z y)

*
*
Tn) *
Tn) *
T
*
*
T
T
T
T
T
*
*
T
T
T
T
*
*
T
T
T
T
T
T
T
T

The LIA-2 non-transcendental floating point operations are listed below, along with the syntax

used to invoke them:

ming(z,y)
mazp(x,y)
mming(z,y)
mmazp(x,y)
min_seqp(xs)
max_seqp(xs)
mmin_seqp(zs)
mmaz_seqp(xs)

C.8 ISLisp

(min z y)
(max z y)
(mmin z y)
(mmax z y)

(min . zs) or (min z1 zo ...
(max . zs) or (max z1 z2 ...
(mmin . zs) or (mmin %y Zo ...
(mmax . zs) or (mmax z1 Z9 ...

Tn)
Tn)
Tn) T

X X —= — X ot
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floorg(x) (float (floor z)) *
roundingr(z) (float (round z)) *
ceilingp () (float (ceiling z)) *
dimp(z,y) (dim z 1) T
dprodp_pr(x,y) (prod = y) T
remrp(x,y) (remainder z %) T
sqrtp(x) (sqrt x) *
rsqrip(x) (rsqrt =) T
add_lop(x,y) (add low z ) T
sublop(z,y) (sub_low z y) T
mul_lop(z,y) (mul_low z y) T
div_restp(z,y) (div_rest z ) T
sqrt_restp(z) (sqrt_rest z) T

where z, y and z are data objects of the same floating point type, and where zs is an data objects
that are lists of data objects of the same floating point type.

The LIA-2 parameters for operations approximating real valued transcendental functions can
be accessed by the following syntax:

maz_err_hypotp (err-hypotenuse z) 1
MAT_ETrT_eTPp (err-exp z) 1
Max_err_powery (err-power z) 1
maz_err_sinhp (err-sinh z) 1
maz_err_tanhp (err-tanh z) 1
big_radian_anglep (big-radian-angle z) T
MAT_err_sing (err-sin z) 1
mazx_err_tang (err-tan z) T
man_angular_unitp (minimum-angular-unit z) 1
big-angler (big-angle x) T
maz_err_sinup(u) (err-sin-cycle u) T
maz_err_tanup(u) (err-tan-cycle u) T
max_err_convertp err-convert-to-string T
maz_err_convertp err-convert-to-string T

where b, z and u are expressions of type FLT. Several of the parameter functions are constant for
each type (and library), the argument is then used only to differentiate among the floating point

types.

The LIA-2 elementary floating point operations are listed below, along with the syntax used
to invoke them:

hypotr(z,y) (hypotenuse z %) T

powerpr(b, z) (expt b 2) *
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expr(z)
expml p(z)
exp2r(z)
expl0p ()
powerr (b, y)

powerlpml (b, y)

Ing(x)
Inipp(z)
log2p ()
log10p ()
logbaser (b, x)

logbaselplp 1 (b, x)

sinhp(x)
coshp(z)
tanhp(x)
cothp(z)
sechp(x)
cschp(x)

arcsinhp(x)
arccoshp ()
arctanhp(z)
arccothp(z)
arcsechp(x)
arceschp(x)

azis_radp(z)
radp(z)

sing(x)
cosp(x)
tanp(x)
cotp(z)
secp(z)
cscp(x)

arcsing(x)
arccosp(x)
arctanp ()
arccotp(z
arcctgp(x
arcsecp(z
arcescp(x
arcp(z,y)

)
)
)
)

azis_cyclep (u, )

cyclep(u,x)

sinup (u, )

C.8 ISLisp

(exp x)
(expml z)
(exp2 x)
(exp10 xz)
(expt b 1)
(expml b ¥)

(log z)
(loglp =)
(log2 x)
(1ogl0 =)
(logbase b x)

(logbaselp b x)

(sinh z)
(cosh x)
(tanh z)
(coth x)
(sech x)
(csch x)

(asinh x)
(acosh x)
(atanh x)
(acoth x)
(asech x)
(acsch x)

(axis._rad z)
(radians z)

(sin xz)
(cos x)
(tan z)
(cot x)
(sec x)
(csc =)

(asin z)
(acos x)
(atan z)
(acot x)
(actg )
(asec x)
(acsc )
(atan2 y z)

(axis_cycle u x)

(cycle u x)

(sinU u z)

— = = Ok —_ — — — — — O — — — %

—_ — —_ = = o — —

— == >k X

X — =k — — Xt Xt
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cosup(u,x) (cosU u ) T
tanup(u, ) (tanU u ) T
cotup(u,x) (cotU u ) T
secup (u,x) (secU u ) T
cscup(u, ) (cscU u ) T
arcsinup (u, ) (asinU u =z T
arccosup (U, x) (acosU u =z T
arctanup(u, x) (atanU u =z T
arccotup(u, x) (acotU u =z T
arcctgup(u, x) (actglU u ) T
arcsecup(u, ) (asecU u ) T
arcescup (u, ) (acscU u ) T
arcup(u,z,y) (atan2U u y x) T
rad_to_cyclep(x,u) (rad_to_cycle z u) T
cycle_to_radp (u, x) (cycle_torad u ) T
cycle_to_cyclep(u, x,v) (cycle_to.cycle u z v) T

where b, z, y, u, and v are expressions of type FLT, and z is an expressions of type INT.

Arithmetic value conversions in ISLisp are can be explicit or implicit. The rules for when
implicit conversions are done is implementation defined.

converty () (format g ""B" ) *(binary)
converty_, (x) (format g "~0" z) *(octal)
converty () (format g "“D" x) *(decimal)
converty_,(x) (format g ""X" x) *(hexadecimal)
converty_,(x) (format g ""rR" ) *(radix r)
converty_,(x) (format-integer g = 1) *(radix r)
roundingr_1(y) (round y) *
floorp_1(y) (floor y) *
ceilingp_1(y) (ceiling y) *
convert;_p(x) (float z kind) *
convertp g (y) (float y kind) *
convertp_, g (y) (format g "~G" y) *
convertp_ i (y) (format-float ¢ y) *

where x is an expression of type INT, y is an expression of type FLT, and z is an expression of
type FXD, where FXD is a fixed point type. Conversion from string to numeric value is in ISLisp
done via a general read procedure, which reads ISLisp ‘S-expressions’.

ISLisp provides non-negative numerals for its integer and floating point types in base is 10.

ISLisp does not specify numerals for infinities and NaNs. Suggestion:

+00 infinity T
qNaN nan 1
sNaN signan T
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as well as string formats for reading and writing these values as character strings.

ISLisp has a notion of ‘error’ that implies a catchable, possibly returnable, change of control
flow. ISLisp uses its exception mechanism as its default means of notification. ISLisp ignores
underflow notifications. On underflow the continuation value (specified in LIA-2) is used
directly without recording the underflow itself. ISLisp uses the error domain-error for invalid
and some infinitary notifications, the error arithmetic-error for overflow notifications, and
the error division-by-zero for other infinitary notifications.

An implementation that wishes to follow LIA-2 should provide recording of indicators as an
alternative means of handling numeric notifications. Recording of indicators is the LIA-2 preferred
means of handling numeric notifications.

C.9 Modula-2

The programming language Modula-2 is defined by ISO/IEC 10514-1:1996, Information technology
— Programming languages - Part 1: Modula-2, Base Language [21]. An implementation should
follow all the requirements of LIA-3 unless otherwise specified by this language binding.

The operations or parameters marked “{” are not part of the language and should be provided
by an implementation that wishes to conform to the LTA-3 for that operation. For each of the
marked items a suggested identifier is provided.

The Modula-2 datatype Boolean corresponds to the LIA datatype Boolean.

The additional integer operations are listed below, along with the syntax used to invoke them:

addry(z,y) add(z, y) T

where z and y are expressions of type INT and where zs is an expression of type array [] of
INT.

The additional non-transcendental floating point operations are listed below, along with the
syntax used to invoke them:

addry(z,y) add(z, y) T
sube(ry (2, Y) sub(z, y) T

where z, y and z are expressions of type FLT, and where zs is an expression of type array []

of FLT.

The LIA-3 parameters for operations approximating real valued transcendental functions can
be accessed by the following syntax:

maz_err-mul. g err mul (x) T
maz_err_divp) err div(x) T
AT _err_eTp.(F) err_exp(x) T
AT _err_POower () err_power () T
Maz_err_sing r) err_sin(x) T
maz_err_tan, r) err_tan(x) T
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where z and u are expressions of type FLT. Several of the parameter functions are constant for
each type (and library), the argument is then used only to differentiate among the floating point

types.

to invoke them:

where b, z, y, u, and v are expressions of type CFLT.

W, Y
d'wc(F) (:E, y)
sqrie(r ()
exp.(r) ()
power,ry(b,y)

Inepy(z)
logbase(ry (b, T)

radh g ()

arcsinhy ()
arccosh(py(z)
arctanhry(z)
arccothqpy(z

arcsech,
arccsch,

N

e
3
Q
VA
.
S
2
=

mul (x, y)
div(z, y)
sqrt (x)
exp(x)
power (b, y)

1n(x)
log(z, b)

hypradian(z)

sinh(x)
cosh(x)
tanh (x)
coth(x)
sech(x)
csch(x)

arcsinh(z)
arccosh(zx)
arctanh(x)
arccoth(x)
arcsech(x)
arccsch(x)

radian(z)

sin(x)
cos(x)
tan(x)
cot (x)
sec(x)
csc(x)

arcsin(x)
arccos(z)
arctan(z)
arccot (z)
arcctg(x)
arcsec(x)
arccsc(x)

The LIA-2 elementary floating point operations are listed below, along with the syntax used

* X% o —k —+

—_ = = = — *

— —_ = = = —-

— = = % X X

— = — — 5 %

Arithmetic value conversions in Modula-2 are can be explicit or implicit. The rules for when

implicit conversions are applied is not repeated here. The explicit arithmetic value conversions
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are usually expressed as ‘casts’, except when converting to/from strings.

where z is an expression of type INT, y is an expression of type FLT, and z is an expression of
type FXD, where FXD is a fixed point type. INT2 is the integer datatype that corresponds to I'.
A 7 above indicates that the parameter is optional. e is greater than 0.

C.10 PL/I

The programming language PL/T is defined by ANSI X3.53-1976 (R1998), Programming languages
- PL/I[39], and endorsed by ISO 6160:1979, Programming languages — PL/I [25]. The program-
ming language General Purpose PL/I is defined by ISO/IEC 6522:1992, Information technology —
Programming languages — PL/I general-purpose subset [26], also: ANSI X3.74-1987 (R1998).

An implementation should follow all the requirements of LIA-3 unless otherwise specified by
this language binding.

The operations or parameters marked “i” are not part of the language and should be provided
by an implementation that wishes to conform to the LTA-3 for that operation. For each of the
marked items a suggested identifier is provided.

The LIA datatype Boolean is implemented in the PL/I datatype BIT(1) (1 = true and 0 =
false).

An implementation of PL/I provides at least one integer data type, and at least one floating
point data type. The attribute FIXED(n,0) selects a signed integer datatype with at least n
(decimal or binary) digits of storage. The attribute FLOAT (k) selects a floating point datatype
with at least n (decimal or binary) digits of precision.

The LIA-3 integer operations are listed below, along with the syntax used to invoke them:

adde(ry(z,y) T+ y T
sube(ry(7,y) T -y t
mulyr)(2,Yy) T *y T

where z and y are expressions of type CINT.

The LIA-3 non-transcendental floating point operations are listed below, along with the syntax
used to invoke them:

add(p(z,y) Tty *
sube(r)(,Yy) T -y *

where z, y and z are expressions of type FLT, and where zs is an expression of type array of
FLT.

The parameters for operations approximating real valued transcendental functions can be ac-
cessed by the following syntax:

maz_err-mul.r err mul (x) T
maz_err_divg(r err_ div(x) T
AT _err_eTp.(F) err_exp(x) T
MAT_err_Power () err_power () T
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err_sin(z) T
err_tan(zr) T

AT _TT _SiM(F)
max_err tan ()

where z and u are expressions of type CFLT. Several of the parameter functions are constant for
each type (and library), the argument is then used only to differentiate among the floating point
types.

The LIA-3 elementary floating point operations are listed below, along with the syntax used
to invoke them:

where b, z, y, u, and v are expressions of type CFLT.
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mulepy(2,y) T *xy *
divepy (@, y) x /vy *
sqrt (F)(z) sqrt (x) *
erpe(r) () exp(x) *
powerC 7y (b, y) power (b, y) T
Ine(my () log(x) *
logbase (b, ) log(b, x) T
radh(p () radh(z) T
sinhqry(z) sinh(z) *
cosh(ry(7) cosh(x) *
tanhry(z) tanh (x) *
cothp)(z) coth(z) T
seche(ry(T) sech(z) T
csche(py(T) csch(z) T
arcsinhe () arcsinh(z) *
arccoshpy(z) arccosh(z) *
arctanhpy(z) arctanh(z) *
arccoth . py(z) arccoth(z) T
arcsechp)(r) arcsech(z) T
arceschpy () arccsch(z) T
rad.(p) () rad(z) T
siner) () sin(x) *
cos () () cos(x) *
tang () tan(z) *
cot () () cot (z) *
secq(r) () sec(x) T
esce(ry (T) csc(x) T
arcsing g)(z) arcsin(x) *
arccosq(r) () arccos(x) *
arctan, () arctan(x) *
arccot gy () arccot (x) T
arcctge(ry(z) arcctg(x) T
arcsec, () () arcsec(x) T
arcescy(p) () arccsc(x) T
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Arithmetic value conversions in PL /T are can be explicit or implicit. The rules for when implicit
conversions are applied is not repeated here. The explicit arithmetic value conversions are usually
expressed as ‘casts’, except when converting to/from strings.

where z is an expression of type INT, y is an expression of type FLT, and z is an expression of
type FXD, where FXD is a fixed point type. INT2 is the integer datatype that corresponds to I'.
A 7 above indicates that the parameter is optional. a is greater than 0.

C.11 SML

The programming language SML is defined by The Definition of Standard ML (Revised) [58].
An implementation should follow all the requirements of LIA-2 unless otherwise specified by
this language binding.

The operations or parameters marked “i” are not part of the language and should be provided
by an implementation that wishes to conform to the LTA-3 for that operation. For each of the
marked items a suggested identifier is provided.

The SML datatype Boolean corresponds to the LTA datatype Boolean.

Every implementation of SML has at least one integer datatype, int, and at least one floating
point datatype, real. The notation INT is used to stand for the name of one of the integer
datatypes, and FLT is used to stand for the name of one of the floating point datatypes in what
follows.

The LTA-2 integer operations are listed below, along with the syntax used to invoke them:

adde(r)(z,y) z +y or op+ (z,y) *
sube(r) (7, y) z -y or op - (z,y) *
mulery (,y) z *xy or op * (z,y) *

where z and y are expressions of type CINT.

The additional non-transcendental floating point operations are listed below, along with the
syntax used to invoke them:

adde(py (7, y) z +y or op + (z,y) *
sube(ry (@, y) z -y or op - (z,y) *
where z, y and z are expressions of type CFLT.

The binding for the floor, round, and ceiling operations here take advantage of the unlimited
Integer type in SML, and that Integer is the default integer type.

The parameters for operations approximating real valued transcendental functions can be ac-
cessed by the following syntax:

mazx_err_mulp err mul zx T
maz_err_divp err div z T
max_err_erpp err_exp & T
max_err_power g err_power T
MaT_err_sing err_sin T
mazx_err_tang err_tan x T
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where z and u are expressions of type FLT. Several of the parameter functions are constant for
each type (and library), the argument is then used only to differentiate among the floating point

types.

to invoke them:
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mulo(py (7, y)
d“)c( ($7y)
sqrtr)(z)
expe(r) ()
powerr) (b, y)
powe(rp)(b,y)

Inepy(z)
logbase(ry (b, T)

radh g ()

arcsinhy g ()

o(r) (@)
arctanhry(z)
arccothq py(z)
arcsech,(ry(7)
arcesche(ry ()

e
3
Q
V)
.
S
B
=

The LIA-3 elementary floating point operations are listed below, along with the syntax used

z *xy or op * (z,y) *

z/y or op/ (z,y)

sqrt x

exp r
b xx y

b pow y or op pow (z,y)

In z
log base (b,z)

hypradians z

sinh z
cosh «
tanh z
coth x
sech z
csch «
arcsinh
arccosh
arctanh
arccoth
arcsech
arccsch

8 8 8 8 8 8

radians

8]

sin
cos
tan
cot
sec
csc

88 8 8 8 8

arcsin
arccos
arctan
arccot
arcctg
arcsec

8 8 8 8 8 8 8

arccsc

%

*

1
* Not LIA-2! (See C.)

*

f

— = = X X X

— —_ = = = —-

— = = % X X

— = — — % %
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where b, x, y, u, and v are expressions of type FLT, and z is an expressions of type INT

Type conversions in SML are always explicit.

where z is an expression of type INT, y is an expression of type FLT, and z is an expression of
type FXD, where FXD is a fixed point type. INT2 is the integer datatype that corresponds to I'.
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